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ON CURVILINEAR COORDINATES. 
By Professor A. CAYLEY. 


pee present Memoir is based upon Mr. Warren’s “ Exercises 

in Curvilinear and Normal Coordinates,” Camb. Phil. 
Trans. t. X11 (1877), pp. 455-502, and has for a principal 
object the establishment of the six differential equations of 
the second order corresponding to his six equations for 
normal coordinates: but the notation is different ;. the results 
are more general, inasmuch as I use throughout general 
curvilinear coordinates instead of his normal coordinates ; 
and as regards my six equations for general curvilinear 
coordinates, the terms containing differential coefficients of 
the first order are presented under a different form. 

If the position of a point in space is determined by the 
rectangular coordinates x, y, 2; then p, g, r being each of 
them a given function of x, y, z, we have conversely «, y, 2, 
each of them a given function of p, g, 7, which are thus in 
effect coordinates serving to determine the position of the 
point, and are called curvilinear coordinates. 

But it is not in the first instance necessary to regard 
x, y, @ as rectangular coordinates, or even as Cartesian 
coordinates at all; we are simply concerned with the two 
sets of variables x, y, z and p, q, 7, each variable of the one 
set being a given function of the variables of the other set ; 
and in particular the a, y, 2 are regarded as being each 
of them a given function of the 7, gq, 7. 
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Except as regards the symbols & , € presently 
mentioned, the suffixes 1, 2, 3 refer to the variables p, q, 7 
respectively, and are used to denote differentiations in regard 
to these variables, viz. 

Try Hey Hey My Vig 9 Mog gee 
are written to denote 

de dx dx da du ade & 

dp? dq? dr? dp*? dpdq’ dg?” 
and so in other cases; in particular 


x, #, x2, denote ay ae Ge 

17 yy Ws dp’ dq? dr’? 
dy dy da 

Rt) Yo) Y, >] ip dae 
dz dz dz 


LBP Oe AR ys 


2 “3 ” dp? dq ’ ar: 
The minors formed with these differential coefficients are 
denoted by suftixed letters &, 7, %, thus 
E, &, & denote ¥,%, — Y,%) Ys%, — Y:%s) Write — Yoke 
1s Ne Np 9) gg — 2 yVoy % Uy — 2g) %,V — SLs 
Cy So Soon LY a Lear L2Yi— VYar LYo— Toy 


so that, as regards these letters &, 7, ¢ the suffixes do not 
denote differentiations. 


1? 


The determinant | «,, y,, 2, | is put = Z, 
sy) Yo a» 
By Ys) &, 
and the symbols (a, b,c, f, g,h), (A, B,C, F,G, H) are 
defined as follows: 
— a," + Ji ce Z's A= ot eat os 
b aE we a Yo > Ze) B - Gy DN Ta Cots 
C= ty + Ys 15 2) C mT Pere Drak oe 
f= UX, 2k YoY ay “,*, ? a = Bete tp Nes a at a ? 
£ aa He, ta YY 1 or: ane, ? G sal 314 “ 737; + ag ? 
h=2,0, +YYo F %,%, 3 ie ioe + 1,9, + aa) 
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we have then further 








MY, % |=L, |a,h, g |=L, 
Toy Yoy %, a f 
Us Ys) &, gS) f, Cc 
E.) 11) § = LT’, A, lal G ey 
Ey My So H, B, F al 
Ess Ns) e G, P, C 








af BAO] OT 6 ed w Be 

here ca—g”, ab—h’, gh — af, hf—bg, fg—ch), 
Li(a, b, ¢, f, g, h)= 

(BC- I’, CA—G*, AB—-H’, GH-AF, HF-BG, FG—CH), 
which equations are at once proved, and are fundamental 


ones in the theory. 
It is convenient to add that we have 


(2 dp ) = iol te i ts De 


ey ae Ey my 
dq dq dq Es May $ 
dz’ dy? dz 
dr dr a 
dx’ dy? dz 
. dp 
that is aE =+b, &c.; and further 


dx’+dy’+dz*= (a, b, c, f, g, htdp, dg, dr)’, 
dp? + dq + dr? = (A, B, C, F, G, Hi dx, dy, dz)*. 


ee ue the values of a, b, c, f, g, h, we have 
48, = 2, ty + 2% which may be written in the ab- 
breviated form 4 $a, =1.11; similarly 

f, = HH + YoY 3 + 2% is T Xo + YsY io + % 3% 99 

which in like manner may be written f,=2.13+3.12, and 
so in other cases; observe that in the duad part of any 
symbol the order of the numbers is immaterial, 2.13 = 2.31. 
The whole system of equations is 


a= 1-11 » 42,=1.12 , 99, =1.13 ; 
$b, = 2.12 , 4b, = 2.22 , 9), = 2.23 : 
he, =3.13 , 4c, = 3.23 , 4c, = 3.33 


f=2.1343.12, f,=2.234+3.22, f,=2.33 4 3.23, 
g =3.1141.138, g,=3.124+1.23, g,=3.13 + 1.33, 
h,=1.12+4+2.11, b,=1.22+2.12, h,=1.23 + 2.13. 
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These may also be written 

1.11=4a, , 122= h,-4$b, , 1.33= g,—4e 

2.11= h,—4a, » 2.22=$b 


1 ? 
2.33= f, — de, 


2 ? 3 ) 
8.11= g.—4da,' , 3.22= f.—db, , 3.83=4¢, 4 
1.23=4(-ft+g,+h,), 1.31 =4a, sa Ld2=4a. : 
2.23 = tb, , 2381=4(f-gth,), 2.12=4b, 
3.23 = $C, , 3.31=4e, , 3.12=4(f+g,—h,), 


and it is to be observed that we can from each system of three 
equations express a set of second differential coefficients of. 
the x, y, 2 in terms of the first differential coefficients of the 
a, b, c, f, g, h; thus the three equations containing 11, 
written at length, are 

Hy + YY t 2-2) = 2a.) 

Ty t¥%» +% » =h,— 4a, 


Ty +¥5 n +%, » =8i— 29m 
three linear equations for the determination of a,,, y,,, 23 
hence for x,, we have 
iy | Vy Yi ” 
Ley Yo % 
ey /anre 
= 88, (Ys%5— Yas) + (by 284) (Ys%— Yi%s) + (Bi 24) (12 Yora)s 
or what is the same thing 
Lx, = ga,.€, qs (h, a $a,) E. 7 (g, > $a,) Es 
and so for y,,, 2,,3 or if (as in the sequel) we desire the value 
of a linear function a%,,+Ay,+2,,, calling this for a 
moment 0, we join to the foregoing a new equation 
Gn), + BY, ayo tt} 
then eliminating the three quantities we have 
a, B, V3 0 = 0, 
yy Yyy %y 2, 
Vy Yor 71 ie 3a, 
Vay Yor ~s9 2 43; 


. e °. ° oy eZ 
giving Lo as a linear function of 4a,, h, — 3a,, g, — 4a,. 
We can in like manner form the expressions for the second 
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differential coefficients of the a, b, c, f, g, h, these will of 
course contain third differential coefficients of the x, y, 2. 
Writing down only what is wanted, we have 


a, = 12.12 + 1.122, 
b= 12.12 + 2.112, 
Teel Pelee 2 let 224 2112 


dk bole 


where of course 12.12 denotes a,,+y’,,+ 2", 1.122 denotes 
L, Boo + YyYivo + 2; Zoo) and so in other cases: 1t follows that 


4 (a,, + b,, — 2h,,) = 12.12 — 11.22, 


so that the third differential coefficients of x, y, 2, which enter 
into the expression of a,,+b,,—2h,, destroy each other, and 
this combination contains really only second differential 
coefficients of x, y, 2. 


Similarly 
f= 31.23433.12+ 3.123 + 2.133, 
= 31.23433.12+ 3.123 + 1.233 
¢,, = 2.31.23 + 2,3.123 
h,, = 2.31.28 + 1.233 + 2.138, 
and thence 


f+ B.5— Cig — Dy = — 2 (31.23 — 33.12), 


so that here again we have a combination containing only 
second differential coefficients of x, y, 2. 
There are thus, in all, the six combinations 


beta C7 —2t e.e se Beste oes e ses meres (A), 
Pea Meera tees secs iace stces te; (33), 
WO AD mcIt acess capisiectsstsptess (€), 
ee arm Bef ccceeteves epee es (tt), 
Demet ag [ee F460. es esse cacts (G), 
Te ee Cll sep ca gen ahs (2), 


each really containing only second differential coefficients of 
x, y, 2; and we thus understand how each of these 
combinations may be expressible in terms of the first differ- 
ential coefficients of (a, b, c, f, g,h). We have, in fact, for 
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thus expressing these combinations the six equations called 
(A), (38), (€), (HF), (Ge), (2) about to be obtained, and which 
are the generalisations of Warren’s six equations for normal 
coordinates. 


I consider the several determinants of the form 


Tio Yur An | 9 
AT RN ARE Bid 
e9 Y5) Fe 
in all 18, since the suffixes for the top row may be 11, 22, 33, 
23, 31, 12, and those for the second and third rows 2, 3; 
3,1; or 1,2. Hach determinant is a linear function of second 
differential coefficients of x, y, 2 (thus the determinant 
written down is = &,7,,+7,y,,+ ©2,,), and as such it can, by 
what precedes, be expressed by means of the first differential 
coefficients of the a, b,c, f, g,h. Thus, if the determinant 
above written down be called q, writing &,, 7,, ¢ for a, 8, 7; 
we have 
Ey 3) C39 GO =0, 
aay) dy zy $a, 
Xoo Yor ~ay h — 4a 
Uy Yor %s3 Z,— 3a, 
that is 


L.o=- hn Ss 
By By Yyy % 
h,— 24) ®y Yoy % 
2-25) Ly Yq) 2s 
where the right-hand side is 
= $a,.€,8,+ 0, + 65, 
— (b, — 4a,)-— (E+ 1, + 6,65) 
+ (g,-3,)-E,' + 95° + S's 
which is =G.4a, + F (h, —4a,) + C (g, — $a,), 
or as this might be written 
=(G, F, Cia, h,, g,)- 3 (G, F, Cha, a,, a,), 
but retaining the former form, the result is 


Leo =G@.4a, +F (h, - $a,) +C (g, —44,), 
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and it is now very easy to write down the complete system of 
the 18 equations; viz. if the determinant above written down 
be called 11.1.2, and so in other cases, then we have 





2.3 A H G 

oak H B F 

1:2 G F C 
E.i1), = 4a, h, — $a, g,— $a, 
1 yr h, - $b, tb, f,— 4b, 
moo | 3) = er aC, Tat Oy 3C, 
» 23) » =3 (ales Oot oD. $c, 
» 31] 5 = 4a, aif Sack Ui, aac; 
= ps, 4b, 4(f, +e,-b) 


read for instance 
L.11.1.2=G.4a, + F (h,—4a)+C(g, — 4a,), 


the equation obtained above. 
There are eighteen functions as shown by the following 
diagram : 


SE BG ae, 
(22) (83) — (23)? 2.3 
(33) (11) — (31)? 3.1 
(11) (22) — (12)? 1.2 
(31) (12) — (11) (23) | 2.3 


(12) (23) — (22) (31) | 3.1 
(23) (31) — (83) (12) | 1.2, 


viz. in any line of the diagram the bracketed duads may 
belong to any one at pleasure, but all to the same, of the 
three pairs 2.3, 3.1, 1.2; thus the first line might be 


(22.3.1)(33.3.1) — (23.3.1), 


or, instead of the 3.1, we might have 2.3 or 1.2. But of 
the 18 functions I distinguish 6, viz. those in which for the 
six lines respectively the pairs are 2.3, 3.1, 1.2, 2.3, 3.1, 1.2, 
as shown in the diagram. Lach of these six functions can be 
obtained under two different forms, and by equating these we 


have the equations (A), (3%), (€), (#H), (G), (B), before 
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referred to; thus (€) is obtained by equating two different 
forms of the function (11.1.2) (22.1.2) —(12 1.2)’; and (®) is 
obtained by equating two different forms of the function 
(23.1.2) (31.1.2) — (33.1.2) (12.1.2). 

[The determinants 11.1.2, &c., may be denoted by 
accented letters a, b, c, f, g, h, as follows: 
a=a,b,c¢,f,g,h, 


Ty Boo) Lo) Boxy Vo) Lo Xo 


Yi Yoo Ys39 Yos) Ys) Yio Yx Ys 


& eee) Ho) Bary Bie Zo as 


gf ” oP ne mf ad 
iO, = 8 40s, Cay see eee 


Ys Ys; 


a) a, 


ore me on ver UL we 
av, 7, =a", b”, ce”, f", g”, h", 


11? @oo9 


?) ? 


1) 


4 Y2 


a4 ey 


e ’ 
Viz. 25 at, ae | Oe, 


Yun Ya Ys 


eBid Bee he 


In this notation (€) is obtained by equating two values of 
ab’ —(h'")’, and % by equating two values of f'’g’”— ¢”h'”). 

The forms which I call the second are those given by the 
immediate substitution of the foregoing values of (11.12), Ke. ; 
for obtaining the first forms I proceed to calculate those of 
(€) and (7). 

Forming by the ordinary rule the product of the deter- 
minants (11.1.2) and (22.1.2), which are 


Ts) iv au and V0) Yoo) Zoo ? 


11 


Me Wi % Be Yr. * 
Tey Yo. % Bey Yor 
this is 11:22, dell, 210s, 


py ikeb, see 
2192 9 e202 
where 11.22 denotes 2,,%,, + Y,,Yoo + 21,299) and the like for the 


eae hae 11792 4 
other symbols; in like manner the square of the determinant 


(12.1.2), that is of 
Hey Yior *i2 | 9 
Ly Yy %,; 
Voy Yo ms 


Prof. Cayley, On Curvilinear Coordinates. 9 


is 12.12, 1.12, 2.12 |, 
1.12, 1.1, - 1.2 
2.12, 2.1, 2.2 
or, observing that in the two resulting determinants the 


terms 11.22 and 12.12 are multiplied by the same factor, the 
expression for the difference gives 


(11.1.2) (22.1.2) — (12.1.2)? 


= (11.22 — 12.12) | ity Te: i 
1.2, 2.2 


Que (oiler! 
WRN Shs iy, 
2.22, 1.2, 2.2 


= fic0% fT 2 Oe Salt, 
Liat nie 
IRL ep we 


containing 11.22 — 12.12, which by what precedes is 





=— 4 (a,, + b,, — 2h,,) ; 
the other terms are also known, viz. the whole value is 
=-4(a,,+b,,—2h,,) (ab—h’) 


3 0 ’ 4a, hj- a, = 0, $2, $b, ’ 
h, a $b, a, h $2, ay h 
$b,, h, b $b,, h, b 


which is 
a>, 2 (a,, oe b,, ay 2h,.) (ab - h’) 
+a (tb,’ —4b,h, + ¢a,b,) 
a b (ta,” a a,b, a 4a,b,) 
+h (4a,b, — 4a,b, + h,h, — $a,h, — $b,h,) 
= (ab — h’) k, where & is the measure of curvature. 
In the same way we have 


(23.1.2) (31.1.2) — (33.1.2) (12.1.2) 


=| 23.31, 1.31, 2.31 | —| 12.38, 1.83, 2.33 |, 
P.28% tay le Tide lyre sD 
2.23, 1.2, 2.2 2:12, 119; (2.2 
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which is 


= (23.31 — 12.33) { 1.1, 12 | + 
1.2, 2.2 


0 , 1.18, 2.18 
ea ailib aby) 
2.23, 1.2, 2.2 


-~| 0, 1.83, 2.33 
ei Reibike ab; 
HU aep ey? 





y] 





containing 23.31 — 12.33, which by what precedes is 
=—3% (3. a5 f, = “2 = h,,) } 
the other terms are also known, and the value is 


er 3 (2, 4 EA pate h,,) (ab eo h’) 


<5 0 ’ Za,, 4(f-g,+h,) ae 0, £37 30) eas 9 
4(-f,+g,+h,), ay h 4a,, ay h 
xb, ’] h ’] b 4b, h 7 b 





or finally this is 
=—1(g,4+f,,—¢,,—h,,) (ab — h’) 
+a(4bf, —4b,f, — b,c, + tb,g, — tb b,) 
+b (4a,g,— 44,2, — 4a,c, + 4a,f, —4a,h,) 
+h {4a,b, + b,c, + fa,c, — $b,g, — 4a,f, + th,’ — 4 (f, — g,)}. 


The remaining four of the six functions can of course be 
obtained from the two just found by a cyclical interchange 
of the letters and suffix-numbers 1, 2, 3, and it is not worth 
while to write down the values. 

The two values of (11.1.2)(22.1.2) — (12.1.2) were 


—(a,,+b,,— 2h,,)(ab — h*) +a (4b,° — $b,h, + 4a,b,) 
+b (4a,’- $a,h, + 4a,b,) 
+ h {4(a,b,—a,b,)+h,b,—$b,h, —4a,h,), 
and 
{G.$a,+F(h,—$a,)+ C(g,—4a,)}.{G(h,—3b,)+ F.4b,4+C(f,—tb,)} 
— {G.4a, + F.4b,+C.4 (f,+g¢,+h,)}, 
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where, in the first value, for a, b, h, ab—h’? we must 
write L* (BC — fF’), L” (CA —G’), L” (FG — CH), and L’C; 
making this change, multiplying by 4 and equating, we obtain 
— 2L°C (a,, + b,, — 2h,,) 

+ (BC — F”) (b,?— 2b,h, + a,b,) 

a8 (CA - G") (a,” pon 2a,h, 1 a,b,) 

+ (FG — CH) (a,b, — a,b, + 4h,b, — 2b,h, — 2a,h,) 

— {Ga, + F (2h,—a,)+C (2g,—a,)}{G(2h,—b,)+ Fb,+C(2f,—b,)} 

+i = 


Ga, + Fb,+C (f,+g,—h,)}? 0. 


Developing the fourth and fifth lines, it appears that in this 
expression the coefficients of F’,G"° and FG each of them 
vanish; the whole equation is thus divisible by C, and 
omitting this factor throughout, the equation becomes 0 = 


— 2L? (a,, + b,, — 2h,,) 

+ A (a,’ — 2ah,, + a,b,) 

+ B (b,’ — 2b,h, + a,b,) 

+ C{(—a,b, + 2a,f, + 2b,g¢, — 4f.e, + (f+ g, +h)} 

+ F{(a,b,—a,b,)+2(b,¢,—b,2,)+2(b,h,—b,h,)+2(a,f,+b,f,—2h,f,)} 
+ Gfa,b, — a,b, +2(a,f,—-a,f,)+2(a,h,—a,h,)+ 2(a,¢,+b,g,—-2g h,)} 
+ H{ 2 (a,h,+b,h,—2h,h,)} ; 


this is substantially the required equation (€), but the 
form of it may be greatly simplified. 
Forming the identity, 0= 


2L [(a, —h,) L, + (b, —h,) L,] = 
— A(ab,—a,h, —a,h, + a,") 
— B(b? —b,b, —b,h, +,b,) 
— C (b,c, +a,c¢, —¢,h, - c,h,) 
—2F (bf, +a,f, -f,b, — f,h,) 
— 2G(b,.g,+ a,g, — g,h,— g,h,) 
— 2H (a,h, + b,h, — 2h,h,), 
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we add hereto the last preceding equation; the coefficients 
of A, B, F, G, H thus assume new and simple forms, but 
the coefficient of C requires a further transformation. 

Assume 


Q= (b,c, is i) ce (c,a, ay g.) <P (a,b, > h,”) 
ar (g,h, a: g,h, ec at = af.) ae (b,f, 7 hf; ia bg, a bg,) 
gy (fig, we £2, 7 c,h, aa c,h,), 


then if we add to the equation -CQ+C into this value, the 
coefficient of C takes its proper form, and the equation is 


— 2L’ (a,, + b,, — 2h,,) 
+ 2L [(b, — h,) L, + (a, —h,) L,] - CQ 
+ A {— (ah, —a,h)} 
+B{ (bh, —-b,h,)} Ap 
+ C {-(a,f, —a,f,) + (b,g, — b,g,) — (g,h, - a — (h,f, — hf.) 
(fg. —f8,)} 

F {— (a,b, — a,b,) + 2 (b,g,- b,g,) +2 (b,h,— b,h,) —2(b,f,—h,f,)} 
+ G {—(a,b, —a,b,) — 2 (a,f, — a,f,) —2 (a,h,—a,h,) -2(g,h,—g.h)} 
+ H {- (a,b,—a,b,)} 

= Q, 

where, as a verification, observe that the letters (a, b), 
(f, g) may be interchanged if at the same time we interchange 


the suffixes 1 and 2. 
The two values of (23.1.2) (31.1.2) — (33.1.2) (12.1.2) are 


—4 (2.5 7m ib Ci. — h,,) (ab a h’) 

a (gbit,— 2b —2b.c, tbe, — gp bbs) 

bi a.83— 8,8, — 4a,¢, nt taf, ea ta,h,) 

h {fa h,+ thie, a ta,c, po bg, me 3a, f, + th,’ ie t (f, =a g4)}) 
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and 
{G.4(-f,+g,+h,)+F.4b,+C.4¢,}{G.da,+F.4(f,-g,+h,)+C.4¢,} 
“2, {G(g, a $¢,)+F (f,—$¢,)+C -4c,} (G.4a,t F.tb+C.4(f+g.—h,)}, 


and here for a, b, h, ab—h’, substituting their values, 
multiplying by 4, and equating, we have 


— 2L°C (g,, + f,, — ¢,. — h,,) 

+ (BC — EF”) (2b,f, —b,f, — b,c, + b,g.— b,h,) 

(CA — G?°) (2a,g, —a,g, —a,c, + a,f, —a,h,) 

(FG — CH)(a,b,+ b,¢,+ a,c,—2b,¢, —2a,f, +h,’—f,? + 2f ¢, — 2”) 
{G(—f,+ g,+h,)+Fb,+Cc,} {Ga,+F (f,- g,+h,) + Ce} 

+ {G (2g,—¢,)+ F (2f, —¢,)+ Ce, {(Ga,+ Fb, + C(f,+g,—h,)} =0. 


Here again the terms in F*, FG, G’ all vanish, hence the 
whole equation divides by C, and throwing this factor out 
we have 


— 21 (2.5 xi i ee h,,) 


~ 
ob 


+A( 2a,¢,-a,g,—- a,¢,+ af, — a,h,) 

+B( 2bf,—b,f,- b,¢,+ b,g,— b,b,) 

+C(— ec, +¢,f, + ¢g,—- ¢,h,) 

+ F {— (b,¢,—b,c,)— 2c,f, + 2ff, + 2g f, — 2f,b,} 

+G( ae,—a,c, — 2¢,g, + 2f.g, + 22,e, — 2¢.,h,) 

+H(-— a,b,—b.e,— a,c,+2b,9¢,+ 2a,f, — h.’+f’—2f 2,42.) 
= W). 


which is substantially the required equation (#2); but the 
form has to be altered; first multiply by 2, then forming the 
expression 


aL [(f,—¢,) L, + (g,—¢,) L, + (f, +'g,— 2h,) L,] 
= (f, — ¢,) (Aa, + Bb, + Ce, + 2Ff, + 2Gg, + 2Hh,) 
+(g,— c¢,) (Aa, + Bb, + Ce, + 2Ff, + 2Gg, + 2Hh,) 
+ (f, + g, — 2h,) (Aa, + Bb, + Co, + 2Ff, + 2Gg, + 2Hh,) 
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this is 
= A(- age,—ae,t+ af,+ af,+ ag,+ a,g,—2a,h,) 
+ B(— bc,—b,c,+ bf,+ b,f,+ b,g,+ b,g,—2b,h,) 
+ C(-2c,c, + of,+ of, + ¢g,+ ¢g,— 2c,h,) 
+2F(-— cf,—ce,f, + 2ff, + fig, + fg, — 2f,b, ) 
+2G(-— e¢g,—¢g,+ fie,+ fig,+2g,.¢,— 2g,h,) 
+2H(— eh,—e,h,+ g.h+ g.b,+ hf + h,f, —2h,’), 
and then adding this expression 
(f, —c,) L, +(g,—¢,) L, + (f, + g, — 2h,) L, 


— its foregoing value, we have an equation with new 
coefficients of A, B, C, F, G, H, all of which, except that of H, 
are in the proper form, and for the coefficient of H, recurring 
to the foregoing value of 2, we must add to the equation 
—2HQ + 2H into value of & The final result is 


- 41? (g,,+f,,-—¢,,— h,,) 
+ 2L[(f,—¢,) L, + (g,—¢,) L, + (£,+ g, —2b,) L,] -2HQ 
+ Af 3(a,g, —a,g,) —(c,a, — ¢,a,) + (a,f, — a,f,)} 
+ B{-3(b,f, — b,f,) — (b,c, — b,c,) —(b,g,— b,g,)} 
ton { a (Cte ctl eatc era j 
+2F {— (b,c, — b,c,) + (cf, — ¢,f) — (fg, —£,2,)} 
+2G{— (ca, — ¢,a,) — (c.g, —¢,¢,) — (fg, — fg,)} 
IS LY Rel ea Cpe }=0, 


which, it will be observed, remains unaltered by the inter- 
change of a and b, f and g, A and B, F and G, the suffix 
numbers 1 and 2 being at the same time interchanged. 

We have thus the required six equations, in which 


L* = abc — af’ — bg” — ch’ + 2fgh, 
2=hb,c¢,—f? +¢,a, —g,’ + a,b, — hb,’ 
+(g,h, + gh, —a,f,—a,f,) + (b,f, + h,f, —b,g, —b,g,) 
+ADG SH fo; > aj ieoeiates 
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and where I write also, for shortness, ab12 for a,b, —a,b,, &e. 
viz. the equations are 


0 =—2L? (b,, + ¢,, — 2f,,) (A). 
eae. ee, (c, — f,) L, + (b, — f,) L,] - AQ 
{ — bg31+ chi2+3.gh23—hf31—  fg12} 
{— bf23 } 
C {+ cf23 } 
F {— be23 } 
{— be31 + 2.cf12 - +2.ch23  . —2.fg23} 
{—be12 —2.bf31-2.bg23 . —2.hf23} 
0=—-2L’(c,+4,,—- 2.) (33). 
+ 2L{ (ce, — g,) L, , + (a, —g,) L, ] —- Ba 
Alien?) | sapSi } 
{ af23 » — chl2—- gh2343.hf3l-  fg31} 
+Cf —cg31 } 
+ F {- ca23 ° —2.cg12—2.ch31—2. fg31} 
{—ca31 } 
{—cal2+2.af31+2.ag23 2.gh31} 
0=—2L? (a,, + b,, — 2h,,) : (€). 
+2L[(b,-h,)Z,+(a,-h)L, . J] —CQ 
inline. ». — ahl2 } 
B{ + bhi2 } 
C {-af23+be31 ; — gh23- hf31+3. fgl2} 
+F {-ab23.. . +2.bg12+2.bh31-—2. hf12} 
G{—ab3l1 .. —2.afl2 . +2.ah23-2.gh19} 
H {—abl12 } 
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0=—-4L' (g,,+h,, —a,, — f,,) . (f). 
+2L[(g, +h, —2f,) L, + (g,—a,) L,+ (h,-a,) L,] - 2FQ 
+ Af. agl2— ah3l } 
+ B{-—ab23+ bgl2+3.bh31 } 
+ C {—ca23-3.cg12—  ch31 } 
+2F{ . +4 bg81-—  chi2 } 
+2G {- cal2+ ag23 . —gh3l} 
+2H{-ab31 — ah23—-—gh12} 
0 =—4L’ (h,,+f,,—b,,—g,,) : (Gi). 
“, —b,) L, + (bh, + f, —2g,) L, +(b,—b,) L,] —2GQ 
A {—ab31—3.ah23— afl2 } 
B{ bh23—  bf12 } 
C {—be31+ ch23+3. cfi2 } 
+2F {— be12 . —  bf31— hf23} 
+ 2G { + chi2—_ af23 } 
+2H{—ab23+ bh3l . — hfi2} 
0=—4L’ (f,,+g¢,,—¢,,— h,,) (®). 
+2L{ (f, — ¢,) L, + (g,—¢,) L, + (f,+ g,-2h,) L,] -—2HOQ 


+ Af—cal2+ af31+ 3.ag23 } 
+ B{—bel2— 3.bf31— bg23 
+ Cf ef81— cg23 } 
+ F{—bce31+  efl2 ; — fg23} 
+ G{-ca23. — cgl2— fg31} 
+ H{ 


+ af23-— bg3l 
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It would be possible in these equations to introduce the 
symbols AB12, &c., in place of ab12, &c., and then writing 
A= B=C=1, all these symbols other than those where the 
letters are GH, HE or FG would vanish, and we should 
obtain Mr. Warren’s six equations for normal coordinates. 
But in the general case it would seem that there is not any 
advantage in the introduction of the new symbols AB12, &c., 
and I retain by preference the equations in the form in which 
I have given them 
T'o the foregoing may be joined a symmetrical equation 
obtained (as by Mr Warren) by multiplying the several 
equations by a, b, c, f, g, h respectively, and adding; the 
result is in the first instance obtained in the form 


— 2170 + 2LY — 81704 0 =0.......... (#2), 
where ®= a(b,,+¢,, — 2f,.) 
+ b(c,, +4,,— 2g,,) 
+ c(a,+b,, —2h,,) 
+ 2f (g,, + h,, — a,5 — f,,) 
+ 2e(h,, +f, —b,, - g,,) 
+ 2h (f,, + g,, —¢,. — h,,)- 


For ¥, collecting the terms which contain L,, L,, L, 
respectively, and attending to the values of (A, B, C, KF, G, H), 


= (be - f?, ca- g’, ab—h’, gh—af, hf—bg, fg —ch), 
this is easily reduced to the form 
¥=(A,+ H,+G,) L,+ (H,+ B,+F,) L,+ (G,+ F,+ C,) L,. 
The term in Q is 
=—(Aa+Bb+Cc+ 2Ff+ 2Gg + 20h) Q, 


= — 3L7Q as above. 
VOL. XIX. D 
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For the calculation of 4, collecting the terms, we have 0 = 
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viz. this is 


op = be23.—al’+be31(—g C— 2hF—aG)+be12(-hB- 2g F—aH) 


+ &e. 
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After these reductions the value is found to be 0 = 

be23.-aF + be31.—hF + be12.-¢F 
+ ca23.—hG + cad1.—bG@ + cal2.—-fG 
+ ab23.-¢H. +ab31.-fH +ab12.-cH 
+af23(-gG+hH)  +af31(bH—fG) + af12(f H—cG) 
+ bf23.-aB + bf31.—hB + bf12.-¢B 
+ cf23.aC + cf31.hC + cf12.¢C 
+ag23.hA +ag31.bA + ag12.fA 
+ bg23(¢F—aH) + bg31(-hH+fF) + bg12(cF—g¢H) 
+ cg23.—hC + eg31.—bC + eg12.-fO 
+ah23-gA +ah3l—fA +ah12.-cA 
+ bh23.¢B + bh31.fB + bh12.cB 
+ ch23(aG—hF) + ch31.(hG—bF) + ch12(-fF+gG) 
+ gh23(8aA—bB—cC + gh31.2hA + gh12.2¢A 


+ hf23.2hB 
+ fg23.22C 


+ hf31(-aA+3bB—cC) + hf12.2fB 
+ f¢31.2fC + fg12(-aA—bB+3cC) ; 


or, arranging the terms in a different order, this may be written 


o> 


A{ a(3.gh23-hf31-fg12) +b.ag31-c.ah12 


+B{-a.bf23 
+Of{ a.cf23 

+F{-a.be23 
+G{t+a.ch23 


+H{-a,bg23 


-c.ahl2 

+f(ag12-ah31) +4g(2.gh12-ah23) +h(2.gh31+ag23)} 
+b(-gh23+3.hf31-fg12) +c.bh12 

+{(2.hf12+bh31) +g(bh23-bfl2) +h(2.hf23—bf31)} 


—b.cg31 +¢(-gh23-hf31+3.fg12) 
4{(2.fe31-cg12) +g(2.fg23+cf12) +h(cf31-cg23)} 
-b.ch31 +c.bg12 
+f(bg3l-ch12) +g(bg23-bel2) -h(ch28 + be31)} 
-b.ca31 -c,af12 
—f(af3l4+cea12) +g(ch12-af23) +h(ch31-ca23)} 
+b.af31 -c.ab12 


+f(af12-ab31) -g(bg12+ab23) +h(af23-bg31)}. 
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Attending to the values of A, B, C, F, G, H, we have 
poet O., + U,, eb 2G et elt. 
= be,, + cb,, — 2ff,, +2(be, —f7) 
+ ¢a,, +ac,, —2g¢., + 2(c,a, - g,") 
+  ab,, +ba,, — 2hh,, + 2 (a,b, — h,’) 
Paieh the af fe + gb) bebe 
2 jbl th. —~ be ebb oe 
+2 fet gf, —ch,, hope fe. te; cD 


which is in fact = 20 + 2Q. 
Hence, the foregoing equation ({#) may also be written 


— L(A, + B+ C,,+ 2F,,+ 2G,,+2H,,)+2L¥-L'2 +o =0, 


where ¥, Q, o have their beforementioned values. 
In the particular case where f=0, g =0, h=0, we have 


A, B, C, F, G, H=be, ca, ab, 0, 0,0; L’=abc; 
| Q=b,c, +¢,a, + a,b, 5 

the equation (@) becomes 
— 2abc (b,, + ¢,,) 

+[c,(a,be + b,ca + c,ab) + b, (a,be + b,ca + c,ab) } 

| — be (b,c, + ¢,a, + a,b,) = 0, 
that is 
— 2abe(b,, + ¢,.) — beb,c, + ca (b,c, + b,”) + ab (b,c, + ¢,") = 0, 
and the equation (df) becomes 
4abe.a,,— [a,(a,be + b,ca + c,ab) + a, (a,be + b,ca + c,ab)| 
— ca (a,b, — a,b,) — ab (c,a, — c,a,) = 0, 

that is 


4abe.a,, — 2be.a,a, — 2ca.a,b, — 2ab.a,b, = 0, 
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Dividing by —2abe and 4abe respectively, and completing 
the system, the six equations are 
Dapper 0.0, abc. D.C 
Pos + eb G0 t Ba Bb ve 9 A): 
Bae Se Os oe MNS, 129,85 
Cut 86796 Gg fa 2b 2c pues 


2 2 
a, b ab, a,b, / a,by> 


Lyla oy pe EPL eT OE ED 
rk = =e An), 
b,, Bee =0...(&), 
C, a “3 =(0...(@). 


These are in fact Lamé’s equations, Lecgons sur les coor- 
donées curvilignes, etc., Paris (1859), pp. 76, 78, viz. the first 
of the equations (8), p. 76, is 


@H _1 dH dH, , 1 dH di, 
dp,dp, H, dp, dp, H, dp, dp,’ 


which, in the notation of the present paper, is 


Vad = 5 (Wada) +7, (8), W/O 


Here (Va), =4 7 : 


a. a, $48 
—i/—2 =i 2h. 22 O's 
(/a),, 2 (=) 2 {> 4 st ? 
and the equation therefore is 


Ay 
Gara. ba... b; eae c 


“23 SS fees, dal EG aly a a | 
Ne aaa - 2 Ald TEs Na TIA We 
which, multiplying by va, gives the foregoing equation 





ed 
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The first of the equations (9) p. 78 is 
2 (1 8 (ee ae 
dp, \H, dp,/ dp \H dp)” H dp, dp,” 
which, in the notation of the present paper, is 
{Set + (es ) + Lemire 
This gives first 











b a,b 
‘Gal AM eta ey a= m 
and then 
ae shir ae oy eet epee 
Va /b <Opa/aon bb) een ay oa D ee 





= 0 
1 hs b, : a,b, : o va vb y 
tate anh 22 bavaalh ate OD 
which, multiplying by »/a./b and reducing, gives the fore 
going equation 


Ha 


a” =-D.o SAO MEE, Ue eEacO 
rye oy a ra 





ON CERTAIN FORMULA IN ELLIPTIC FUNCTIONS, 
By J. W. L. GLAISHER. 
Introduction, § 1. 
spe ey vol. xv. of Crelle’s Journal* Jacobi refers to the 
algebraical identity 
(w — 2) (y—2) + (w—y) (2@—«) + (w—2) (e@-y) = 
and points out that it possesses the remarkable property of 
remaining true if the differences are replaced by their sines, 
so that 
sin (w—a) sin(y—z) + sin (w—y) sin (g—zx) + sin (w—z) sin (~w—y)=0 
which, by putting 
w—-xL=a, “-y=u, y—z=b 


* “Formule nove in theoria transcendentium ellipticarum fundamentales,” 
pp. 199-204, and Gesammelte Werke, vol. i, (1881), pp. 335-341, 
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may be written 
sina sind + sinw sin (w+a-+b)=sin (w+ a) sin (w+). 


Jacobi proceeds to investigate the corresponding formula in 
Elliptic Functions, and finds that 


snasnd+snu sn (w+a+6)—sn(w+a)sn(u+ d) 
=k’ snasndsn (w+a) sn(u+d)sn(u+at+d), 


que est formula nova, maximi momenti per totam theoriam 
functionum ellipticarum.” 

Introducing again the differences of four quantities, he 
writes the formula in the form 
sn (w— ax) sn (y— 2) +8n (w—y) sn (z—a@) +8n (w—2) sn (xy) 


+ k’ sn (w—ax) sn (w—y) sn (w—z) sn (y—2) sn (z—x) sn (x—y)=0 


and he also gives the following proof of it, which was 
communicated to him by Richelot. 
Putting 


w—-x=B+y, w-y=yta, w—-2=a4+ 8, 


y—2=B-y, *-x=y-a, w-y=a—-P, 
sn’8 — sn’ 
we have BI ae aN eae leery eat ary? 


sn*y — sn’a 


SNC ANF ope es a 


2 2 
sn’a — sn’ 
sn (w — 2) sn (x — y) = —— 35 
( ) ( y) 1 — k'? sna sn? ? 
whence, if sna=t, sn’B=t', sn*y=t", 


the theorem to be proved is 
t—t" x t” —t rt neta 
l—ktt’ 1l-ktUt 1-Ka 
_ (ti —#") (t" - 6) (t-?) 
~ (1- Ft’) (1—#t"t) 1 — Fte')’ 
an algebraical identity, which may be easily verified. 


The present note chiefly relates to the class of formule 
to which Jacobi’s equation (1) belongs. 
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Derivation of elliptic function formule from trigonometrical 
Jormule, §§ 2-9. 


§2. The expression for the tangent of the difference of 
two quantities in trigonometry bears a close resemblance to 
to the expression for the product of the sn’s of the sum and 
difference of two quantities, viz. we have 


tan A —tan B 
AGS 1—tan A tan B’ 
sn’a — sn? 


sn (a — 8) sn(a+f)= 5 


Thus, if we put 
tan dA =k sn*a, tan B=2k sn*8, 
then tan(A— J) becomes 7k sn (a—#) sn (a+). 


It follows therefore that in any trigonometrical formula 
involving only the tangents of differences of arbitrary 
quantities A, B, C, &c., we may replace 


tan(A — B), tan(A— C), tan(B— C), &e. 
by ak sn(a— 8) sn(a+ 8), ze sn(a—y)sn(at y), 
ik sn(8 - y) sn(8 +9), &e., 


where a, 8, y, &c. are arbitrary quantities. 
Taking, for example, the formula 


tan(B— C)+tan(C—A)+tan (A — B) 
= tan(B— C)tan(C— A) tan(A — B)..............(2), 
we deduce that 
ak sn(B—y)sn(B+ry)+2k sn(y—a)sn(y+a)+7k sn(a—8)sn(a+P) 
=~ ih' sn(B—y)sn(8-+y) sn(y—a)sn(y+a)sn (aR) sn(a+8) 
VIZ. 
sn(8—y)sn(8+y)+sn(y-@) sn(y+a)+ sn(a—8) sn(a+f) 
+ k’sn(8—y) sn(8+y)sn(y—a) sn (y+a)sn(a—8) sn(a+8)=0 


which is another form of Jacobi’s equation (1). 


an Elliptic Functions. 25 


The principle of the transformation is perhaps best seen 
by observing that (2) is equivalent to the algebraic identity 


Yr-2 , 2#-&  k-Y YyY-e# 4-u wy 
l+yz l-2e tay ltye' l+en’ltay’ 


Replacing a, y, z by tka, thy, ikz, this identity becomes 














ey ee ee 7 L-Y 
eect dei Ve ley 
uae Paes 


1-k xy?’ 
which, on putting 


x=sn’a, y=sn"8, z=sn'y, 
gives (3). 


§3. The arguments may be transformed by putting 


B-y=y -2, 
B+y=w-z, 
y-a=2 -2, 
yta=w-y, 
a—-B=x-y, 
a+B=w-2z, 


where a, y, 2, w are arbitrary. If we take w=xv+y+ 2, we 
reproduce the original arguments, and if we put w=0 we 
obtain the six arguments 
Ca een ee) Ses Vena 
In any formula therefore, involving the tangents of the 
differences of the three quantities 4, B, C, we may replace 
tan (b- C), tan(C— A), tan (A — B), 

by 

—tksnxsn(y—z), —iksnysn (2-2), —tksnzsn (x—y), 
where x, y, 2 are arbitrary; and since the signs of the 
arguments of the tangents may be changed throughout at 
pleasure, we see that there 1s no occasion to retain the 


negative signs prefixed to the expressions last written. 
VOL. XIX, E 
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Thus from (2) we deduce that 
snx sn (y—z2)+snysn(z—x)+snzsn(x—y) 
+ k* snx sny snz sn (y—z) sn(z2—2@) sn(a—y)=9, 
which is another form of (1) and (3). 
§4. Writing A, B, C in place of a, y, z, it has been 
shown in the last section that if », g, 7 are any three 


quantities whose sum is zero, then in any formula involving 
tan p, tang, tan, we may replace these tangents by 


aksn Asn(B—C), cksn Bsn(C- A), t snCOsn(A—B), 
where A, B, C are unrestricted. 
Since A, B, C are arbitrary we may substitute 
K+A,... or 1K'+A... or H+7K'+A,... for A, B, C, 


and it therefore follows that we may replace tanp not only 
by 74 sn A sn(B— C), but also by 


.sn (B— C) 
Te ned igs 
cn A sn (B— C) 
On ee ae 
_ dn Asn (B— C) 
OUI nn na er eae 
if tang and tanr be also replaced by the corresponding 
expressions. 
The modulus & is also arbitrary, and by transforming it 
into X’, 7 &c., we see that we may replace tan p by any one of 


the twelve quantities 





Be y, 80 Asn(B- C) ,,,sn A sn(B—C) 
uksn Asn(B—C), a entaven CRC kk dnd dn(Bo 0)? 
.sn (B— C) .cn A sn(B- C) jana sn(B- C) 
‘sn A > “nA en(B— OQ)? sn A dn(b- C)’ 
.cnA sn(B— C) dn A sn(B— C) en A sn (B—C) 
; dn A : en(B—O)j" "9 di{( BI Oyaee 
; dn A sn(B- C) , sn(B—C) ., sn(B—C) 


cn A > dnd en(B— C)? é enA dn(B—C)? 
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if tang and tanr be also replaced by the corresponding 
expressions involving 6 and C— A, and Cand A— JB. 
Using the functional signs sc, ed, ns, &c., where sew, 


snw cnu 1 


edu, nsw, &c. denote eae tana? &c., these twelve 


expressions may be written 
wksn Asn(B-C), tk’ sc Asc(B-—C), kk’ sd Asd(B- OC), 
ensAsn(B-—C), tcsAsc(B-—C), itdsAsd(B-C), 
wked Asn(B-C), dnAsc(B-—C), keoAsd(B-OC), 
tide Asn(B-—C), k# ndAsc(B-C), tk ncAsd(B-C). 
§5. Taking, as an example, the trigonometrical formula 
(2), viz. 
tanp+tang+tanr=tanp tang tan? ....... (2; 


we deduce from it the twelve formule 


SsnAsn(B-—C)+ #1 sn Asn(B—C)=0, 
Suns Asn(B-C)+ II ns A sn(B— C) =0, 
Sed Asn(B-—C)+ kk Med Asn(B- C)=0, 
de A sn(B-C)+ Ml dc A sn (B- C) =0, 


SscAsc(B—C)+ kl sc A sc(B- C)=0 
= es A sc(B- C)+ II cs A sc(B- C)=0, 
Sdn A sce(B- C)— II dn A sc(B- C)=0 
=ndA sc(B-C)— k? Und dA sce (B—C)=0 


sd A sd(B- C)- PP [I sd.A sd (B- C) 
sdsA4sd(B-—C)+ WdsAsd(B—C) 
SenAsd(B-C)— HI enAsd(L-C) 
SneAsd(B—C)+ k? tne Asd(b-C)= 


where > denotes the sum of the three expressions, and IT their 
product, e.g. the last equation written at length is 


nc A sd (B— C)+nceBsd(C— A)+nceCsd(A—B) 
+k’ ncA ncBneC sd (B- C)sd(C-—A)sd(A- B)=0 


— 


? 


0 
0 
0, 
0; 


? 
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§6. If s, c, d denote sn, cn, dn, and if we use the suffixes 
1, 2...6 to refer respectively to the six arguments 
A, B- C, B, C-A, CO, A-B, 


these twelve formule may be written 


$3, +45,8, +88,  +k’ss,s,5.5.5,=0, 
89,8, 1988, +53,3:8,  +8,9,8, = 0, 
s,c,d,d, + s,c,d,d, + s,c,d,d, + k’s,s,8,C,c,c, = 9, 
5,d,c,0, + 8,4,0,¢, + 8,4,0,c, + $,8,5,4,0,7, = 0, 


4-656n1n2 Sibeln2 oe Re EPC gaa y: 


12 m2 
$,8,0,0,0,C, + $4840,0,0\C, + $55,0,0,0,0, + & S,5,8,5,8,8, = 0, 


$,8,8,0,0,C, + 545,8,C,0,0, + 5,8,550,0,C, + $,8,8,C,C,C, = 9, 


4°5°1°3 6-2 6 1°3°5-2°4 2° 4°6-1°3°5 
sd,cc, +8,d,c,c, +5,d,c,c, — 8,8,8,0,d,d,=0, _ 
s,d,d,C,c, +8,d,d,c,c, + $,d,d,c,c, —k’s,s,s,  =0, 
s,5,d,d,d,d, + ,8,d,d,d,d, + 8,s,d,d,d,d, — k’k's,s,s,5,8,8, = 0, 
$,8,8,4,d,d, + 8,8,8,0,0,d, + $,8,8,d,d,d,+  8,8,8,d,d,d, = 0, 
scdd, +s, 0,00, +3,¢dd, —k' s,8,5,c,c,c,=0, 
$,0,0,0,d, +8,0,0,0,d, +8,0,¢0,d, +h" 5,8,5, = 0. 


§7. If instead of (2) we start with the formula 
tan2p + tan2g + tan2r = tan2p tan 2q tan2r, 


that is 
tan p tanq tanr 


1-tan’p 1- tan’g * T= tan? 
=4 tanp tang tanr 
(1 — tan’p) (1 — tan’g) (1 — tan’r) ’ 

we deduce from it that 

snA sn (B— C) ‘ sn A sn (B— C) 
a 1+k* sn*A sn*(b-C) + 4h Il 1+%? sn?A sin’(B—C) =0, 

sn A sn(B— C) sn A sn (B— (C) 
2) eee ta Ul sae G) =0, 


Ke. Ke, 
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§8. It follows from §3 that instead of the arguments 
A, B—-C, B, ... we may use either of the sets of arguments 
placed opposite to them in the following scheme: 


A , B-¥, vinwia) 
B-C, B+y, W— 2, 
ies y —4, Z—2, 
C—A, y +a, wW—Y, 
Ce, a —B, Same 
A-—B, a+B, WwW Z. 


Thus, for example, the last equation in the preceding 
section may be written 


sn (8 —¥) sn (8+ ¥) ) sn (8 +4) 
ae y) +.sn*( CES ie ee —y)+sn(8+y¥) a 
whence 


>) sn’ cn’y dn’y — sn*y cn’B dn’8 
sn’ cn*y dn’*y + sn*y cn’8 dn’8 








ma [ | sn’ en*y dn*y — sn*y cn"8 dn’B 


a . —— 0s 
sn’B cn*y dn’y + sn*y cn*8 dn*B 


§9. If we put 
tanp=7k sn (8—y¥) sn(8+y4), 
we have sec’p =1—k’ sn’ (@—y) sn’ (8+ 4), 
1 


and therefore cos = V{1— # sn®(@ —7) sn*(B+y)} 5 
ak sn (8 —y) sn (8+ ¥) 
V{1— # sn* (8 —y) sn*(B+4)} ° 
Now if A’, B’, C’ are the angles of a triangle, the three 


quantities 4’, b', C’—180° are such that their sum is zero, 
and we may therefore put 


and sin p = 


A=p, B=q, C'—180=7, 


so that sinr=—sinC’, cosr=—cosC’. 
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In any trigonometrical formula therefore involving func- 
tions of A’, B’, C’, the angles of a triangle, we may put 





aye ak sn (B—y) sn (8B +¥) a ak (sn’B — sn*y) 
— V{1-K sn*(B-y)sn*(B+y)} — /{(1-A’sn"B) (1—k’sn*y)} ? 
Pf al 1—’ sn’8 sn*vy 


/{1-k* sn*(B—y)sn*(8+y)} = V{(1—k*sn*8) (1—-K’sn*y)} ? 
making similar substitutions for sin’, cos B', sinC’, cosC’ 
but prefixing the negative sign in the case of the two latter, 
We thus have 
27k sn (8 — y) sn (8 + ¥) 
1—k’sn* (8 —y) sn’ (B+y)’ 
1+’ sn’? (8 —¥) sn’ (8B + ¥) 
— 1 #'sn" (8 —y) sn’ (B+y)’ 
and it may be observed that 
7 1—ksn(@8—y) sn(8+¥) 
V{L— # sn(8—y) sn(8 + y)}’ 


iA’ chm Ga yma 
whence ¢ J igi eae ; 


sin 2A’ = 


cos2.A’ = 


cos A’ +7sin A’ = 


and therefore 
reba at —k sn’) (1+k =I 
20 (1+4 sn’f) (1 —# sn*y) 
For example, from the formula 
sin’ 2.4’ + sin*2B’ + sin’2 C’ + 2 cos 2A’ cos 2B' cos20' =2, 
we deduce that 


1 +27 >! sn’A sn(B—C) 1+k’sn’Asn(B—C) 


1—#' sn*A sn'(B-O)f? ££ 1—7'sn*Asn(B_—C)* 


Algebraical formule, § 10. 


§10. It may be remarked that since we may substitute 
for tanp either 


ik sn(B—y)sn(8+y), 
or wk sc(B—y¥) sc(8+y), 
or kk'sd(B—--y) sd(8 +4), 
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it follows that in any formula involving tanp, tang, tanr 
we may substitute for tan p not only 





» «UY 
de 1— kay’ 
but also h Heed: 


. l1—x-—ytk ay’ 
, xv Yy 
eae 1—k*a—k’y—kxy’ 
making similar substitutions for tang and tan”. 


If we put k=-1, so that &4'=4/2, the two last-written 
expressions become 


/2.(a- y) ae /2.(a@—- y) 





1-aw-y-—«ay l+oty—xy” 
Thus from (2) we deduce not only that 
Chart als 
1+y2 1+ yz’ 


but also that 
tM "2 its ad 
2 ae ae a 


-—2 or —2 
a eee a eee” 
which may be verified without difficulty. 
Putting k =—1, these identities may be written 

S(y-z)(1-2-a@- 22) (1-w-y —- ay) 
+2(y — 2)(2—2)(w— y)=0, 

S(y-—z)\(l+2+u—-ex\(lt+at+y— xy) 
+2(y—2)(¢-—«ax)(x-y)=0. 


Formule involving sn’s only. Derivation of elliptic function 
Sormule from one another, 8$11—16. 


§11. If snw, when the modulus is put equal to unity, 
be denoted by sn,uv, we have 
sn,w— sn,v 


sn,(u— 0) = l—snusnv’? 
1 } 
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and also, the modulus being 4, 
k sn’a —k sn’B 
k sn(a—8)sn(a+ is Tank 

We therefore have the theorem that in a formula involving 
only the sn’s of differences of quantities, if we first put k=1, 
we may replace sn(u—v) by ksn(u— v) sn(u+v), and so on 
throughout for each sn of a difference, thus obtaining a new 
formula which will be true for modulus &. 
Thus, taking Jacobi’s formula (1), viz. 


sn(w—2x) sn(y—z) + sn(w—y) sn(z—a) + sn(w—2) sn(x~—y) 
+ k* sn(w—z) sn(w—y) sn(w—z) sn(y—z) sn(z—x) sn(a—y) = 0, 
we put k=1, giving 
sn,(w—x) sn,(y—2) + sn,(w—y) sn,(z—x) + sn,(w—z) sn,(a—-y) 
+ sn,(w—«) sn,(w—y) sn,(w—z) sn,(y—z) sn,(2—a) sn,(~—y) = 0, 


whence, replacing sn,(w—2z) by k sn(w—x) sn(w+a), sn,(y—2) 
by ksn(y—z) sn(y+z2), &c., we find 


sn(w—a) sn(w+ax) sn(y—z2) sn(y+z2) 
+ sn(w—y) sn(w+y) sn(z—x) sn(z+x) 
+ sn(w—zZ) sn(w+z) sn(v—y) sn(a+y) 
+ k* sn(w—2) sn(w+x) sn(w—y) sn(w+y) sn(zo—z) sn(w+z2) 
x sn(y—z) sn(y+z) sn(z—x) sn(z+ax) sn(a—y) sn(v+y) = 0. 


§12. In place of the six arguments 
A, B-C, B, C-A, CO, A-B, 
we may, as remarked in § 8, write 
Y—2, W-H, 2-H, W-Y, UY, WB; 
and it is to be observed that we may replace the twelve 


arguments y—z, y+z, &c., by their equivalents in the 
following system of equations, 


y-2=B-4, yte=d-a, 
2—-x=y-a, 2<+x=6-8, 
x—-y=a-B, x+y=8-y, 
w-a2=B+y, wtx=d+a, 
Ar Felt Pa Pe te i Pa 
w-2=at+P, wt2=8+f, 
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In any formula therefore involving the three arguments 
y—z2,2—x, «- y, or the six arguments y—z, 2-—a, x- y, 
wW—xX, W—Y, W— 2, we may replace 


sn, (y — 2) by ksn(@—-y) sn (d— a) or —ksnasn(B— 9), 


) 
sn, (2 —#) 5, ksn(y—a)sn(8—) ,, — ksnf sn (y — 4), 
sn, (v—y) ,, ksn(a —8)sn(d— yy) ,, —ksnysn (a — 8A), 
sn, (w—ax) ,, ksn(B+y)sn(6+ a), Asnasn(B+y), 
sn,(w-y) » ksn(y+a)sn(S+8) , Asn @sn(y + a), 


sn, (w—- 2) , ksn(a+f)sn(d+) 5, Asnysn(a + 8). 


the second set of values being deducible from the first by 
putting 6=0. 
It follows also from these equations that we may replace 


sn, 4 sn,(B— C) by k’ sn’a sn (B— x) sn(8+ 9), 
sn, B sn, (C—- A) », & sn’B sn (y — a) sn (y + a), 
sn, Csn,(A- B) ,, A’ sn’y sn(a — 8) sn(a +8). 
§13. The second of the twelve formule in § 5, viz. 
Suns A sn(B— C)+Tns A sn (B—- C)= 
_ may be written 
sn(w— y) sn(w— z) sn(y— z)+sn (w— 2) sn (w—«x) sn (z —@) 
+sn(w—«) sn (w—y) sn(x — y)+sn(y—2) sn(z —a) sn(a—y)=0; 
whence, by the last section, we find 
sn(@8—+y) sn(y + a) sn(a+ 8) sn(d— a) sn(d + 8) sn(d++¥) 
+sn (6+) sn(yv— a) sn (a+ 8) sn(6 + a) sn(6 —8) sn(d+y¥) 
+sn(8+y) sn(y +a) sn(a—8)sn(6 +a) sn (5+ 8) sn(d—y¥) 
+sn(@—y) sn (vy — a) sn(a— 8)sn(6— a) sn(6—8) sn(6—y)= 


If we put w=0 in the formula proved in § 11 and replace 
x, y, 2 by a, B, y we obtain the equation 


sn’a sn (8 — ¥) sn (8+ ¥) 
+sn*B sn (y — a) sn (y+ @) 
+sn’y sn (a — 8) sn (a + 8) 
+k'sn’asn’Ssn’ysn(8—y)sn(8+y)sn(y—a)sn(y+a)sn(a—8)sn(a+) 
= 0, 
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which is also derivable at once from the first of the group of 
twelve in §5 by the substitutions given at the end of the 
last section. 


§ 14. Several formule involving sn’s to which the trans- 
formations of § 12 may be applied are given in the Messenger 
of Mathematics, vol. X., pp. 92-95. It is there shown, for 
example, that if s,, s,,...s, denote the sn’s of the six arguments 


A, B— 0, B, C— A, C, A—B, then 


2 2 2 2 2 2 
8,8,8,(8, +5, +8.) + 8,8,8, (8, +8, + 8, 


) 
+3.5,8, (8, +5," + 8, ) + 88,5, (8,°+8,'+8,) =0, 


8°24 1°3"5 
and 8,8,8, (s," + 8, + 8,’) + 8,5,8, (s,° + 5," + 8,”) 

3 $65,153 (s,° 7 8," a s,") ap §,5,5, (s,” + 8, a s,’) 

a (s,8, + $554 a7 5,84) (3,5,5, is $5565. cis $55.54 he 8,848.) = 0. 


We see therefore that these formule are still true if 
S,, S,).-.8, denote the expressions given by the equations 


s,=sn(@8—)sn(d— a), s,=sn(8+ y) sn (d+ a), 
s,=sn(y — a)sn(6—£), s,=sn(y + a) sn (6+), 
s,=sn (« — 8) sn(d—y), s,=sn(a +) sn (d+ ¥). 

§ 15. Formule involving sn’s have been alone considered 

in the four preceding sections; but it is scarcely necessary to 


remark that corresponding formule involving sc’s and sd’s 
may be derived from them by changing the modulus from 


: ak : | 
k to k’ and i since as the result of these changes we 


may replace snu by 7scu and k'sdw respectively. Thus, 
for example, we have 


s0(/8 —y) se(y + a) se(a+ 8) 8c(8 — a) se (3+ A) se(3-+7) 
+sc(B +) se(y— a)sc(a+ 8)sc(6+ a) se(d— B)sc(d+y¥) 
+sc(8 +) se(y + a) sc(a— 8) se(6 + a) sc(6+ B)sc(d- 4) 
+ sc (8 — vy) sc (y— a) se(a— B) se (y — a) sc (5 — 8) se(6—y)=0, 


and a similar equation involving sd’s. 
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§16. It may be noticed that the formula 


sn,u— 8n,v 
sn, (uv) =, 
1- sn,u@ sn,v 


is in fact equivalent to 


tan A — tan B 
tan (A - B) = ———___... 
iat ) 1+tanJA tan B’ 
for snjw=—?¢taniw; so that we may pass from a formula 


involving sn’s to one involving tangents by putting & =1, 
multiplying the arguments throughout by ¢, and replacing 
sniu, &ec., by ztanu, Ke. 

Thus from Jacobi’s formula (1) we deduce that 


tan(w—«) tan(y—z) + tan(w—y) tan(z—a) + tan(w—z) tan(a—y) 
+ tan(w-—z) tan(w—y) tan(w—z) tan(y—z) tan(z—x) tan(«—y)=0, 


which by § 2 gives the formule involving sn’s obtained in § 11. 
It may be remarked that the formula 


sn,(y-2)+ sn,(2—2)+ sn,(w—y)+ sn,(y—2) sn,(2—a) sn,(a—y)=0 
is the particular case, corresponding to 4 =1, of the formula 
E(u) + H(v) - H(u+v) =e snusnv sn (u + v); 


for, when £=1, we have H (wu) = sn,w. 


Forms of the twelve arguments, § 17. 


§17. Jacobi, in the case of six arguments, put 
wW-xL=a, x-y=u, y—z2=), 
giving , 
y—z=), w—-L=A, 
2—-x=—(ut+b), w-y=uta, 
L-Yy=uU, w—z=utatd; 


if we have, in addition, the six arguments in which the terms 
of the binomials are connected by the positive sign, we may 
put w+z=v, whence 


_yte2=-(u-vta), wtxe=utvt+)d, 
2+n2= v—-@, w+ty=vt+h, 


Zty= v—-at+b, wt+z=v. 
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Another system of arguments which is worth notice may 
be obtained by putting y—2, y+z, w—x, w+ equal to 
a, b, c, — d respectively. 

For convenience of reference the different systems of 
arguments are collected together in the following list: 


y—2=B-y= b = fi, 
2-e%=y-—a=—-(u+d) = a, 
x-y=a-B= u =—-a’, 


yt 2=6-—a=—-(u-—vta)= 2, 


z2+x=6-B= v-a =—0U', 
xty=d-y= v-atb = 0B, 
w-e=B+y= a = 4 
w-y=yta= uta =-—C, 
w-2=a+B= utatb = oc’, 
wt+tx=d+a= utvt+b =—-d, 
wty=6+B= v+b =H rk 
w+ez=8+y= v =-d', 


where in the system of arguments in the last column a, 8, c, d 
are arbitrary, and 


aw=3(-atb+etd), a=g(atbt+er+d), 
4( 2 (a+6—c—d), 
c'=}( at+b—ct+d), c’=}(a—b+c-d), 
4( at+bd+e-d), d'=}(a—b—c+d). 


a—b+c+d), b= 


Trigonometrical formule, § 18. 


§18. If we take an elliptic function formula involving sn’s 
only, such as (1), we may derive trigonometrical formule 
from it in two ways, viz. (i) by putting 4=0, we have 


sin(w—x)sin(y—z)+sin(w—y)sin’/2 ~x)+sin(w—2)sin(a—y)=0.00(5), 
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and, by putting s=1, 
sn, (w—2) sn, (y—z)+ sn, (w—y) sn, (2—w)+ sn, (w—z) sn, (x—y) 
+ sn, (w—2) sn,(w—y) sn, (w—z) sn, (y—z) sn, (2—-x) sn, (x—y) 
= 0, 
whence, by § 16, 
tan(w—a) tan(y—z)+ tan(w—y) tan(z—x)+ tan(w—z) tan(x—y) 
+ tan(w—«) tan(w—y) tan(w-z) tan(y—z) tan(z—«) tan (w—y) 
=0. 
Now, by § 11, we deduce from (1) that 
= sn (w—2x) sn (w+2) sn (y —2) sn (y+ 2) 
+ kIT sn (w —x).sn (w +x) sn (y—z) sn (y +2) =0, 
and therefore, putting k=0, 
= sin (w— 2x) sin (w+ x) sin(y — z)sin(y+z)=0, 
and, putting =1, 
> tan (w — x) tan(w + 2) tan (y —z) tan(y + 2) 
+ IT tan (w — x) tan (w + x) tan (y — 2) tan(y+2)=0. 


The former of these last two equations may however be 
deduced directly from the trigonometrical formula (5), viz. 


> sin (w— 2x) sin(y — 2) =0, 


for, expanding the sines and considering only the terms of 
the lowest order, we have 


= (w— 2x) (y—2)=0, 
whence, writing 2’, y’, 2’, w’ in place of a, y, z, w, 
= (w* — a’) (y"— 2°) =0, 
and therefore 
> sin (w — x) sin (w + x) sin (y — 2) sin(y+2)=0, 


since sin (w+ v) sin(w—v)=sin’w—sin’v which, being the 
difference of two squares, is of the form u’— v”, 
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In general whenever we have a formula the terms of 
which consist of products of sines of differences,* viz. 


>.II sin (a— 8) =0, 


the number of sines forming the product being the same in 
each term, we deduce that 


=. (2-8) =0; 
and therefore =. II (a’— 8’) =0, 
whence =. [1 sin (a — 8) sin (a+ 8) =035 


but this method of deriving one sine-formula from another 
can be applied only when the number of sines multiplied 
together is the same in each term of the formula. 

In the case of elliptic function formule this condition is 
not necessary; we put 4 =1, and obtain a formula involving 


sn, (a—£), &c.; we then replace sn, (a — 8), &c. by 
k sn (a— 8) sn(a—), &e., 


and we deduce a trigonometrical formula involving sines 
by putting &=0 and a trigonometrical formula involving 
tangents by putting &=1 and replacing sn, (¢a—78) by 
tan (a—). 


NOTE ON THE STANDARD SOLUTIONS OF A SYSTEM 
OF LINEAR EQUATIONS. 


By Professor A. CAYLEY. 


{pe fix the ideas, the equations are assumed to be without 

constant terms. Supposing the system to be insufficient 
for the determination of the ratios of the unknown quantities, 
then regarding the unknown quantities as having a definite 
order of arrangement, there are certain solutions which may 
be regarded as standard solutions. Take the unknown 
quantities to be A, B, C, D, H, F, G, &c.; then assuming 
A=0, or else A, B, each =0, or else A, B, C, each =0, as 
many equations as possible, the system as thus modified will 
have a definite solution; for instance, the assumed equations 
A, B, C, D, E, each =0, may give a definite solution in 
which #' is not =0, and it may then for convenience be 
put = 1. We have thus a solution beginning with #’=1. 


* See Messenger of Mathematics, vol, x. p. 23, or Proceedings of the Cambridge 
Philosophical Soctety, vol, iii. p. 383. 
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This being so, there will be a solution or solutions with 
F=0; we cannot then have A, B, C, D, EL, each =0, but we 
again assume A = 0, or else A, B, each =0, as many equations 
as possible; suppose A, 6, C, each =0 give a definite 
solution, with D not =0; and then taking it for convenience 
to be =1, we have a solution beginning D=1, and for 
which #=0. Going on in this manner we obtain, it may be, 
a solution beginning B=1, and for which D=0, F=0; and 
so on, the process stopping, if not sooner, with a solution 
beginning A =1, and with the initial letters of the preceding 
solutions, each =0. We have in this manner the system of 
standard solutions, of a form such as 


FE ONT eae: 
22)" (Vy onl ha oll dead eg Ot Ca 
Saumeoe Ol 1 a 0D.» 
Ewe One 0 ye 40. x 
—ielee0. <3 0’) e' "0 (x 


where the , denotes a value which is not in general =0, but 
which may in any particular case happen to be so. 

For instance, let it be required for the binary quartic 
(a, 6, c, d, ea, y)’, to find the asyzygetic seminvariants of 
the degree 4 and weight 6. Assuming for the seminvariant 
the value in the left-hand column of the diagram, the 
unknown coefficients being A, Bb, C, D, £, £, G, this must 
be reduced to zero by the operation 


ad, + 20, + 3c0, + 4do, ; 


and we thus obtain as many equations as there are terms 
of the degree 4 and weight 5, as appearing by the second 
column 


ad, + 2b0, + 3cd, + 4dd, 
Aatce | abe | 20+2A = 0, 
aie t= Cala L) +6B +4A |=0, 
Cabe | ab'd | 3F+2D =r(), 
D ,,bcd| ,b¢0 | 244+6H +3D =0, 
E,,c | ab AG +3F =0; 
F ab’d 


Gs ke 
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viz. the equations are 


Aram uy tan 


De 9 =0, 
Heo we eral =0, 
Near e Peer =0, 

34+6 +2 |=0, 

344 |=0. 


We have first a solution beginning B=1, and secondly 
a solution beginning A=1, with B=0: the resalting two 
seminvariants, say P and Q, are 


pE= | = ie ae 








A a’ce 0 1s4| see 1 
B iy el pamela tie eer. 
C a b’e 1s ee | ee Ge | 
D » bcd | —6 | —4 || +2 | —4 
Et yo | +4 8 |} -1)+4+8 
ii Cd Vitae ae +4 
G »oc | -—3 | —-3 aot | 


As is known, there is no irreducible solution, but only the 
composite forms 


I=a(ace- ad’ - e+ 2bed—c’, 

II =(ac — b’) (ae — 4bd + 8c’), 
the developed values of which are given above: iI (as a form 
beginning 4 =1 and with B=0) can be nothing else than, and 
is in fact = Q: and so I (as a form beginning with A=1, 
B=—1) can be nothing else than, and is in fact = Q—P; 
that is, we have 

P=-I+HII, or [=—P+4Q, 

= iE. his Q; 


and so in general we have a standard set of values for the 
asyzygetic seminvariants of a given degree and weight; or, 
what is the same thing, for the covariants of a given 
deg.-order. 


aa) 


SUR UNE APPLICATION D’UN DETERMINANT. 


Par A. LEGOUxX, Professeur a la faculté des sciences a Grenoble. 


N lisant dans le numéro du Quarterly Journal du mois 
de Juin, 1880, la note de Mr. Scott sur une forme 
spéciale de déterminant découverte par Mr. Glaisher, j’ai 
pensé que l’on pourrait se servir de cette forme pour résoudre 
aleébriquement et d’une maniére uniforme les équations du 
3° et du 4° degré. Je ne sais si cette méthode est nouvelle; 
elle est en tout cas une conséquence bien naturelle de la 
forme remarquable du déterminant de Mr. Glaisher. 


I. Considérons le déterminant suivant d’ordre n 


Te tnt Oia scans 
ay a, Sonic OL! Aa 
An» n—1 wv a, ete Ans 
a, a, a, aet x 


supposons que 2 soit une inconnue, et a,, a,... des nombres 
donnés, en égalant 4 0 on a une équation d’ordre n, ne 
contenant pas de terme de degré n—1 et renfermant n—1 
quantités connues. Si est une racine primitive de |’ equation 
x” —1=0, le déterminant précédent est le produit des facteurs 
lineaires suivants, 


+a, +a,0 +a,0° +...a,,0"" , 


n=1 


eta, +a,o +a,0° +...a, 00%, 


n—1 


3 9 3(N—-1 
ota, +a,0° +a,0 +...a,,@, 


@esveeese8 COVE CECI RaW ORCA ORONO CIB CNIS ate I, | 


n Qn 3n 2 (Sed) 
L+ao+4,0 +a,0 +...a, .@ ) 


le dernier facteur est égal a 
Mae ee yt a Panett, 


On voit que l’on obtiendra les racines de |’ équation & =0, 
en égalant chacun de ces polynomes a 0 et que ces racines 
seront des fonctions linéaires des quantités a,, a,... et des 
racines imaginaires de |’ unité. 
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On voit aussi que si l’on désigne ces racines par les lettres 
2%, ©,...2,, et si l'on représente par le symbole / |’ opération 


<n? 


e , , o) ° 
qui consiste, €tant donnée |’expression 4,a,+ A,a,...+4,_,@,_49 


4 multiplier le premier terme par @, le seconde par w’, le 
troisiéme par ° etc., on aura 


ee 2 8 n= 
—Z%,=a,0 +4,0° + 4,0 +...a,_,@ 


— #,=4,0' + 4,0 +a,0°+...a, 00°) )....(1). 
d’ot xv, =f (x,), de méme 
X, =f'(x,), 
aX, =f(%,), 


II. Si Von développait le déterminant #, et si on 
Y ordonnait relativement aux puissances décroissantes de 2, 
on trouverait en |’ égalant a 0 une équation 


ils on soils (es oiler oy (Nea pecs a?» 


Pos Pa-+-P, Etant des fonctions rationnelles données des quantités 
PAO wath s 

On peut toujours écrire une équation algébrique sous 
la forme précédente en faisant disparaitre le second terme. 

On voit que les coefficients p,, p,... sont en méme nombre 
que les quantités a,, a,..., que par conséquent si |’ on supposait 
connus les p,, p,... c’ est a dire si l’on partait de I’ équation 
donnée sous la forme (2), on pourrait chercher a I identifier 
avec |’ équation H=0; ce qui reviendrait 4 résoudre un 
systéme de n—1 équations a n — 1 inconnues pour déterminer 
les a,, a,...a,_, en fonction des p,, p,...p,- Les quantités 
a,, a... étant connues, on aurait les racines de |’ équation 
proposée an moyen des formules (1). Appliquons cette 
méthode a |’ equation du 3° degré: 


a” T Pt — p,= 0, 


identifions cette équation avec la suivante 


Con. (e+ao +a,0) 
a, © d,|=4(e«+a,ow'+a,w) =0. 
ae (eta, +a, ) 


On trouve 


ee “a Or Pere: 
34,0, = Pe a, ta, = Ps 
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On trouve a,’ et a,* en résolvant une équation du 2° degré ; 
on retombe sur les calculs fournis par la méthode bien 
connue pour déterminer a, et a, Ces quantités étant 
déterminées en fonctions de jis et p, les trois racines de 
l’ 6quation cubique proposée seront données par les équations 
linéaires 


“+a,+a,=0, e+a,o+a,0°=0, £2+a,0'+a,0=0. 
Opérons de méme sur I’ équation du 4° degré 
x + pe’ — px + p,= 9. 


Identifions 14 avec la suivante: 


oe On1a. 6 (~+a,~—a,—a,t) 
GAY GG.) ee tats Oar) PAs 1155}, 
Tan Ge LO, (w-at—a,+a,t) 
G. a. @ & (x+a, +a,+4, ) 
on trouve 


2 2 (a,’ ae 24,45), 
Lene 4a, (a,” ts a") 
Pp, = (a, — 2a,a,) —(a,’ +4,")’, 


substituant dans la troisieme les valeurs de a,a, et de 
a,’ +a,’ données par les deux premiéres, on a 


se 2ae\. a 
Bere, Saree Cans es 
Pe (2 Pay 16a; 


On trouve ainsi pour déterminer a,* une équation du 3° degré, 
a, étant connu, ou trouvera sans peine a, et a,; enfin les 
quantités A, 4, 4,, Etant exprimées en fonction ae Por Psr Pay 
les racines de P équation du quatriéme degré seront données 
par les équations linéaires suivantes : 





x+a,t—a,—at~=0, x-—a,+a,-a,=)9, 


L-at-4,+at=0, x+a,+a,+a,=0. 


ON SPHERICAL CYCLOIDAL AND TROCHOIDAL 
CURVES. 


By Henry M. Jerrery. 


1. THE spherical epicycloid was first considered by 
Hermann in the Acta Petropolitana, 1726, when 
this writer wrongly thought that all these curves were recti- 
fiable. In the Academie des Sciences, 1736, three memoirs 
are written by John Bernouilli, Clairaut and Nicole, by the 
methods of solid geometry on the rectification and quadra- 
ture of this epicycloid. Hermann’s mistake was pointed 
out by Bernouilli, and the rectifiable case shown to exist 
when the rolling circle was a great circle of the sphere.* In 
the Acts of St. Petersburgh for 1779, the celebrated Lexell, 
who has the credit of founding Spherical Analytical Geometry, 
applied spherical coordinates to investigate the rectification, 
quadrature, and curvature of both epicycloids and epitro- 
choids. In 1830, Gudermann of Cleves considered the 
spherical cycloid alone, the spherical catenary and ellipse in 
his original treatise on Spherics; his exposition is clearer, 
but less extensive than Lexell’s. 

It may be worth while to reconsider the subject, and not 
only to obtain the known results by direct processes, but to 
add other theorems on these roulettes. 

Certain propositions relating to spherical curvature and 
quadrature, and Lexell’s expressions for cycloidal arcs will 
first be prefixed as lemmas. 


2. To express the spherical radius of curvature at a point 
in a curve in terms of the polar coordinates of the point. 

The polar equation to a small circle, whose radius is 7, 
and the coordinates of whose pole are §, a, is 


cos r= cos 8 cosp+sin£ sin p cos(@— a), 
where p, @ are the polar coordinates of a current point. 
By differentiating with respect to the variables 


dé 


cot 8 = cotp cos(@ — a) — sin(@ —a) ae 





* These writers were incited to their task by a problem proposed by Offenburg 
in the Acta Eruditorum, 1718: Testitudinem hemisphericam fenestris ovalibus per- 
forare, quarum unaquzeque peripheriam absolute rectificabilem habeat. The 
problem was evidently suggested by Viviani’s Florentine Enigma, but no solution 
by the proposer is recorded. A sketch of the early history of Analytical Spherics 
may be read in the Apercu Historique of M. Chasles, pp. 285-240. 
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cosr : do 
Hence io ode (@ — a) — cosp sin (8 — a) Be 
and 
cos B—cosr A ghey ten a. ee : 
Be (0 — a)+sin’p sin’(@ — a) Ie) , 
sin’? ds 


= arg = sin" (8a) {tsp (= = sin? (@—a) Ge . 
This relation between r and 8 in plano, and siny and sin 8 in 
spherics, may be established geometrically. 

If A be the centre of curvature, O the origin of polar 
coordinates, and P the point of a curve, 
snr sinAOP_ sin(@—a) 
singe esi APO? wedpm © 








ds 
Again differentiate for the third point of contact: 
j@=oeer Ce ae Some 
dp” oe dpdp ~ 


The coordinates (a, 8) have been thus obtained in terms of 
the current coordinates of a point on the curve. 
For the radius of curvature 


Rates rosea a cot (@—a) —cosp 


dp 
ds\" d@ d*s ds (d@\* 
— cot r(F*) Guibas pi aA (5) 
ds\* dé dé 
or —cotr (7) qe 7008 (5) 


Wee dd di? ap (BY) (By 
Si ane ad 7) 7) 


Gudermann’s expression for the radius (Spharik, § 34) agrees 
with this. 
‘The corresponding form ¢n plano is 
1 (2) dd 1 d's (=) ds 
r \dp/ dp p dp* \dp/ de’ 
Both Gudermann (§ 31) and Greatheed (Camb. Math. Journal, 
vol. 111.) have determined the radius and coordinates of the 
centre of curvature, when p is the independent variable; 
these formule are analogous to the usual expressions in plano, 
but inconvenient for cycloidal curves. 
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Expressions for curvature are also given by Gudermann 
(Sphdrtk, § 26) in terms of rectangular coordinates. 


3. In cycloidal and trochoidal curves, the radius of cur- 
vature and the evolutes are most conveniently found by the 
relation between the perpendicular and radius vector drawn 
from the pole. 

Let p, r be the coordinates of the curve, p’, 7’ those of its 
evolute, p, p' their radii of curvature. 

If p=f(r) be the equation to the curve, then, as in 


planimetry, . 
' = cosr cosp + sinp sinp, since —- = gi gle 
cos r’ = cos? cos inp sl ince —— = sin7 — 
HY Beeb? sin 7 ds ’ 
. b 4 , . y . Q 
sin’p' = sin’ r — sin’ p. 
e . e " ° 5 
In differentiating, p, r' remain constant, while r, p vary, 
sing dr 





anp = 


By eliminating from these four equations, the equation 
to the evolute is found. 


Cor. 1. In planimetry, 
Dae tanp' _ d (sinp) 


1p RRP oe " 
Seay in spherics, ny ee 


Cor. 2. The following expressions for the length of a 
curve, and of the area inclosed by it, are sometimes useful. 








s = fdr sin r (sin? x — sin? p) ?. 


Area=|fsinr dr d0=[dr (cosa— cosr) cosecr (sin’7— sin? p)? sing. 


4. An analogous expression may be hence deduced to the 
plane formula for the radius of curvature in terms of the 
polar tangential coordinates 
a: 
p=p+ ap. 


In vectorial polar coordinates, as appears from the geometry, 


dr \* sin’? d . i 
(5) == sin’ p ae he or (5 cot "| +cot' r= cot Dewsdeas 

(The formule (A) and (B) were proposed in the Mathe- 
matical Tripos Examination, Jan. 17, 1882.) 


- 
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By polarising, when r= 47 —p', p=4r-71', 
d ; : : 
(5 tanp) + tan*p =tan'r. 


By differentiation, the formula (4) becomes 


a 
{tan 7 (tan pt : 


sinz dr  cos*r 


———— | 


0 Oe C08 p dp cos’ 





Ex. 1. The spherical ellipse 
tan” p = a’ cos’ 6 +0° sin’ 0, 
so that tan’ r tan’ p =a‘ cos’ 8+ b* sin’ 0, 
2 2 2 2 up a'b* cos*r 
and = tan’ p (a’ + 6’ — tan’ r) =a’d’, tan p = —_, — 
| sin® p 
Ex. 2. The rhumb-line or equiangular spherical spiral 
ae cubeape 1 
snp=m sin?, tanp =~ tanr. 


The coordinates of the evolute are thus related: 
m’ tan” 7 = (1 — m’) sin’r = sin’ p’. 
The evolute is not a similar spiral, as zn plano. | 


5. There is a close analogy in planimetry and spherics 
for the expressions for the areas of the spaces inclosed by the 
epicycloid and the two circles, fixed and generating (fig. 1). 

Clairaut’s method of integrating will be first applied to 
planimetry. Let O be the centre of the fixed circle, C, C’ 
two successive positions of the centre of the rolling circle, 
AQP the epicycloid. ‘The area is sought of the space APQ. 

Let Qq be. drawn concentric with AP; the elemental 
area pPWL is sought, or, as well, of pPQq. It is plain that 
there can be as many spaces such as pPQq in the circular 
zone {m(OQ*— OP*)}, as Pp is contained in the circumference 
of the fixed circle APp. Hence the element 


pPQh =tdé (r’— a’), 
if r, a, 6 denote OQ, OP, CP; 9, ¢, the angles AOP, POQ; 


and since 


rv’ =(a+ 6)? +0b°—2b (a+b) cos, and af =d¢, 
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the area of APQ 
= 2 (a +b) fil —cos d) dp 


v4 


== (a+b) ($- sin 9), 


when ¢=7, for a half-roll of the generating circle, 
qrb* 
area = —— (a+ b). 


This agrees with the known value of half the area of the 
epicycloid limited by the fixed circle pe (3a+ 2d), differing 
from the former by half the area of the generating circle. 


Cor. When b= 0, the epicycloid becomes the involute of 
the generating circle. The area inclosed by the involute, its 
radius of curvature, and the fixed circle or evolute, is 
equal to the area of the involute bounded by the radius 
vector and the initial line or vector. Hymer’s Jnt. Cale. 
p- 201. This result is derived by aid of the equation p’*+a’=r’, 


f(r? — a?) dO =4 fp'd0 = 4 fa° P10 =4 rd = hp’. 


It appears from the convertible expressions 


an ie 1 1 /dr\’ 
WE Re Ns Lee oe as |e 

9 see os ce (=) ) p i rt a ) 
that dd = p'dd. 


6G. Lexell’s method of determining the elemental are of 
a roulette is shown in the cases of the plane cycloid and 
epicycloid. 

In fig. 1 to the increment QF of the epicycloid there 
corresponds the increment SQ or &g of the generating circle, 
and &S or Qq is concentric with or parallel to the fixed 
circle A Pp. 


The ratio of these increments is 





a+b 
ob PQ. 
If the infinitesimal parallelogram (Sq be considered, 
Qh: qh :: sinQqhk : sing@F :: sin SQq: singQk 
:: cosUQg : cosPQq :: sinOQC: snOQP 
33 OCPO+ OF OOtta 0) PO 


so that QR= ed PQ dg, since gh =bdd, and PCQ=¢. 
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The are of the epicycloid = [= 2b sind ddd 


Ab 
a 


(a + b) (1—coss¢), 


reckoned from an apse. 


Cor. In the cycloid, ds = PQd¢, and s = 4b (1 - cos4¢). 


7. To obtain the equation to the spherical cycloid. 

(Companion-figures should be drawn to figs. 1, 2, of an 
hypocycloid, in which the generating circle PQS should roll 
inside the fixed circle. The circles are supposed to be drawn 


on a sphere.) 

Lexell’s method gives the are in a form analogous to its 
plane congener. Let rv, p denote the radius vector of a 
moving point and perpendicular from the pole on a tangent 
thereat; a, 5, the spherical radii of the fixed and rolling 


circles 
QR: qk:: snQqh: singQRh :: snO0QC: OQP 
:: sin(a+ 5) sn PQ: sina sind. 
Hence ds = cosb sin PQd¢, since a= 47 in the case of the 


spherical cycloid. 
Also from the spherical triangles OCQ, OPQ, 


cosr = cot b (1 — cos PY) = sind cosb (1 —cos¢), 
sin¢PQ=sindb sing¢. 
sin’p _ (s) x ( sind sing ) 
~ sinte = \ds/ —-\sinr sin PQ/ ? 


cos'p — cos = cos $¢ sec’ 4 (PQ) 





sin2b — cosr 
sin 2b — sin’) cosr 


8. The same relation may be otherwise obtained. 

Since PQ and p are both perpendicular to the tangent 
at @, they will meet if produced, in the pole of Q@&. In the 
exterior triangle thus formed 


sinp = cosPQ cosCPQ = cos PQ tan 4 (PQ) cotd. 


Also sin}(PQ)=sinb sin}¢, cosPQ=1- cosr tand. 
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Hence 
; cos’ PQ cos7 cot’b 
sin’p = ——————- cos?" cot} = —_—__——_——_-- cos"”" 
Pp 1+ cos PQ 2 cotb — cosr } 


sin2) — cosr 
sin2b — sin’) cosr 
By a third method Gudermann (Sphiarik, §§ 39, 40) obtains 
the differential equation to the cycloid, 


cos'p — cos 7 = = sin’ CQP (see infra, § 14). 


oe d0_ __cosb—sind cosr 
vide iia (sin 2b cosr — cos’r) ? 
which is readily deduced from the former value of : 


9. To determine the length of the spherical cycloid. 

For integration, it is convenient to select for the inde- 
pendent variable the perpendicular from C on @P the normal. 
Call CN =z. 

Then cos$¢= tan z cot b, cosb=cos4 (PQ) cosz, 

sind (PQ) =siné¢ sind. 
Lexell’s expression for 
"a : _ sin 26 sing¢ 
ds = cos b. sin PQ dg = ogee aie db 
=— pone dz. 
cos’2 


sin Z 





Hence 4s secb=C— — log tan (47 + $2). 


cos’ Z 
The arc begins when z=0, so that the semi-are of the 
eycloid 
a3 dake + log tan (47 + 4) 
aeoshwete Pe Liao 


10. On the quadrature of the spherical cycloid. 

Two different areas are here considered, (1) 4 YP bounded 
by epicycloid and the two circles, (2) that which is bounded 
by AQ, OQ produced, and the fixed great circle APp. 


(1) The elemental area of the space pPQq comprised 
between two consecutive positions of the generating circle 


=cosOQd(AOP). 
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For there are as many spaces, such as pPQq, in the 
spherical zone, bounded by circles whose angular radii are 
O@ and OA, as Pp is contained in the whole circumference 
of the great circle APp. 

And it is known that the area of this zone is the product 
of the height or distance between the planes OAP, OQq, by 
the circumference of a great circle. Such is Clairaut’s 
reasoning. 

In the sequel 


6=AOP, =PCQ, y=40Q, r= 09, 
CP=CQ=b: OP=4r. 


The whole area 
6 
AQP=| cos r dO = sin’ cos b [a — cos $) db 


=sin’S cos b (p — sin ¢). 


The summation commences from the cusp A; and for half 
a roll the area swept out is 7 sin’ cos b. 


370 
(2) The required area is = | | * sine drdy 


O 
= | cosr dy, 
x 


where y is the vector angle A0Q. 
Next make PCQ or ¢ the independent variable. 


From §7, —cosr= sind cosb (1 — cos¢), 
sinrdr = — sind cosb sin dd@. 
Also from the differential equation to the cycloid in § 8, 


dy  cosb—sinbcosr dd 
tanr + ie GRA ae cosecr (cosb — sind cosr) a 





The required area 





¢ cos’r 
=| d —‘(cosh — sin&b cosr 
[ ? 1 —- cost’ ; ”) 


1 — cos 7 


=|" dp i iN — cosh) + sind cosr - 


52 Mr. Jeffery, On Spherical Cycloidal 
Let u = OQC, so that 


: cosd sin p_ 
sin u = —,.——— May — ; 
sinr ig 
sin’b + cos} cosh 
also cosu = ——__,——_—_ 
sinr 


’ sin b — cosb cosr 
sin} cos 4 = ————__- 
sin? 


The required area 


=|" do {5 (sem eee OST) _ cos + sin 6 cosr 
dr sin 7 


) 
J 
=|" ap |< ‘retraite 


= ip dd - cosec u i cos u — cos’b — sin’d cos b cos 6} 
Syn (ecen — ¢ cos’b — sin’d cos 6 sin 


sin ¢ 
= OQC-— ¢ cos’b — sin’d cosb sin ¢. 
Gudermann (Sphdrik, p. 152). 
For a half-roll, 6 =7, and half the area of the cycloid 
=m (1-— cos 0d). 
The difference between the areas (1) and (2) is half the 


spherical surface cut off by the generating circle, 7 (1 — cosd), 
as it should be. 


11. To find the tangential equation to the spherical 
cycloid. 

If the relation between p and r is known for a spherical 
curve, the polar equation, both vectorial and polar, is readily 
deduced. 

As in § 4 


secs = sec’p + 46 (tan Dye bores rs enaee (1), 


where ¢ is the inclinaiion of p to the initial line. 
Also from §7 the relation between p and r is 


sin2 sin’p sec’r—(1— sin’d cos’p) sec’r+ sin2b secr— sin*b=0...(2). 


The elimination of sec” from (1) and (2) determines the 
differential tangential equation. 
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12. To find the spherical radius of curvature at any point 
of a spherical cycloid. 
The formula in polar coordinates for their radius is 
given in § 2, 
4 otk (F prs ds\" dO  d/. dé 
a) 7 (a) dr * dr (sinr 5). 
The differential equation to the cycloid (§ 8) is 


pee 20 __ cos” (cosh — sind cosr) 
dr »/\(sin 2b — cos) cosr}? 


ds\" ., (d@\? ., sin2b—sin’d cosr 
whence 7) =1+4 sin” a = 1 7 — 
dr dr sin 2b—cosr 


eeke.. 00 “ean : 
-— (sin r =) = sind sinr cosr (cos 6 + cos’r — 3 sind cosd cosr) 


dr dr 
+ (sin 2b cos 7 — cos’r)3. 
After substitution, 
— cot £(sin d cos 7)? (2 cos b — sin b cos 7) 
= cos b —3 sind cosb cosr + sin’) cos’r. 


Gudermann has elegantly expressed this relation in terms of 
the chord PQ, and thereby shewn its analogy to the plane 


property. 

As in §7, 1— cos PQ = tan d cosr, 
hence tan & (1 — cos PQ — cos PQ) = sin PQ (1+ cos PQ), 

sin £ /(1 + sin’ PQ) = sin PQ (1 + cos PQ). 

13. The same value may be more simply obtained from 
the formula of § 3 for the radius of curvature 
_sinr dr 

cosp dp- 
As in’§ 8, sinp = cos PQ tan} PQ cot d, 
cos 7 = cot b (1— cos PQ). 
Hence, by differentiating, 
cot R = tan4 PQ —4 cot PQ sec’$ PY 
_sinPQ-—cot PQ 1— cos PQ- cos’ PY 


_ 


~ I+cosPQ ~~ sin PQ(1+cosPLQ) ° 





tan A 
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14. To find the evolute of the spherical cycloid. 
‘The equations in terms of p’ and 7’ are established in § 3, 


cos?” =cosr cos f+ sinp sin R, 
sin’p’ = sin’ r — sin’ p. 
Substitute the values of 7, p, and £2, obtained from §§ 12, 13, 
cos 7’ 4/(1 + sin’ PQ) =2 cot b sin’ 4PQ. 
Again, since OP is $7, 
p = CPQ, cosp =cotd tandPQ. 
By eliminating PQ, the equation to the evolute is found 
cos 7’ 4/(1 + 6 cos’ p’ tan* b + cos’ p’ tan* b) = 2 cos’ p' tan &. 


An apse and cusp in the cycloid correspond to a cusp and 
apse in its evolute. 


If PQ=2b, p'=0, tany = cosec 2b, 0. 
If PQ=0, r=p'=47n, tanh =—4 tan 6. 


15. To obtain the equation to the spherical epicycloid. 
The differential equatron has been given by Lexell, as in §7, 


ds = d¢ sin (a+ b) coseca sin PQ. 
Also from the triangles OCQ, PCQ, fig. (2), 
cos 7 = cos(a + b) cosb+ sin(a +d) sin b cos ¢, 
sin PQ = sin $¢ sin dD. 


Hence, by differentiation, 


rane 
— =sina cos$¢ cosecr secs PQ. 


ds 


Also sin’ r — sin’ p =sin’r (=) 
1 : 
Fp ante SaGORI) (1 + cos ¢) sin’a, 
sin’ a cos 7 — cos (a + 2d) 


2 2 
i sin’d cosr+2 sina cotb+cosa 


This equation may be obtained briefly from the figure 1. 
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As in §8, let p, PQ be produced to meet in the pole 
of QR. 
In the triangle thus formed, 


sin p = cosa sin PQ + sina cos PQ cos CPQ 
= tan$ PQ {cosa (1+ cos PY) + sina cot b cos PQ} 


Ayia ale {cos + cosa + sina cot 5)” 
Pt + cos PO ¥ iM 


Since (1 —cos PY) sin(a+ b) = (cos a—cos7r) sind, 
sin’p (cosr + 2 sina cot b + cos a) 
= (cos a — cos 7) (cos7 + cosa +sina cot db)’. 
This can be reduced to the former expression. 
16. To determine the length of the spherical epicycloid. 


The process adopted for the cycloid in §9 may be applied 
generally 


sin a cosec (a + b) ds = sin PQdd = — 4 cos'b sec’z dz. 
When z= 4, the arc vanishes, 
$s sin a cosec (a+ 5) sec’b=tan b sec b — tan z secz 
+ log {tan tar + 40) cot (47 + 42). 


Cor. The are is rectifiable only, when 0 is a7, or 
cosb=0, and PQ=¢, 


ds=d¢ sing cota, s=2 cota sin’ 4¢. 
17. On the quadrature of the spherical epicycloid (fig. 2). 
For the limits taken in each case, see § 10. 
Let OQ (=r), QOA (=x), be the polar coordinates of Q; 
OCQ=4¢, POA=6 as before. 


The following relations subsist : 
cos 7 =cos (a+b) cosb+sin (a+) sind cosh 
= cosa — sin (a + 0) sind (1 — cos ¢) 
= cos (a + 26) + sin (a+) sin d(1 + cos #), 


cos (6 — y) sin(a+ 6) =cosb cosec r — cot r cos (a + 4). 
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By differentiating 
sin r dr =sin (a + db) sind sin d dg, 


sin (@—x) sin (a+) (S ~ o) ={cos b cos 7—cos (a+b)} cosec’r. 
dd ad 2 
Hence The ig = {cos b cos r — cos (a + b)} cosec’s, 
and, since Osna=¢ sind, 
a = sind cosec a — {cos b cosr — cos (a + b)} cosec’r, 
and 
dx. 


sin a sin’r ana (cos a—cos7r) {sin (a +b) + sind cos r}. 
(1) The area bounded by the radius vector and fixed circle 
AOQ= (ae sinrdrdy =|" dy (cosa — cosr) 


? 
= | dd {(cosa —cosr) sin b coseca — cosd} 





dd 
4 y ee nN al 
+ 4 {cosb — cos (a + b)} (1 — cosa) [ 1 —cosr 
e dd 
L \ 
+ 4 {cosb + cos (a + b)} (1 + cosa) ip 1+cosr 


= — ¢ (cos’ — cota sin’b) — sin ¢ sin’} (cosb + cota sind) 
+ (1—- cos a) tan™ {(cos b+ cot $a sin d) tan $4} 
+ (1+ cos a) tan™ {(cos 6 — tan $a sin b) tan $6} 
= — p(cos’ > — cot a sind) — sin ¢ sin” (cos b + cot a sin D) 


+ 0QC0- COQ cosa. 


For sinr sinOQC=sin (a + 0) sin , 
sin7 sinCOQ=sin d sin ¢, 
and cos r = cos (a + 6) cos db + sin (a + 0) sind cos ¢. 


For a half-roll, 6 = 7, and half the area of the epicycloid is 


wm (1 — cos} + cot a sin’d). 
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(2) The area of the space bounded by the epicycloid, 
and the fixed and generating circles =/f{/sinrd@dr (where 
A OP= 8, as was explained in § 5) 


= {(cos a— cosr) d@ = sin’d sin (a + b) cosec a f(1 — cos f) dp 
= sin’b (cos b + cot a sin b) (¢ — sin ¢). 
For a half-roll ¢ =, and the area is 
sin’ 5 (cos b + cot asin d) 7. 


The difference of the areas in (1) and (2) is half the 
spherical surface intercepted by the generating circle, viz. 
a (1 —cos d), as it should be. 


18. The differential polar tangential equation to the 
epicycloid is obtained as in §11, by eliminating secr from a 
quadratic and cubic equation. 


19. To find the radius of curvature of the spherical 
epicycloid. 
From §§$ 15, 3, if & denote the radius of curvature, 
cosr=cosacos PY +sinasin PQ cosOPQ 
= cosa cos PQ —sina sin PQ tan3 PQ cot b 
sin p=cosasin PQ + sina cot bcos PQ tan4 PQ, 
cosp dp _ cota cotPQ+4 cotb sec*4 PQ (cot PQ-sinPQ) 
cot R= —~— = 
sinr dr cot a+ cot b 
cosec’R sin’PQ (cot a4 cot b)’ 


= (cota +4 cot b sec’ 4 PQ + cot’d tan’ 4 PQ. 


} 


20. To find the evolute of the spherical epicycloid 
sin’ p’ = sin’ 7 — sin’ p = sin’ a(1 — cot’ d tan’? $PQ) 
= sin a sin’ OPQ, 


as appears at once from the figure; whence cos PQ is known 
in terms of sin’ y’. 


By §3, cos’ =cosr cos f + sinp sin Rf, 
cos 7’ cosec PQ cosec a cosec £ (cot a+ cot b) 
=(cot PQ cot a — cot 6 tan$ PQ) 
x {cot a cot PQ + 4 cot b sec’ 4 PQ (cot PY — sin PQ)} 
+(cota+ cot 6 cot PY tan4PQ) (cot a+ cot d) 
= cot’ a cosec’? PQ + 4 cot a cot b cosec’PQ sec’ 4 PQ 


+4 cot’ d sec* 4 PQ. 
VOLsx Ls. I 
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That is, 


1 
cosr’ ot? 2 cot wet a Shan 
7 coseea y /'f a+2co Up Areas arg 


yy 1+s8in’ FG 
2 
eas (1+ cos PQ) 
1 1—cos PQ 

ao 2 ere ee 2 

= cot’a + cot a cot b EERO + cot OF aan Leo PoG 
The elimination of cos PQ will determine the equation to the 
evolute. 


21. On the rectifiable spherical epicycloid (fig. 3). 

This case occurs when a great circle rolls on a small circle. 
As was shewn in § 16, its length is cota(1—cos@), and isa 
multiple of the abscissa of the great circle PQ measured in 
its plane from P, or of the small circle AS@ measured in its 
plane. It has not been noticed, that part of this curve is the 
involute of a small circle, just as 7x plano part of the involute 
of a circle is a terminal form of an epicycloid. 

The following is a direct proof of this property. From 
§ 15, its equation is 


cos’ p — cos’ r = sin’ a. 
By §§3, 19, 


U Uy 
cos fi=cosr seca, or H=gd= QP, 7 =y'=a. 


The spherical radius of curvature is an arc of the generating 
circle, and touches the fixed circle A Q. 


22. On the quadrature of areas enclosed by the rectifiable 
spherical epicycloid. 

As in § 17, the two spaces are selected, which are bounded 
by the epicycloid and (1) by both the fixed and moving 
circles, and (2) by the fixed circle and a vector are from 
the centre. 


(1) f(cosa—cosr) d0=cota {(1—cos$) dp=cot a (f—sin ¢), 


Clairaut remarks, that this area is the difference of a 
circular space and a quadrable quantity, so that if from the 
area in question a spherical sector be substracted, with @ for 
its vertical angle, the remainder would be strictly quadrable. 
All the spherical epicycloids and epitrochoids (§28) would - 
thus also solve the problem of M. Viviani, in which there 
were to be found on the sphere quadrable geometrical spaces, 
on the occasion of which problem, M. Offenburg had pro- 
posed the additional problem of rectifiable arcs. 
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(2) ‘To find the second area, the method and notation of 
§ 17 are adopted. 
The area required 


ig Pree xX 
= i; sinrdrdy = [ dx (cosa — cosr) 
0 0 
= coseca {dr (cosa — cos) cosec’r sin” p 


sin’ ¢ (1 — cos ¢) 


= cos’a cosec a [d. 
Jag 1—cos‘acos'¢ ’ 


(since cosr=cosacosd, sinp=cosasin ¢, 
: . Hee dx 2 2 Lee 
and, asin §17, sina sin’ » —* =cos’a—cos’r=sin’p}. 
do | 


ae fdg (1 — cos ¢) i Sor 


~ 1— cos’ a cos’ 
sec” 
sin’a + tan’ d 
cot a cot 

cc oesccuecinat 
= cot a (f —sing)—cosa tan™ (tan¢ cosec a)+ tan™ (sind cota) 
= QOA cosa—cotQPO — QOP cosa+4mr-QPO 
= AOPcosa—tanOPZ+ OPZ 


= cot a cos ‘(cos 7 sec a) — cosa cos * (tan a cotr) 


= cota fdd 1 —cos g) — sina cosa {dp 


— sin p coseca + sin™ (sin p cosee7r). 


The whole area included by the epicycloid, the radius vector 
and: initial line 
=AOP+ OPZ—tanOPZ. 
Hence, the area of the space PAZ bounded by the tangent, 
the curve, and the initial line 
= PZ0-—7 + tanOPZ,. 


If the sector t—PZO be added, this sum is also strictly 
quadrable. 


23. The involute of a small circle is its own polar curve. 
This conclusion is derived from the convertible form of 


its equation 
sin’ — sin’ p = sin’ a. 
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If 4 —p', 44-7’, be written for 7, p, the centre being 
the pole, the polar curve is seen to be identical, 


sin’ 7’ — sin’ p’ = sin’ a, 
The order- and class-equations are identical; for by §4 
their differential equations are convertible for this curve. 
sin’a + (1 + sin’a) cot’r 


cosa — sin’a cot’r 


d 4 
( — cot r) + cot’s = cot’p = 
ax 


d ; ; ».  sin’a + (1+ sin’a) tan*p 
Ge ee ) A Dee ee copa pe tan’p 


If sina = in the simplest case, this epicycloid is a cubic 
in order and class. 
By using the notation of § 17, 
cosa cos@=cosr, sin@=sin(@—yx) sinr, 6=Osina=40, 
cosec r = 2 cos y cos $0 —sin x cos 0 cosec $0, 
(cos’ a — 2 cos’ r)? 
cos a— cos 7 
Since in Gudermann’s rectangular system, 


(cosec 7 — 2 cos y cos sec a)’ = sin’ y sec’ a 


cot yts 1 Se COgey eelnuvescol a. 
this equation is seen to be a sextic (cosa = 4 4/3), 
8(14+y7°+2°-—44 1/3 a)" (3x7 + 38y?—-1)=y? (8x? + Sy’ — 5)’. 

The dual form expresses the same involute or epicycloid by 
implication. 

8 (L+ 9° + & — $ /3.€)? (3 + 39° — 1) = 9° (38 + 37° — 5). 

This dual form is the eliminant of the equations 

cosasind=sinp, cospP=sin(O@—w), dg=Osina=F8, 


where p, are the polar tangential coordinates of a tangent 
to this epicycloid. — 


In (fig. 3) this inyolute and in (fig, 3*) both parts of the 


sextic are drawn. | 
The preceding sextic may be resolved into two cubics 
y (w—/3) + (wx § V3)’ =0, 
yo (w— § /8) + (w+ $/3) (x —/3)?=0. 


The former is its own polar curve, as appears from its 
tangential equivalent 


nt (E—W/3) + (E- 44/8)" =0. 
By writing this cubic in the form 
(+ 9) (1-3 V3 E) +3 (1-3 3 &) =0, 
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it is recognised to have a double focus at the origin or centre of 
the fixed circle, and a single focus at the distance tan™ (3 1/3) 
from that centre, and, by parity of reasoning, a double cyclic 
arc. 

The second cubic is nodal and of the fourth class, and is 
foreign to the epicycloid; but it gives a trace of its plane 
congener, which is generated when a circle rolls on another 
of half its diameter. 


24. This case has been considered by John Bernouilli, 
whose words are subjoined: ‘“ Conceive in the sphere a tropic 
60° distant from the Equator, and make the LKEcliptic turn on 
it; a point in the circumference will describe the epicycloid, 
whose length shall have the ratio 2: ./3 to the length of its 
are of projection; on this hypothesis the ecliptic will be double 
the tropic, and consequently it must roll upon it twice, before 
the describing point returns to the point of departure; and 
the length of the semi-epicycloid will be double of the 
greatest height or the distance between the tropics; and 
therefore the length of the whole will be four times their 
distances.” 

As in §16 Cor. the semi-epicycloid =cota (1—cos¢) =2 v3, 
when d¢=7, a=47 

“This curve (see fig. 3 of §23), as it is easy to see from 
the manner in which it is generated, has four parts similar 
and equal, terminated at four cardinal points,” as is set forth 
in detail by Bernouilli. 


25. To find the involute of the rectifiable spherical 
epicycloid. 


By §3 the relations of the coordinates are 
cos?’ = cosr cos + sinp sin R, 


hes aa sin r dr 


where and sin’p’ = sin’r — sin’”p. 
cosp dp ) P P 





In this epicycloid cos’r’ + sin”p’ = cos‘a. 
The differential equation to this involute is 
sin’a = cos’r + sin’p — (cosr cos# + sinp sin f)’. 
To separate the variables, let p cos? =cos7, p sin@ = sinp 


p (d0y = (p* — sin’a) {(dp)’ + p’(d6)”}, 


p : sina = /(p* — sin’a). 
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The integral of this equation is the equation to the 
involute 


6 = coseca (p? — sin’a) — cos * (5 sin a) : 


After replacing the values of p, 0, this becomes 
_, /sin : Pa, = sina 
tan™ (=? ) = cosecan/(cos’”+sin"p—sin*a}—cos TONE : 


26. To find the equation to the spherical epitrochoid 
(figs. 1, 2). 
Lexell’s method determines the elemental arc as in §§ 6, 15, 


ds = d¢ sin(a + b) coseca sin PQ, 


where P is the point of contact of the rolling curve, and Q' a 
point in the epitrochoid, 2 @CP=4, perpendicular arcCN =z, 


cos PQ’ = cos(PN+ Q'N) 
= cos b cose sec’z — / {(1 —cos’b sec’z)(1 — cos’c sec*z)} ,* 


and also 
= cosh cosc+ sind sinc cos ¢. 


Differentiate both expressions, 
pels 
dp 


— sin PQ cosec 2 a (PQ) = 2 cos b cosc sec*z 


Bia 1—cos’csec’z ee 1—cos’bsec’z 
+ cos’b sec’z ee ee | et COR GAC] ee 
1—cos*bsec*z 1—cos csec*z 
After substituting, the first member of the equation 
becomes 


(PQ')= sin b sin c cosec PY sin d = sinz 


ds 
dz 


The relation between p and 7 may be obtained as in § 15 


sin a cosec(a +d). 


EEN aie airy (=) sin’a sin’z __ sin’a sin’c sin’ 
wee hie <9. PPPS Sere oe ONS Ins Betti 2d) ee 

# ds sin’ sin’ PQ’ 

_ sin’a {cos (a + b—c) — cosr} {cosr— cos(a+b+o)} 


sin’ (a + b)—(cosc sina + sin b cosr)? 


* Lexell’s expression contains errors in the constants, 
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27. To find the length of the spherical epitrocloid. 


From § 26, _ = sina cosec(a + b) 


= 2cosb cose sec’z + cos’) sec®z Vi ( 


1 — cos’d sec’z 


See 1 — cos’ sec’z 
+ cosc sec’z eee eee sn. |< 
1 — cosc sec’z 


The integral of the first term is 


1 — cos’c see) 


cos cosc jsecz tanz + log tan (fa + 42)}. 


The integrals of the last terms may be expressed by 
elliptic integrals. 


1—cos’csec’z sin’e cot?z — cot’c 
1— cos’) sec?z —sin’} ° cot’z — cot’b? 
assume cot*z = cot’b + sec’¢ (cot*c — cot’d) = cot") + m sec’ 


— cot z cosec’z dz =m sec’ tang dd. 


Since 


The integral of the second term is 


—m cos’b sinc cosecd fdp tan’ sec d tan‘*z cosecz 


Ma : sin’d e @1\4 
=-mcosb cotb sine [aw GECGEE con oy (m + cosec’d cos’)?. 
This integral may be made to depend by formule of 
reduction upon elliptic functions of the three orders (Hymers’ 
Integral Calculus, Art. 153). 
Ihe integral of the third term is precisely similar. 


Cor. If ¢ or 6 be 90°, as in the case of the rectifiable 
epicycloid, 
Sees ds _ cose 1 
dz cos’z (sin’c — sin*z)’ 
whose integral is an elliptic function of the third order. 


28. On the quadrature of the spherical epitrochoid.* 

The limits here selected are analogous to those which 
have been taken for the epicycloid, viz. the epitrochoid itself, 
a circle concentric with the fixed circle through the lowest 
apse of the roulette, and (1) the circle concentric with the 


* The limits chosen by Lexell are the epitrochoid, the fixed circle, and the 
arc PQ’ (the radius of instantaneous motion), in a given position and the same 
are in its initial position. 
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generating circle through the moving point, and (2) the vector 
arc drawn from the fixed centre to the moving point. 
In the first case, the area as in §7 is 


f{cos (a + 6 —c) — cos r} d@ = coseca sind 
x {dd {cos(a+b—c) —cos(a+ 6) cosc— sin(a+b) sine cos¢}, 
= coseca sind sinc sin(a + b)(@ — sing), 


where, as usual, d= AOP, $= PCQ', x=AO?E. 


The area in the second case is 
| [* sinr dr dy = | * {e0s (a+b ~ c) — cos r} dy. 
a+b_c/ 9 ry) 


As in §17, 
cos 7 =cos (a+b) cosc+ sin (a+) sine cos d 
= cos (a+ b—c) —sin (a +8) sine (1 — cos 9), 
cos (9 — x) sin (a+ b) =cosc cosec r — cos (a + b) cot 7, 
sin (9 —y) sin7 =sin ¢ sinc, 5 = sin (a + b) sin (@— y), 
= sin b coseca — {cosc cos r — cos (a + 5)! cosec’r. 
The area required is 
$ 
| dd | {cos (a+ b—c) —cosr} 


; x {sin b cosec a — [cos ¢ cos 7 — cos (a + 4)] cosec’s} | 


=sinb coseea |" dé {eos (a+ b—c) — cos} — |" dp cos ¢ 


0 





| * dp 

+} {eos —cos (a+6)} {1 - cos (a+b—)} | 1—cosr 
ae 

+4 [cose + cos (a+2)} {1 +e08(a+—~c)} | 14 cos7 


= coseca sind sinc sin (a+ 6) (6— sin $) — ¢ cose 
+ [1 -—cos(a+b -c)] 
x tan™ {sin (a+ b +c) cosec} (a+ b—c) tand¢} 
+ [1+cos(a+b-—c)] 
x tan™ {cost (a+ b+) sec $(a+b—c) tand¢} 
= ¢ {cosec a sin b sinc sin (a + 5) — cos c} 
—sin ¢ sind sinc (cos b+ cot a sind) 


i ae {= (a +6) sin | oe an (= sin *) 


sin? sin r 
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And sin 7 sinOQ’ C=sin (a + J) sin d, 


sinr sinCOQ' =sinc sin d, 
as in §17. 
For a half-roll, 6 =, and half the area of the epitrochoid 
from apse to apse is 
a {1+sind sinc (sind cot a + cos db) — cos c}. 


The difference of the areas in the two cases is a (1—cosc), 
which is half the spherical surface intercepted by the moving 
circle. 


29. The radius of curvature of the spherical epitrochoid | 
may be found as in § 19 in terms of the coordinates p and r 
from the relations 


cos r = cos a cos Pt)’ — sina sin PQ!’ cos CPQ’, 
sin p = cosa sin PY’ + sina cos PY cos CPQ’, 
tas ap cos CPQ' sind sinPQ' = cosc — cosb cos PQ". 


cot B= sinr dr 





The evolute of the epitrochoid may be found as in § 20. 


30. Bernouilli remarks that the apparent path of the 
sun’s centre is an epitrochoid, affiliated to the rectifiable 
epicycloid. 

“Tf the sun were to move in the ecliptic with a velocity 
equal to that which the Tropic of Capricorn has to execute 
the diurnal motion, and so the time of a revolution of the 
sun in the ecliptic were to the time of a revolution of the 
sphere, which constitutes the length of the natural day, in 
the same ratio, which the radius of ecliptic (or of the sphere) 
bears to the radius of the tropic as 1 : cos 23°30’, the centre 
of the sun would exactly describe a rectifiable epicycloid. 
But as the sun has its proper motion in the ecliptic much 
slower, the line, which the centre of the sun describes 
between the two tropics during the space of a year by the 
combined common and proper motion will be a Cycloide 
allongée, rather than a spiral, under the form that ‘Tycho 
conceived.” 


31. These theorems are applicable to hypocycloids and 
hypotrochoids, if (d) the radius of the rolling circle be changed 
in sign. ) 
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32. The preceding paragraphs constitute a first chapter 
on spherical roulettes. It would be interesting and not 
difficult to extend the subject, and to write also on Spherical 
Glissettes, by following the guidance of Mr. Besant’s valuable 
monograph in Plane Geometry. 


Falmouth, 
Aug. 21, 1882. 


ON THE FORCES EXPERIENCED BY A SOLID MOVING 
IN AN INFINITE MASS OF LIQUID. 


By H. Lams. 
N the methods by which Thomson and Kirchhoff have 


severally investigated the equations of motion of a solid 
in an infinite mass of liquid, the fluid and the solid are 
treated as forming together one dynamical system, and in 
this way the calculation of the effect of the fluid pressure on 
the surtace of the solid is evaded. Indeed, the only piece of 
hydrodynamical knowledge which is required in these methods 
is the fact that the motion of the fluid (supposed originally 
at rest) is irrotational, and therefore fully determinate when 
that of the solid is known. By comparing the results 
obtained in this way with the equations of motion of the 
solid alone, we are led to certain expressions for the 
components of the force (X, 9, Z) and couple (Z, #1, #2) 
due to the pressures exerted on the solid by the surrounding 
fluid; viz. we have* 


_ddt, a @ 
~ dt du’ dv? dw 

d de, de de, ge _ at 
~didut” de” dw” dq oe 

The symbols u, v, w and p, qg,r here express the linear 
and angular motion of the solid relatively to a system of 
rectangular axes fixed in the solid and moving with it, 
and @ denotes the kinetic energy of the flucd expressed as a 
quadratic function of these six quantities. 

It may be worth while to shew, by way of verification, 
how the expressions (1) and (2) may be obtained by direct 
calculation from the ordinary hydrodynamical formule 


Dae male); ce," 
iis aa S| TT EOE rc: (3), 


1 COC OCG nes ds canoes eee (1), 


Z = 5 OC. Wes ole 


* Motion of Fluids, §119, 
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where p, p, @ have their usual meanings, and 


2_ (Ib\" , (ab\’ | (ddr’ 
a= (7) + (ay) + (Ge): 
It will be convenient to begin by stating a few analytical 


results by which the final reduction is greatly simplitied. 
The velocity-potential ¢ is of the form 


P= US, + UP, + Oh, + PX + INa tT Xe» 
where the functions ¢, y,, &c., are determined by the 
conditions that they satisfy Laplace’s equation throughout the 
space occupied by the fluid, that their derivatives vanish at 
infinity, and that at the surface of the solid 


Oa l(utq2— ry) +m(vt+ TX — pz) +n (w + py — q&)...(4), 


and thence 


d 
an CROC, 


i 


d 
i = ny —mz, &e., &e. 
In these formule dv denotes an element of the normal, 


drawn towards the fluid, at any point of the surface of the 
solid, and 7, m, n are its direction-cosines. Now 


2 =—p |[p Fas, 


the integration extending over the surface of the solid; 
and e 


ae [lo De ae ASEAN A (5), 


=-p| [oF $ ay i= = jl Re 





Again, the symbol Ea in (3) denotes the rate at which ¢ 


is changing at a point fixed in space. If we use = to denote 
the rate of oa of i for a ae moving with the solid, viz. 
dp dq ant 
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we have 
d 
SDC en ee as 


d 
+ (w+ py - qx) BEF pe 


Lastly, we shall also require the following formule, which 
are readily proved after the manner of Green’s Theorem ; 


4 [[artas= [FE Eds crerceeeneeentenneeeen (8), 


4 |G (ny - me) =| f(y a) BLE 


i Ge neat ee Ao), 
flee nets ee an, 
[[ ye Ga mG) a8 =— [19108 renee (12), 
{| (noe mi?) d8= iemds Soe (13), 
[fo (GE — mB) d8=0 oersrneneenen (14), 
[fey (nSb— mB) a8 —— ff ne dS. eee 19) 
[fox (nd mM) a8— pm d8 (8) 


The number attached to any one of these formule will be 
taken to represent as well the two others which can be 
written down from it by symmetry. 
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Proceeding now to the calculation of X, ¥, Z, &c., 
we have 


X = — fipld6. 
dp 


Substituting the value of p from (3) eliminating Z| 


by means of (7), and bearing in mind the relations (8) 
and (4), we find 


x=p[[ pus 
+ [f{e+re- pe) (moe ) 


+ (w+ py — qx) (nge-1)| dS 


dd, d& ad 
Bhs CORY 2 Brea 


— 
— 


by (5), (10), (11). This agrees with (1). 
Again 


iL =—p {i(ny — mz) dS 
Satay =| a 
slfofeot fo 
=p | f(vy —me) (w+ gery) 
+ (vbre—pa) P+ + (w+ py a) Fh as, 


cy : 
by (7) and (9). The first of these integrals =— g 7 and if we 
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substitute the value of ae from (4), the last two integrals 


dv 


will reduce to 
pif(u + 92 —ry) \y ( Pn ) a (2 a mo) ds 


+ pff(v + rx — pz) y (moe 2a 


d 
+pli(wo+py- 92) 2(miP—n%") ds. 
In this expression the coefficient of u vanishes by (13). 
The coefficient of v = {[/pndS, by (11), z.¢. it =— ae Similarly 


the coefficient of w is = The coefficient of p vanishes 


identically. The coefficient of ¢ 


=p liye (1 $ oan n't) ds 


—R 


- pian (moe 0 d 


TR 


d 
“rte (twit 
The last of these integrals is zero, by (14), and the first two 
are, by (15) and (16), 


= pli (ma—ly) ds 
_ d@ 


SS —_— ——. 


dr * 
nee ; . a© 
Similarly, the coefficient of 7 is aE Collecting our results, 


we obtain the formula (2). 

The adaptation of the foregoing processes to the case 
where there is cyclic irrotational motion through one or more 
apertures in the solid presents no difficulty. ‘The results will 
be found to agree with those deduced from Thomson’s theory 
of the ‘ Impulse.” 


ea che") 


EXPRESSIONS FOR argsna AND (argsna)*=AS 
DEFINITE INTEGRALS. 


By J. W. L. GLAIsHER. 


§ 1. {jee two following equations, in which a is supposed 
to be less than unity, give expressions for arg sna 
and (arg sna)” as definite integrals. 


eel fe 1+ adn (u, *’) 
arg sna =| log feast Cccesseeceesceces (1); 


ae T 
(arg sna)? = < Es | log {1 -— a’k’ sn’u} du 
0 


IK! 
- K | log {1 — a’ dn’ (uw, £')} du ren (2). 
Since 
‘s a 
in Srendiie f dn (iG= a) du =| 7 du, 


0 





the first formula may be also written 


é mali im 132 {dn ( u, k')+ak d 
argsma= | 8 (dn (u, Tycak ae 


§2. The formule (1) and (2) were obtained by showing 
that the coefficients of a" and a” in the expansions of 
arg sna and (arg sna)’ were renee equal to 


- mail ‘dn™(u, #) du 
and 
0} K’ aha on 
=o (xf (dn (u, I’)}" du— K [ {ke snu}™* du). 


The formula (1) may however be readily established as follows : 
it is easy to see that 


[ dd * T 


A’a—k” sin’a sin’h 2cosa Aa’ 


whence 


1 (27 2 cosa 1 
-| ae Ce 
mJ, Aa—k* sin’a sin’ Ao, 
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Ae with respect to a, we find 


1 i 14+ sina /(sin’¢ + kh’ cos’ dd 
= | bs 5 li —sina y (sin'd + & cos’¢ Cae cos” 


$) 
2 [a he 
which on putting sina=a and d=am (wu, k') gives A}. 
§3. The formule (1) and (2) are true when a=1, for in 


this case they give 
ae Ke 
aK = | log {1-+dn(u, #’)}du— | log {1 —dn (u, k')} du, 


0 


| log {k' sn (u, k’)} du 5 


=¢ 


K 
in K*= Kr | log dnudu—K 
which are readily verified by means of the formulz* 


K 

| log (1+dnu)du= 4nK'+4K logh, 
K 

| log (1— dns) du=— 30K’ + 4K logk, 
Kk 

| log snu du =—irk’'-3K logk, 
Wa 

| logdnudu = = LK logk’. 
0 


§4. The formula (2) may be transformed so as to assume 
the form 


a7 K+tK’ 
(arg sna)’ = = [x | log (1 — a’k’ sn*w) du 


reg 
—(K +4 ik’) | log (1 — a’k" sn’w) an | : 


0 
In this expression we may regard log (1—a’k’sn’u) as 
equivalent to the series 


— ak’ sn’u — da*h* sn*u — 4a°h® sn°u — Ke, 
the coefficient of u” in the expansion of (arg snw)’ being 
Pa) k™ cal ° , K on Kyi" n 
— — [c+ i | nu du~ K | anuda 
0 0 


Tw 2n 


* Proceedings of the Royal Society, vol, XX1X. pp. 333, 336 (1879). 
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§5. The following forms involving double integration 
may also be noticed: 


2 K’ vk? sn*u 

(arg sna)’ es i i log er ae 
meee, fH tes L— ark’ sn*u 
a |. [ 1- ak sn’v 


uf de de, 

T 

=2 ff ve es ce be ager 
= Tad + ak") (lay 1 Bat 1k)? 


is eee dx dy 
gl °8 l—-aky V(1-a’.1—y’.1—Kx? 1 hy’) * 


§6. By transforming the integral in (1) we may obtain 
the formula 


at a Saal: l-aksnu 
8 Sore ler 8 l+aksnu 


in which however the track of the integration is not arbitrary. 


§7. The following formula for argcna and argdna may 
also be noticed : 





Ke » 
arg cna =  — = | are tan (= =: “ du 


U 
5 k 


1 (%’ 1+acn(u, k') 
Pei tineaatan | 





KAik’ + 
= Kk — al [ are tan (= oe =) du. 
Tv k 





wide 
arg dna= K+ ik’ ~~ | log feet 


dnu—-a 


Baek > [oe eee 
=K+ik'+— [7 log ter aate ie) du, 
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In the expressions for argcna, a is not to exceed the 
t 


smaller of the quantities 1 and zE3 and in the expressions for 
arg dna, a is not to exceed X’. 
The two expressions for arg sna are readily converted the 


one into the other by means of the formula 


K+iK’ 
IP fk en u}”"** du 
i K K’ U t nm 

. | (kon wu} du + (—)" | (k’ on (u, k’)}"™" du. 


0 


ON SYSTEMS OF CIRCLES AND BICIRCULAR 
QUARTICS. 


By HoMERSHAM Cox, B.A. 


ihe is not very long since it has been recognised that the 
validity of algebraical results depends solely on the 
formal laws of combination of the symbols employed, and 
not on any geometrical or arithmetical interpretation of those 
symbols. As algebra arose from arithmetic, the early 
mathematicians confused the arithmetic and algebraic point 
of view. For example, negative quantities were rejected 
till Descartes showed how to interpret them, and even in this 
century imaginary quantities were used with hesitation. It 
is now, however, acknowledged that an algebraical result 
is formally true so long as the laws of combination are 
observed. Whether it has any interpretation applicable 
to the problem in hand is another and independent question. 
When this principle was adopted, it was natural to enquire 
whether other relations besides numerical relations could 
be expressed in a simple symbolic form. The first steps 
in this direction were made by Sir W. Hamilton, -and 
Grassmann about the same time. Soon after, in his Logical 
Calculus, Boole gave another example of mathematical laws 
applied to symbols with no numerical meaning. 

This paper is intended to apply the same principles to the 
treatment of circles. As far as regards addition, the method 
is indeed implied in the abridged notation of ordinary 
analytical geometry and is established on an independent 
basis by Grassmann. ‘There are also papers following out 
the ideas of Grassmann by Mehmke in the “ Zeitschritt fiir 
Mathematik und Physik,” and Prof. Clifford in the volume 
containing his reprinted papers. By none of these writers, 
however, is the conception of a product of circles introduced. 
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In the first section I have defined the addition of circles 
and shown that this operation obeys the associative and 
commutative laws. This section might have been shortened 
by introducing Cartesian methods, but it seemed better 
to establish the whole independently. 

In the second section the product of two circles is defined, 
and the operation is shown to satisfy the commutative and 
distributive laws. The associative law does not come in 
question, since the product of more than two circles is never 
considered. The special cases when the circles reduce to 
lines or points are examined. ‘The addition of lines is shown 
to be included in the addition of circles. 

Some well-known properties of circles are thus proved 
as an illustration of the method. They are taken for the 
most part from Dr. Casey’s “Sequel to Euclid.” It is 
shown that three circles passing through a point have 
properties analogous to those of an ordinary triangle. A 
nine-point circle is found for the three circles, and it is 
shown to touch the inscribed and escribed circles. The 
circles touching three given circles are examined. Dr. Hart’s 
extension of Feuerbach’s theorem is proved. The proof is 
indeed not so short as Dr. Casey’s geometrical one, but then 
no analytical method can always equal geometrical methods 
in simplicity. It is shown that Dr. Hart’s circle cuts the 
original circles at angles equal to the differences of the 
angles they make with one another. The theorem that the 
circles circumscribing the triangles obtained from a quadri- 
lateral by leaving out each side in turn pass through a point 
is extended to the case of circles passing through a point. 
An easy proof of Miquel’s theorem is thus obtained and an 
indefinite series of other theorems. The next section contains 
the reduction of the general equation of a bicircular quartic, 
and the last the proot of some of the principal theorems given 
in Salmon’s Higher Plane Curves relating to these quartics. 


The Addition of Circles. 


It is shown in the “ Ausdehnungslehre”’ that the sum of 
multiples of two points is a multiple of a point on the line 
joining them, and that the sum of two straight lines is a line 
passing through their point of intersection. By analogy 
then the sum of multiples of two intersecting circles is some 
multiple of a circle passing through their two points of 
intersection. We complete this determination of the circle 
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by assuming that if C, C,, C, be three circles and O,, O,, O, 


their centres, then when 
pO, +qG,=(pt+q Cy 
pO, +90,= (pt) Os 
where the addition of points has the same meaning as in 
the ‘ Ausdehnungslehre ” or the Barycentric Calculus. . 
It follows that 
(pC, +90,)+ (7, +80) =(p+7) C+ (a+) C, 
for we should get the same centre for both circles, and all the 
circles pass through the same two points. 

We will determine the radius r, of C, in terms of the 
radii 7,, 7, of C,, C,. Let A (fig. 4) be one of the points 
through which all the circles pass, then 

r= 0A’ = 0,0, +7, - 2r0,0; cos O, 0,4, 
r, = 0,A’= 0,0,' +1, + 2r0,0, cos 0,0,A. 


But, from the principles of Barycentric Calculus, 





Be 
pO, 0= q0, 0.= p a% q d, 
if d= 0,0,, the distance between the centres of the two 
circles. 


Therefore 
ay 2 PY 2 2 
Rt ore = gr 
a Samira NICH) 1 
or (Da) RPT. a tat 09 (Fis oe 


We may adopt this analytical formula even when the 
eircles do not intersect, and then we shall always have 


(pC,+9¢C,)+(r0,+ OC) =(ptr) C.+(¢+s) C,; 


for since this is true for intersecting circles, the expression for 
the radii of the two circles must be identical, and therefore it 
is true for non-intersecting circles. 


When 
r,=0, r,=9, (p a q)%3 =— py or r= 0.0% 0,0,. 


In this case C,C, reduce to points, and it is seen that the 
sum of two points is not a point but a circle of real or 
imaginary radius, as p, g are of opposite or the same sign. 
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If r,=0, 
pry tory toe (ry +r, — 2) =9- 
The roots of this quadratic equation can only be real when 


2 2 2\2 ane 
(r{ +7, -d*)’> 4777, 


° 2 @. 99 ‘ 
that is ro+r,—d'>2r7,, 
or rv +r, —-d’<-2ryr,, 
2 2 \2 
d’<(r,—r,) or > (r,+7,)" 


That is to say, if real points are to belong to the system 
derived from two circles, one circle must lie either entirely 
inside or entirely outside the other. When the circles touch 
there is only one real point belonging to the system, and it is 
seen to be the point of contact. Another special case 1s when 
p+q=0, then 7, becomes infinite, but (p+q)7r, has the 
limiting value pd. ‘The centre O, passes off to infinity. 
C,— C, may therefore be considered to represent a straight 
line of length d perpendicular to O, O,,. 

If L be the point where this line cuts O,, O,, then 


O,L= limit of (0,0,-1,) 








. 8 1 » 72 2 2 2 
= limit Law [qd —V{q'd? + (p+) (prota, - qe)}] 
Bee 90 Pre — ore 
= limit of qd 
7 d? + r? ge 
a 2d 
+r’ —7r? 
een og7 ? 
and hence OTF = 0 Lae 7, 


OL—-r? =O1?-7,. 


If 7 be any point on the line C,— C,, and 7P, 7'@ tangents 
to the circles C, C,, then 


TP = 0,1 + TLl'-712=TQ, 


or the line C,— C, is the locus of points from which equal 
tangents to the two circles can be drawn. [If the circles 
intersect it will pass through the points of intersection. 

Let there now be three circles C,, C,, C,, with centres 
A, B, C,so that neither of the circles can be derived from 
the other two (fig. 5). 
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Let (8+) C'=BC,4+yC,, 


and let D be the centre of this circle, 7’ its radius; 7,, 7,, 7, 
the radii of C,, C,, C,; a, 0, ¢ the sides of the triangle ABC. 
Then 


(B+ 9)? 7? = B'r? + ory + By (7, +75 — @)- 
If (a+ 844) C=40,4(8+y) O'=40,+ 80,470, 
and P be the centre , the radius of C, 
(a+ B+ y) Paar’ + (8 +9) r* + 0(8 +9) (i +72 AD?). 
Now AD BDA 2 PD. OB cos ADB ac, 
AD’ + CD?-20D. CD cos ADB=2, 








a Pee ee 3 
hence (8+) AD*= Be’ + yb’ - By a 
Bry’ 


Br? + yr + By (724 7) é : 
1 AD Y= 2 3 2 52 — yh 
(8 +4) (r"— AD’) pees Bel —y 


= Br2+ yr, — Be’ + yb’. 





It follows that 
(a+ B+y)r=a'r? t+ Br? + yr, + By (7747, —@) 
+ya(r tr — 6’) 4+ a8(7+7',-’). 


This expression for r is symmetrical, and therefore the same 
result would be obtained by adding the circle 


(a+ 8) CO" =a0,4+ BG, to 7C, 


The centre Palso would be in both cases the same, so that 
the addition of circles is an associative operation. 

From three circles C_, C,, C,, whose centres do not lie in 
a straight line, a circle may be derived with any point for 
centre by choosing proper values for the ratios of a, B, ¥; 
but when the centre is given, the radius will be determined 
by the equation written above. From four circles C,, C,, C,, C, 
any circle aC,+8C,+yC,+6C, may in general be derived, 


: ole : : 
since the new ratio ; will be sufficient to give the radius any 


required value. 
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Product of Circles. 
If to the equation 
(8 +) (4? — AD’) = Br} + yr, — Bo® — 90", 
we add (8+ ¥)7,’, then 
(B+y)(rit+r?°-AD)=BrJt+rZ- ¢)+y (itr, -— 0). 


We may then consider the difference between the sum of 
the squares of the radii of two circles, and the square of the 
distance between the centres (or any multiple of that dif- 
ference) as the product of the circles. 

For putting (since 4 is the most convenient multiple) 


C.Q=4rPtrZ—-e), OCy=4(r72 +72 - 2) 
CC'=4(7r? 4+7°- AD 
C.80,=BOC, Cy0,=70,0, 6,8 +7) C=(B +9) CC; 
the above equation may be written 


C(B+ 7) C=8CC,4 OC 


a 
or 0 (BC, +70) =C,8C,+ Cy. 


Thus the distributive law holds, and this justifies our regard- 
ing C,C,=4(7,7+7r7—-— ©) as a product of two circles. 
If the circles cut, and @ be the angle between them, 
(C= r7,,cos 0, 

This is analogous to the scalar product of two lines, for that 
product is equal to the product of their lengths into the cosine 
of the angle between them. When the circles coincide, 
C=0, r,=7,; therefore 


ane 
C, ate 


or, the square of a circle is equal to the square of its radius. If 
(atB+y+64+e4...) C=a0,4+8C,4+7¢0,+6C,+¢C,4..., 


4 Ey 
eeepc the radius of Cy.7, ri, 7,0. Of Ci, O., Chiccy Qioy Gogeee 


the distances between their centres, then squaring 
(at B+ytotet...)P=a'r + Br t+... 
+aB (ro +re—a,)+ayr +r, — a.) +e. 


This formula gives the radius of a circle derived from any 
number of given circles and includes those previously found 
as particular cases. 
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It was seen that tangents drawn from any point of the 
line C,- C, to the circles C, and C, are equal. Similarly, 
tangents drawn from any point of C,—C, to the circles 
C, and C, are equal. Therefore the tangents drawn from 
the point where these lines intersect to all three circles are 
equal; and a circle can be drawn with this point for centre 
and the tangent for radius cutting the three circles at right 
angles. 

The radius 7 of this circle is given by the relation con- 
necting the distances r?+7,°,7° +7, 7° +17, a, 0°, & of four 
points in a plane. ‘The circle will be real or imaginary 
according as the value of r* is positive or negative. 

If Cand C, cut at right angles CC,=0, so that if C be 
at right angles to three circles C,, C. 


2) 
C (a0, - BC, + yC,) =aC0€, +800, +700, =0, 


and C is therefore also at right angles to every circle of the 
system aC, + BC,+¥C,. 

When one of the circles C, C, reduces to a point r,=03; 
and therefore 


CO = a—a), 
so that the equation C,C,=0 expresses that the point C 
lies on the circle C.. When C, reduces to a point 
C, C,=—}a 
or the product of two points is half the negative square of 
their distance. 


2 
Ue 9 


Whenever the expression a€,+@C,+yC, becomes a 
point, it will be a point on the circle cutting C, C,, C, at 
right angles. 

Taking the centre of C,, C,, C, again as the point ABC, 
the condition that aC, + BC, + "yC, should be a point, is 


CT techy, Perris v Aber on ep Sah 
+ ye OF =P me “~~ 5’) + a8 (7° ar Pe = C”) o 0, 
or apy + byat a8 = (ar? + Br + yr,)(at+B+y). 


This is therefore the equation in areal coordinates to the 
circle cutting the three circles C,, C,, C, at right angles. 
When the circles reduce to the points vA. B, C the equation 
reduces to the well-known equation to ‘the circumscribing 
circle 

a’ By + byat+c'aB8 =0. 
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_ The quantity C,;—C, has been seen to represent a line; 
its square is 
C; 1 C; —2 C, C= Te az r a & + va A a’) =a’, 

We may call a the magnitude of the line; it is equal 
to the distance from the centre. It may be considered to 
be directed upwards when x is taken from left to right. 
Let LZ (fig. 6) be the point where this line meets BC, D the 
middle point of BC, AH the perpendicular from A or BOC, 
D the middle point of BC, then 


C, (C, in C,) oe 7 tae Ta iy a 5’) 7 4 Ure =P es 3 c’) 
=4 (r3— 12) +4 (C-) =4 (CL BL?) +4 (BH — OH?) 
Sa ED DiH\=clH— ah, 


if h be the distance of 4 from the line. 

Thus the product of a circle into a straight line is the 
product of the magnitude of the line into the distance of the 
centre of the circle from the line. 

If D be centre of another circle C, of radius r,, and 
AD =a’, while h’ is the distance of D from the C,— C, and 6 
the angle AD makes with BC or the line C,— C, makes with 
C,— C,, then 

(C,— C,) (C,- C) =a (h'—h) =aa' cos 8, 
or the product of two lines is the product of their lengths into 
the cosines of the angle between them. ‘This is identical with 
the inner multiplication of lines in the ‘“ Ausdehnungslehre,” 
or the scalar multiplications in quaternions. 

Suppose B’, C (fig. 7) to be points directly above B, C 
and centres of eircles C,', C;' with r,, r, for radii, C,’— C,’ 
is a line drawn through a point r’ perpendicular to B’C’, and 
is a continuation of the line C;— 

But C,+ C, = C/ + C,, since both are circles taken twice 
over, with O the middle point of BC’ for centre, and 

4 Vir, 7 - 4% fee 45 rs 4 BC’)} 
for radius. 

Therefore C,’— C,’= C,— C,, or a line can be transferred 
anywhere along its own length without being altered. 

To find the sum of two intersecting lines OF, OG we 
may draw through O lines AOA’, BOB' at right angles 
to OF, OG respectively, and make AO= O04A'=30F, 
BO = OB'= OG, and place equal circles at A, A’ B, B’. 
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Let D, D’ (fig. 8) be the middle points of AB, A'’B’. Then 
line OF = circle at A’ —circle at A, 
lineOG =circle at B' — circle at B, 
line OH + lineOG = circle at A’ + circle at B’—circle at A 
— circle at B 
= 2 (circle at D'— circle at D) 


=a line perpendicular to DD’ and of 
length 2DD' 


=the line OH, if OH be the diagonal of 
the parallelogram with OF, OG for 
sides. 


To find the sum of two parallel lines of magnitudes a, 6 
drawn at L, M perpendicular to AB. 


Make AL=LB=}a, AM=MC=}) (fig. 9). 


Then the line at Z is the difference of the points B and A, 
and the line at JZ is the difference of the points C and A, 


line at Z+line at MW=B-A+C-A=B+4+C-2A 
=2 [circle of radius /{—}(a—)} at D middle point of BC—A] 
= line at NV of magnitude 24D, 
where J is a point such that 
AN’- DN’ =} (a- by. 


Now 2AD=a+5, or the magnitude of the sum of two 
parallel lines is the sum of their magnitudes. 
Let UN=4, NL =z, 


IM=}3 (a—b)=CD, 
AL=DM=ta, AM=DL=}), 
2AN* = (sa—a)’+ (404+ y)’, 
2DN*=(3b-+2)'+ (da—y)* 
Thus the equation 4.N’— DN’=}4 (a—b)’ gives 
(a + 6) (y—a) =3 (a—8)'; 
also yt+tux=(a-)), 
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a—b ee a—b ; 
2(a+b)? ~ 2(atb)”? 
or ax = by. 


Thus the sum of two parallel lines divides the perpendicular, 
in the inverse proportion of their magnitudes. ‘The addition 
of lines (Linientheile) in the Ausdehnungslehre is seen to be 
included in the more general addition of circles. 

When the parallels are equal and of opposite sign, the 
formula gives a small line at an infinite distance. Thus the 
difference of equal parallel lines is a new kind of quantity, 
and it is shewn, as in statics, that this difference is propor- . 
tional to the product of the length of the lines into the 
distance between them. 

Call © the difference of two unit parallel lines at a unit 
distance; then the difference of two lines of magnitude a 
at a distance / will be alO. 

Let AB=a, LM=1; place circles C,’, C, at B, whose 
radii are 7”,, r,, and a circle C, at A. 


therefore y= 


Let C, — C, =line of magnitude a at L, 
Cy — C, = line of magnitude a at 
then C, — C, = difference of lines at Mand LZ 
= alQ, 


if the positive direction of © be taken to be that of the hands 
of a watch. Now 


BLi-ALlf=r3—r?7, BM? -AMW =r'3-r?; 
therefore 7? —7,7 =(BM’ —- AM’) - (BL’ — AL’) 
=a{(BM— AM) -(BL-—AL)} 
ats 
so that 0, — C,=4 (r' - 7,7) 9; 


or’ the difference of two concentric circles is one-half the 
difference of the squares of their centres multiplied into ©. 
In particular, it O be the centre of a circle of radius 7, 


C= 0+ 47r°0 
Since 
Sat ioe +r %—a'), CC,=$(r'4+7,'-°), 
and C(0, —C,) =4 (r, —7,') CO; 
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therefore CO =1, 
or the product of any unit circle into @ is 1. 
Also 4 (r',’ -7,’) 0? = @C/ —OC,=1-1=0, 
or @* = 0. 
Again, if Z be any unit line whose distance from B is h, 
C/L=h, OL=h, 
| h—h 
A circle C of multiplicity ~ may be put equal to nC’, 
where C’ is a unit circle; then 
OC=pOC' =u. 
If h be the distance of its centre from a line Z, 
LO =O — tks 


LC 
so that h= oa: 


OL= = 0. 


If r be its radius, 
GC? ae is Ge ot per, 
GC? 

and thus = (OC; ° 

When C is a line, then, since OC=0, A and r become 
infinite; when C is identical with ©, 2 becomes indeter- 
minate and 7°” infinite, so that © may be considered a circle 
of infinite radius and indeterminate centre. 


Special Systems of Circles. 


If two circles C, C’ touch, then d the distance between 
their centres is equal to r+~7’ the sum of their radii, or 
7 —r' the difference of their radii. ‘Therefore 


CO =h(r'4+7r°-a@) =F rr, 
according as the circles touch externally or internally. 
Hence (CC')*= C’C”, and this is the necessary and 
sufficient condition that the circles C, C’ should touch. 
When C’ reduces to a point, C"=0, and therefore CC’=0, 


or a circle may be considered to touch as well as to cut 
at right angles a point that lies on it. 
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If C touch C’, it will touch any circle of the system 
AC + wC’, since 

{C(AC + wC")* =r? (C?)? + 2A CO? (CC’) + p*? (CC? 

= C7 (NC? + 2AnCC' + pC") 
= 0 (AAC+ uC)’, 

In particular, if P be a point on the circle C, AC+ uP 
represents any cirele touching C at the point P. 

If ¢ be the direct tangent to the circles C, C’ (which 
do not touch), 

t+(r—7')'=d’, 
t= 2rr’ — (d’ — 7? — 7”) = 2 {4+ /(C?C”) — CC}. 
If ¢’ be the transverse tangent, 
t? = 2 {—/(C*C”) — CC}. 

The equation CC’=0, expressing that C cuts C’ at right 
angles, is linear. ‘Therefore all the circles cutting a given 
circle at right angles, may be derived from any three of 
them. For if C,, C,, C, be any three, aC,+ @C,+yC, will 
also cut the given circle at right angle, and the number of 
circles included in this expression is doubly infinite. If C, 
C., C, pass through a point P, then 


PC,=0, PC,=0, PC,=0. 


But since P*=0, P itself satisfies the equation PC=0, and 
therefore P can be derived from C,, C,, C,. Put 


P=40,+8C,+ 4%, 


Multiply by C,, C,, C,, and eliminate a, 8, y. We have as 
the condition, that three circles should pass through a point 
Cal mG Ore G.Gx|'=,0. 


1 ~3) 


C, C, C; ? C, C, 


1~2) 


OO AOC 02 


1-3) 








It is easily seen, conversely, that if this condition holds, the 


three circles must pass through a point. If 6, ¢, x be the 
angles the circles make with one another, the condition gives 


2.,2.,2 al 
ea 1 , cosy, cosd |=0, 
cosy, 1 , cosé 
cosp, cos#, 1 


or, 9+ $+x%=some multiple 7, as ought to be the case. 
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When four circles C, C,, C,, C, cut the same circle at 


right angles they must be connected by a linear relation. 
Therefore 0=a0,+8C,+ 70,4 6C,. 
Multiplying by C,, C,, C,, C,, and eliminating a, 8, y, 4, 
Ofer [ON ORR IER ONS (OL EPR ay 


BCR TERPS TOR he" (ere 


218), 2-11 
C, Cs) C, Cs) or: ? C, Cs 
C, Cy C, C., C, Cy CE 


Tf the circles reduce to points, and d,,, d,,, &c. be the mutual 


; had Mad 1) : : 
distances, the condition that four points should lie on a circle, 


becomes : , : 
dis’, Ug, 4, |=. 

7 : 

11? 0 ? d,s ’ d,, 

dis dg 0 ? sg" 

d, nt Doe's ds, 0 
Hence, d,.d,,+ d,,d,,=4,,d,,, and we have the well-known 
theorem, that the sum of the products of the sides of a quad- 
rilateral inscribed in a circle is equal to the product of its 
diagonals. 


Between any five circles C, C,, C,, C,, C,, the following 
relation must hold: 
Cos OU.) (OCs, © CCX SCG aa): 
C, C, Cc ? C, C., C, Cs; C, C, 
OMEN NER ESn 1 CR (OK Eat es Ep 
C, C, C, C.; C, C,, C," ? C, C, 
‘ C, C, C, C.; C, C.; C, Cs, C; 
Multiply the first column by CC,, the second by C’, and 
subtract; again, the first by CC,, the third by C* and sub- 


tract, and so on; divide by (C’)*, then 

°C" -—(CC,)*? , C’C.C,- CC,CC, 

O*C,0,- CC,CC,, CC; -(CC,)’ , 

0°C.0,— CC,CC,, C’C,C,- CC,CC,, 

C’C,0,— CC,CC,, 0° C,C,-— CC,CC,, 
COC= CECEs €-C,C.— C0, COX am 
0°C,0,- C0,CC,, C°C,C,-— CC,CC, 
C°C? -(CC,)* , CC,C,- CC,CC, 
0? C,C,-— CC,CC,, CC? —(CC,) 


0, 
d2 
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Now if C touch the circles C,, C,, C,, C,, 
0?02=(C0,)*, 0'C7=(CC,)*, °C =(CC,)*, C?CZ=(CC,)*. 
Let ¢,, be the direct tangent to C,C,, ¢’,, the transverse._Since 
O0-=t (070), OCS F / (0, C,’), 
as the circles touch externally or internally, 
CC,CO,=+ C V/(C7CY), 
and CC,CC,—- 0°C,C,= @ {4 /(C?C,) 
=(0\G.f=4 Git ores Cte. 


according as C touches C,, C, both externally or internally, or, 
on the other hand, one externally and the other internally. 

When all the contacts are external, we have on sub- 
stituting 


0 ) t* ay tas ay Fe 0, 
a 0 ’ oo8) Pee 
a ta) 0 ? ie 
fa aor t*s49 0 
and therefore tote + bentia = brates 


This is Dr. Casey’s extension of the theorem connecting 
four points on a circle. 

If A, B, C be the corners of a right-angled triangle, a, d, c 
the lengths of its sides, then since the line 4 — B will be at 
right angles to A — C, 


(A-B)(A-C)=0, 
or BC=AB+A0, 
Cito, 
the theorem of Pythagoras. 
If a be the angles at A, 
(A — B) (A — C)=0e cosa, 
or 4 (a? + 6° +c’) = be cosa, 
a’ = b’ + c’ — 2be cosa. 


All the lines and circles connected with a triangle can be ex- 
pressed in terms of the three points 4, B, C and the circle ©. 
Thus, the perpendiculars through the middle points of the 
sides are C- B, A—C, B—A, and since this sum vanishes 
they meet in a point. 
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The perpendiculars from A on BC must be of the form 
C—B+ yn, since it is parallel to C—D. But since it 
passes through 4, 

A (C-—B+p0)=0, 
or BEB} 4+ 4=0; 
therefore the perpendicular is 
C—B+4(h-c’). 
The other perpendiculars are 
A-C+4(?-a)9, B-A+4(a'-D) 9, 


and, since their sum vanishes, they meet in a point. 
To find the circumscribing circle put it 


xA+yB+20+wO. 


Then since it passes through A, we have multiplying 
by A 
O=—$ (yc + 2b") + w, 


or yc + ab® = zw; 
similarly za’ + xc’ = 2u, 
xb’ + ya" = 2w ; 
b+ c’— a’ 
Pa Boral 
since e+ y+2+w=1, the circle will be 
a’ (b°+c’— a’) A+)? (7+ 0-08’) B+ e' (a? + B-—)C+a°''O 
2b*c* + 2c’a” + 2a°h* — a* — b* — c* : 


r= WwW 


and its radius is given by 
» a d*c? {2a (b° +c? — a’) +...— (c' +a’ — B") (a? 4+ 0? — Cc’)... } 


R (20°c? + 2c’a* + 20°b? — a* — b* —c*)* ; 
therefore 
R= abc 


/(26%c* + 2c*a* + 2a°b* — at — c*) * 
The characteristic property of all straight lines is that 
when multiplied by © the product vanishes. | 
Now © so far resembles a point in that ©?’=0. If then 
instead of © we take any point O (fig. 11) we shall have 
instead of straight lines circles passing through the point O, 
and instead of the triangle ABC three such circles BOC, 
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COA, AOB. Since O corresponds to a point at infinity, 
the portion BOC ofa circle will correspond to parts of BC 
produced beyond B and C, and the portion BC will 
correspond to the side itself. We may see how far the 
properties of such a triangle will be identical with those of 
ordinary triangles. 

Let the lengths of the lines OA, OB, OC, BC, CA, AB 
be f, 9, 2, a, 5, c respectively. Then 04 = =—f". 


Since OA =1, © is the limit of ~ O when O passes off 
to infinity. tf 

To the middle point of the side of a rectilinear triangle 
will correspond a point D on BC, such that the lines joining 
DBOC to any point on the cirele form an harmonic pencil, 


that is to say, a point D, and that — 


DG aro Ce 
Put D=yB+20+wO, 
za +g ¢ 
age ya? + wh? h?? 
Z 2 
or g aX 3 
and since D?=0, a’yz2+ w(g'y + h’z) = 
a 
or We Lied 
fas AE: a 
Patra 


therefore D=2 
pa Boa a 4b 
yf a5 h? 2 gh 

when the circles are ee lines, this becomes 
$(B+ C)+i0°O. 


To the perpendicular through the middle point of the side 
corresponds the circle through O and D perpendicular to BC. 


h?? 
angles (since it is a circle derived from B and C), and it 
passes through O and J, since 


This circle is 7 — =, for from its form it cuts BOC at right 


df 
D(3-j:)=°. 
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C AY SAaesS 
ay) tage 
and since their sum vanishes, they meet in a point (not 
counting OQ). 

To the perpendiculars on the sides of a triangle from the 
opposite angles correspond the circles through O and A at 
right angles to BOC and the other two similar circles. The 
form of this circle must be 


bi. 


Similarly, the corresponding circles are 


since it passes through O and is perpendicular to BOC; and, 
since it passes through J, 


4(5- p+ H0)=0, 


or = z + pf’ = 9, 
rae 
and the circle is : ~ a v9 ae O. 
The corresponding circles are 


and the three meet in a point. 
If D,=yB+z2C+w0O be the foot of the first of these 
perpendiculars, then we must have 


(yg° — zh’) aff" = (yg’ + 2h’) (b°g? — ch’) 
yg (ch? av af? at b*q°) a eh? (af? a bg’ = ch’), 
Also, since D,’=0, 
ay? 
= g y Tr h?z ? 
hence 


B C O 


MSE TS SEPT br er 
eee. Eee 


: 7 (cl + af? — bg) * h* (aif? +b’? -—ch®) 2 *g*h?* 
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Now it was found on the preceuin es page that 


bee 


acer Mag an oO, 


where D corresponds to the middle point of the side of a 
triangle. Hence 


F+D-E B 0 
2(eh+afi—bg) g(ck+af—og) 4fgh? 
rie D fr + D—- E te a + L-F 


Therefore ms circle ere ‘ i, - passes tie V3 5. 
and in the same way through £,, F.. 
If £ be the point of intersection of the perpendiculars, then 


oe. <peh = ele AATIy eomcaealie a 
fF (8G + oh — af) * Gf (Ch + af? — b’¢? 
C 
+ Fart bg—on +h 
where 4 13 to be determined. For it is easily seen that 


0; 


Dae aga ole —Ch’ 
| = =), 
E- et Mig 0) 0 
Making H’=0, 


1 
ad Cae af’ +...) 


a 
* Genrer ayer TIg=e*")=°% 
therefore b= aa - 
A B 
PUG + RAP)" F CRF af OP) 
ee uc gale Oe 
hi (aif?+bg'—ch*) f'g*h*” 
To the middle point of HA in a rectilinear triangle cor- 
responds a point D,, such that 


DH OH 
DAs Oat 


and H= 
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Hence we find the same way as D was found, 


ee faba 


».= on + OA~* OH.OA 


0; 


and we may put 
D,=H.0A+A.0H-40.HA. 
Substituting and neglecting the multiple — 4, 
A O 
=f? ¢ —___eesesees—sssF—Fi7i— arate 
D, f 1 (B'9° + ch? — af?) aE F’g h 
1 
+4(saearapt) 
alld, (ago (eel ae 1) 
ast 2q7h che + af? ae bg a f° a bg? — Ch - 
Substituting for A, B, C in terms of D, £, F, O, 
50 eee ) 
4f?g°h’ Sigh 
ae By Aes b (ace t ) 
4g°h? ey oJ) Pg +ch—a' fe 
mee (aro on ee ee 1) 
2q°h’ ch? + a’ f *—b'¢’ by fe ae bg’ — ch? 
= terms in D, £, F, 
Oe. (ae ae ch? 4 eh he b*¢’ ak ch? Es nee 
4g°h’ ch? 4 Tt Ak, b*q° a’ f? + bq’ - ch? 
Py. PTE (b'g° + ch? — a’ f’) \ 
(ch’ -f- aay pe ad b*g’) (ave ve b*g°— ch’) 
=terms in D, £, £. 


Therefore the circle that passes through D, E, F, D,, £,, fF, 
passes also through D., #,, #,. ‘This circle may be called the 
nine-point circle of three circles meeting in a point. 

Let J, I, 1, J, be the circles touching LOC, COA, AOB. 
We may call these latter circles, for shortness, C,, C,, C,. 


Put  Lf=aA+yB+20+w0, 
C,=4,44+ 8B, B+,C+ 6,0. 


D,=terms in D, £, F+f*( 


+ 
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Then remembering that 
C B=0; €.0=0, ¢.0'=0; 











the equation (Ciy= CT, 
becomes AGS, At Oe be 
or, if r be the radius of J, 
fol ce Sea 2 
oy an a 
4% B 
Similarl a 
hy a OB? 
a Ya if 
OT ONG 


If J touch all the circles internally, then OJ, C.J, C,l 
will all be positive, and therefore x, y, z must all be negative, 
or, what comes to the same thing, all positive. Now we have 

—2 CA <= Be 48 ry, 0° a= Gils, 
O =ace+ +7,0°+5,9’, 
O =a,0°+Ba@ +62, 
O =4af?+B 9+, 
0, a, 7 
Gee OG he 
pees Bret On h', 0 
Pee Ore Or : 
c, 0, a, g 
Grea 058 
fh, g', hv, 0 








a 
Therefore -—4 








ria | 4a°g?h’ 
CA 29 Ch?+ 20h'a? f?+ 20° f°’ g?— aif*— b'g*—c'h* 
4 a chs 
a a Bay; 
2 2 
thererore 9 a= ae Up hen ae! io) Go ae r. 
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Squaring I=2A+yB+20+w0 
—r=ay2+Ren+cayt+wl(fratg’y t+ hiz) 


mee BOs tba Pane HE LT” wr (af + bg + ch), 


Hence 


_2agh 4 , 201 p , 2eft ee 
Baa aa AT CAS Dl ee ware ( 
For J, one of the roots must be taken negative, and thus 
2agh ,  2bhf ,,, 2cf9 A 2abe 
i ep oS Sgh(-—af+bg+ch) a : 


and the expressions for J, J, are similarly. 


1, 
r, 


Now A=terms in D, £, f+ oF (Dg? + ch af’) 5 


therefore = terms in D, L, F 


272 zee ee A* 
= terms in D, E£, p-% 0, 
from SR fs ri “h? — a'f? 2abefgh 
af+bg+ch— 7 He — af’) +...—- abefgh. 
If NV be the nine-point circle 


abe 


NI=——-rNO, 


and the circles NV, Z will touch if 
(NaN als. 
adic’ _ N* s 
A* ~ (NO) NO? 
when | N=pD+qE+rF+s0. 


or, if 
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Wil : a, 
Now we obtain No from the expression for CA by 
writing for 
a, gh’, f', 07, e, 4 
—2DE, —-2EF, -2FD, -20F, -—20D, —20E. 


Ga ON (Ase O 
But -2EF=-2(54+5-t775\( G+ 4- 3 
pp tap) pt gh py) 
oe | 
make 
and —20F=2. 


Therefore, substituting 
Ga Ona. G, 





aie! A FEU PS 
AN: Be 40°C ae dora" as Agit: Aaemay nae 
(a odes g 8 g° g h? g h? ho g* ht hike hae g* 
Mea bic 
= a? : 


Hence the circles NV and J touch. 
We obtain a from = by changing the sign of a; 


therefore Ni = r NO, 
and (CV Neh 


Thus the nine-point circle of three circles meeting in a 
point touches the four circles that touch the three circles. 
Feuerbach’s theorem follows at once as a particular case. 

To find the circle C, that cuts at right angles any three 
circles C,, C,, C,, put 

C,=a0,+ 8C,+7C,+ 60, 
and write for shortness 


oS C,’; b= C,; le Go f= C,C) Sloe CC, h= C.Cr 
A=|a,h,9 
h, 6, f |, 
9, S; ¢ 
Az=le-f’, B=ca-g’, C=ab-h’, F=gh—-af, 
G=hf—bg, H=fq- ch. 
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Multiply by C., C,, C,, C,; if r be the radius of C,, 
—d=aa+hB+ 97, 
~ S=hat 0B +f; 
—S=ga+f8+cy, 
r=at+S8+y=l1. 


Hence 
ee at ta Lig, Hatches OG Pee 
— 4 A Se sgtcas RA it as - 
aay a 


"= Ae B+ O42 4204 2H 


A =0 gives 7=0 and is the condition already found that the 
three circles should meet in a point. 
A+B+042F42G42H=0 gives r=, and is the 
condition that their centres should lie on a straight line. 
To find the circles J that touch the three circles ¢,, ¢,, ¢, 
we have the equations 


(Ioy=20?, (10)=Fc%, (10)*=FC*. 
TOM sh 1OeaLG. 





Hence AER RAL ee 
From these equations Dr. Casey’s construction follows, 
For the circle < — "f has its centre on the line joining the 


centres of C,, C, produced and divides that line externally in 
the ratio /b:/c, that is, in the ratio of the radii of the 
circles. Hence it is the point of intersection of the direct 
common tangent or the external centre of similitude. If Z be 
that axis of similitude that contains the external centres of 


similitude of C.C,, C.C., and therefore C.C., we have 


DiS eS ey; 


La) n% 2(E- a= 
and therefore L ( o _ <t) =), 


BP OA Gaal ae) oe 


Late 1, Vol-XIX, N° 7 


Fig. Ih. 





W.Metcalfe & Son 


Plate 1, Vol.3IX, N? 
Fig. 3. 


Fig. t. 


Fig. HW. 
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W Metcalfe & Son, 
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Now taking the positive signs in the equations recently 


written 1($, C pet Pte 
Mb We) = Fgh ya) 9 


and therefore J may be derived from Z and C,. 
Put I= C,+ pL, 
then I-C,=6,-C,+ pL. 


But J-— C, is the tangent at the point of contact of I 
with C,, and the equation shows that this tangent passes 
through the point of intersection of Z with the common chord 
of C,, C,. Similarly, to find the points of contact of J with 
C,, C, we must draw tangents from the points of intersection 
of C,— C,, C,— C, respectively with Z. Since in each case 
we get two points of contact of six in all, there are two 
circles J for which JC,, C,, JC, are either all positive or all 
negative. Similarly, there are two circles for each other 
three chords of similitude. To obtain an expression for J, put 


L=20,+yC0,+20,4+wC,; 
then if p be the radins of J, 
ax +hy+gz=pVa, 
ha + by + fz =p Vb, 
gx+fy +cz=p ve. 


Hence w=" (A Va+H/b+ Gro), 


and similarily for y and z. Put : 
(A+ H+ G) C/=AC,4+ HC,+ GC, 
(1+ B+ Ff) 0) =HC,+ BC,+FC,, 
(G++ C) C/= GC,4 FC, + CC,. 
Then | 
T= {(4+ H+ @) (a) 0'+ (H+ B+ F)/@) O, 
j | +(G@+ H+ C)V(¢) Cy} + w, 
=—F {av(a) C/ +B V(b) 0 +4 v(e) O,} +00, 
To find w, square the equation 


T=20,+ yC,+20,4+ 0, 
VOL. XIX. ) 
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then 

rw =p’ — (ax + by’ + cz" + 2fyz + Agee + 2haxy) 
=p’—p(xVaty Vb+ 2c) 


e zt — Aa+ Bb+Cc+2F'r/bc) + 2G r/(ca) +2 »/(ab) 
=p fic tis tesa cops el oO 


If r’ be positive, or if there be a real circle cutting C,, C,, C, 
at right angles, then w must be taken positive, so that the sum 
of the coefficient of C,’, C,', C,', C,) may be equal to + 1. 

Since C,'C,=0, C/C,=0, C, cuts at right angles the 
three circles C,, C,, C,, and therefore its centre O,' is the 
point of intersection of the common chords of (C,, C)), (C,, C,). 
If O,'0,' be the centres of C,’, C,, then the triangle 0,'0,' 0,’ 
is the triangle formed by the lines C,— C,, C,— C_, C,— C,. 
The other circles are obtained from J by changing the signs 
of /a, /b, vc. If I’ be the circle touching all three circles 
externally, then 

if + a =a multiple of C.,. 
Dae 


Therefore O is the centre of similitude of J and J’. 

Similarly, if £ touch C, externally and C,, C, internally, 
while J,’ touch C, internally, C,, C, externally, and p,, p, 
be their radii, 


ar 2 =a different multiple of C,. 


Pigeets 


Hence O is the internal centre of similitude of J, 1’, and 
the eight circles can be arranged in pairs so that O is the 
internal centre of similitude of each pair. Again 


Df _ 4 ava) +8 V (8) G'+7 v0) G 
7 ’ 


pp r 
so that if P be external centre of similitude of Z'J, the areal 
coordinates of P referred to the triangle O,'0,'0,' will be 
ara, Bb, yc. Also 
| 1 yavatBvbt+y ve. 
Tic ume 2S 


Lo 
pee r 
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and since, in the same way, 
11 _ ir avatBybt+y ve 
ap a 


, 


nae Pi 

Le BO iNT SENOS 

Pree Ps A 

eee NaN a hOW EWC 

Ps Ps * 
therefore chpgte Bh ages Bava lite gl es Uplky ep 

Z es At Pr Pe P2 Ps P2 


If the circles become straight lines, p, Pp,» P.» P,; become 
infinite, and we have the well-known theorem that the 
reciprocal of the radius of the inscribed circle is equal to the 
sum of the reciprocals of the radii of the escribed circles. 

We may write the above equation 

1 1 1 ior! 1 1 1 

Sp ea ee Or nano Mere ep PUR 

DNTP Pee Pree Pe i Pe Po OP's 
or, in other words, the sum of the reciprocals of the radii of 
four of the circles touching three given circles (namely, of the 
eircle touching all externally and of the three circles touching 
one externally) is equal to the sum of the reciprocals of 
the radii of the other four circles (namely, of the circle 
touching all internally and the three circles touching one 
internally, two externally). 

To find the point P (fig. 12) we may draw radii O.4,, 
"OB; 0,A,, 0,B,; 0,A,, 0,8, of the three circles C1, O,, C, 
to the points where C’, meets these circle and joins O',, VO’, 
O', to the points 7, 7, 7, where these radii intersect. 
Then P will be the intersection O',7,, O',T,, O',T,,. 

For if 7M, TN be perpendicular on O',0',, 








TM O,A, 
PMA «0,0 (0,4, 0H 
pr vaeee le Nima Osu ODO Ka 
DBO 

since OH. OO, = OF. OO,. 


Therefore 
MM.O'",0/ BwWb 


TN.070', ve’ 
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and the areal coordinates of P are proportional to a ,/a, 
B o/b, y Ve. : 

It must be remembered that the areal coordinates of O 
are a, 8, y when it is referred to the triangle O',0',0', as 


well as when it is referred to O,0,0,, since 


(A+ H+G)C!'+ (H+ B+ F)0/+(G+F+C)C; 
=(A+ H4+G@)C,+(4+B+ F)O,4+ (G+ F+0)C,. 


We may use the values of J, &c., to prove Dr. Hart’s 


theorem that there is a circle J touching the four circles 
1, 1, Lay L, 
Put 


_ Aat Bb+ Cot 2F a/(bc) +2 G VJ (ca) + 2H /(ad) 
A 


_abe+2fgh-af*—bg’-ch'—{8abc-af*—bg"—ch'+2 (gh-af )\/ (bc)+...} 
ani 


O21 


_2{f—wlee} fg= wea) (B= Vet) 


and, similarly, 
52 21 V(b} [9 + V(ca)} (h+v(ad)} 
ken A ? 
where the sign of s/a is changed 


52 _ 21F+W/(be)} (9 —W(ca)} {+ W/(ad)} 
3 A r] 


52 21+ (be)} {9 + v(ca)} {2 v(ad)} 
~ A 


6105 _ (f+v/(b0)}? 
it ee, 68" {f—W/(be)}° 
As 6, 6, 6, 6, are to be taken positive, and »/(dc) is 
greater than /; 








f 83,-58, tg. ORR AF Sem 
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Also, using the value of 6’, 6,”, 6,7, 6,’ in their original 
form, 


8462462457 =4 Tease 
4.5237 Sta VC) 
A 
RIE RES fe b> are Aca) 
A 
2 2 2 »_ — 8H r/(adb 
6 + 6, —6, — 6, Se. 
Let < J=p0, +90, +80, +10,; 


then, if J touches J externally and 1, J,, J, internally, 


JI=-po, Jl,=p,c7, Jl,=p,9, J, = p,o- 
Now 


sgl = (p0,+ 90,+ 80,4 10) 
x (- 2880-2 o- M0420) 


=pVat+qvVb+swvc+ trd, 
and 
a sIh=—pva+qvb+ever+tnd, 
Hence —(pvVat+qvVb4+yc-+ trd) 


=—prVat+qvb+seot+tr6, 
pnNa—qvb+s c+ tr, 

= pvVat+qvVb—-svcr+itré, =1. 
Therefore ir(—-6+6,46,+6)= 4, 
( 


and §—6,+6,+56,)=—4p Va. 
Substituting 
6, +8, 48,—8 7 _ pn Os RS Lh C. 
o r a 


5- 6,4+6,45, 6- 6,+6,+65, 
aa ene (Be aa C,- an igh a: Gr. 
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Now J*=o", and therefore squaring 
(6, + 6, + 8, — 8)*=16 + (6— 6, + 8, + 8,)*+ (5— 6, + 6, 4 4,)’ 


4 (88,48, 43,4 2 (8—8,48,48,)(8- 48,48) te 


This is the necessary and sufficient condition in order that 
J should touch the four circles J, 1, £, J. 
We may write it (dividing by 2), 


84. 874+ 57 4.8,74 2 (88, — 8,8,) + 2 (88, — 8,8,) + 2 (88, — 8,3,) 
+ {8482-82-57 +2(83,+8,5)} <i 


a {5? ve hy = “hy Je oe te, (66,+ 6,9,)} vee 


2 2 2 2 ce 4 
+ {0+ 6-67-6742 (66, + 66,)} abit 8=0. 
Substituting 
AGE Be a alae ah _8 = 8 ON 
A A 
But this is identically true, since 
Aa+ Hh+ Gg=Hh+ bb+ Ff=Gg+lf+ Cc=A 
Dr. Hart’s theorem is thus proved. Since the values of 
5,, 5,, 6, are unaltered by changing the signs of /a, /d, /e 


Vaal) te) aS 
simultaneously, we may put 


§,+6,+6,—5 40, 8-8, 45,48 4 


4-4 


o i 7 Va ; 
eee sees §6—6,4+ 5,46, 


where o” is the radius of JJ’, ne J' will touch the circles 
TB RES 


Also J + z= =a multiple of C,. 


There are therefore two of Dr. Hart’s circles, and their 
internal centre of similitude is the centre of the circle which 
cuts the three original circles at right angles. 

It is easy to see that the circles J, /, J’, 1 are touched 
by a circle, and so with all the pairs of! iy. ik ie I, and the 
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corresponding pairs of J’, 1’, J,', J. Thus, altogether the 
eight touching circles J are touched four and four by eight 
new circles. 


Let 0, be the angle J makes with C,, then multiplying 


‘ C, 
the expressions for J by Tet 
os Tat | 1 GU, bt Boa at U1 0; 5 5,408, 


5.5, — 88 
+(6-6,4+6,4+ 6) 3 ~~ 
5,6, + 55, 











ag {1 if 6,6,—68,  5,6,—68, (6,8, — 68,) (6,6, — 86,) 
% SISOS ae DD) SDeIn (Di0ec/03.(5.0715)) 
FOL HC HC eI HC CD 
= oe = (6,6,—66,)(6,6,—86,) 

eet )—-G O-(_ )p+(0,+6.46,—9) (8,5, +55, 5,5,-88,) 
_ 466,°6,5, — 48,8°8,6 + 46,85,75, + 46,8,5,75 
“4 (5,5, + 58,) (8,8, + 56,) 

(5,5, — 88,) (6,6, — 68,) 

(5,5, + 66,) (5,8; — 58,) 
* . (6,8, — 56,) (6,8, — 58,) + 486,5,5, 
Bret ot 9,8) ee ass 48) : 

Disregarding signs, 


008, =F Ht Ji0-§) ( =a 


= COS A, COS, + sin a, Sin &@, 


(8,+8,+8 - 8) 


6, =a,-a, and similarly 0,=a,—-—4a,, 0,=4a,—4,, 


if a,, @,, a, be the angles the circles make with one another. 
Hence, Dr. Hart’s makes angles with the three given circles 
which are the differences of the angles these circles make 
with one another. This is obviously true of the nine-point 
circle of a triangle, and the theorem would be sufficient to 
shew that the circle of Feuerbach’s theorem is the circle 
passing through the middle points of the triangle. 

To find Dr. Hart’s circle will be included in the general 
problem of finding a circle which will cut three circles at 
given angles. 
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There will always be two such circles (except when the 
angles are right angles), and they will have the centre of the 
circle cutting all three circles at right angles for their ex- 
ternal or internal centre of similitude. The angle they both 
make with this circle is given by 


Aa cos’ 0, + Bb cos’, + Ce cos’ 8, 
+ 2F's/(bc) cos 8, cos 8,4 2G »/(ca) cos, cosO, +...) ” 
: A 


I’ is found if J be known, or L' if J, be known, &c., by 
taking Z one of the points of intersection of Jf and C,. 
Joining O, the centre of J and O the centre of C, to Z, and 
making the angle O,LO equal to OLO', Then O, will 
be the centre of J’, and it passes through L. J is, as is seen 
from the proof of Dr. Casey’s method, one of the points 
of intersection of an axis of similitude with C,. 


The quantity 
A+ B+ C+2F42G+42H=(C,—C,)*(C,—C,)’-{(C,— C,) (C.-C? 
= 4 times the area of triangle O,0,0 


2~ 3? 
and its vanishing is the condition that the centres of the 
circles should lie in a straight line. 

It is known that the circles circumscribing the triangles 
formed by taking four lines three by three all pass through 
a point, which point is in fact the focus of the parabola 
touched by these lines. The generalized theorem for circles 
would be: if four circles pass through a point, and, taking 
them three by three, four other circles be drawn round 
the triangles formed by their points of intersection, these 
four circles also pass through a point. It may be noticed 
that there is a symmetry in this theorem which is lost when . 
the circle degenerates into a straight line. There are eight 
circles and eight points, through each point pass four circles 
and on each circle lie four points. 

To prove it, let O be the point common to the four circles, 
A, By C,aD these .crcles,¢ oP. oP, Pee ee 
other points of intersection, A’, Bb’, C’, D' the circles passing 
through these points of intersection. Then, since O, P., 
P.,, P,, lie on the same circle, we may put 


13) 
OSaCPeE OP a P 


e 2 — 
sin’, = 


2 ule 3° 13 4” 14) 
Similarly O=6,P.,4+6,P.,+),P,, 
O am oH ee ca ¢,P,, ay oN aire 


O=4,P.,4+4,P,,4+d,P. 


1 14 2° 24 8” 34° 


and Bicircular Quartics. 105 


Determining P,,, P., P, 


129 13) 14 


and substituting in the ae 


from the last three equations, 


o= (74 PRO = Ft (6sPa+ BP) 
a, 
ary (CEs + OF; at) 


~ “(1 P,+d,P,). 


d, 2 24 3 34 


Now O, P,,, P,, P,, cannot be on the same circle. Hence 


their coefficients in this equation must vanish identically. 
Therefore 





Ges Gh a 
1=—~44 + 
b, C, d,’ 
rode 
aes ia: ? 
ad,  a.0, - 
YS we 
d, baM 
Qa tle 4 ls 
b, C, 


Other equations may be obtained in the same way, but 
none of them will be independent. 
From the first and second of the first set of equations 


a,P, — 0,f,,=(b,—-4,) P+ 6,P,,—4,P,,. 


$3, 13 San 28 ae 4° 24 
Therefore 
oe Py +0Py- bP = (8-444) Bt R Py a2, 
a,b, 
anes Im AY TE i a a 


Hence the circle 


c C c, (a,b 
P,-2P,-%P,= Sle Be gi= -0,P.,) 
12 b, 13 a, 23 ab 3° 13 3° 23 
it at right angles, not only to the circle D’, but also to the 
circle C’. 
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Again, combining the first and third equations, 


Cc Cc ac 
a, fa. aa P,-*P,,) 7 (e,- -a) Peal hiie 
1 3 1 


= “4 P —aP.+¢P,3 


= d 13 4” 14 4” 849 
1 


and, combining the second and third, 


C C, b.C, 
b, (2.- 5 ite “ P) = (c,- oe 4) ta aE © bie 
1 2 
b,c, 
ma aa 1 oa, oP 34 bP 
2 
Hence the circle P,, - ; P- “ P,, is also at right angles 


to A’, B', and therefore to all four circles A’, 3B Gee 
Since it has not yet been assumed that O, P., PB, &c. are 
points, we may take them to be circles, and then we shall 
have a symmetrical figure of sixteen circles, in which each 
circle has four circles at right angles to it, and might be 
taken as the circle to commence with. When 0, P,,, P,, &e. 
are points, then we shall have 


a 


C 
Em b, Li a, 1% 
a point, or 
(P Ny) eave )=0, 
2 b, 13 a, 23 


1 


CC, Cc c 
ee Lag tae 3 Leelee 7 = LE Se = 0. 
12 1 2 
Tor, since a,P,=O0-a,P,,—a,P 5 
squaring O.0,tnchs = a, OP. a a, OPS 
1 1 
Jenees. — G,. Nes ar ~ OF. 5: 
3 2 
Similarl : 
Similarly law — x OL, + 7 Ine 


CCP le Ole ere OL. 


A lt13 aes 
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Hence 
ee hy aes 
ba, eee b, Laas a, ee 
ab Bat Sc eri Pi ay’ g 92. 
OR bia: OF a ba, Of. ba, Of, ba, Ol 
ar Aa faye 
a,b, Crs ab, O 23 
= 0 identically. 
Thus the theorem is completely proved (fig. 13). 
Next take five circles A, B, C, D, E, and let, as before, 
P.., P., &e. be their points of intersection; C,,, the circle 


passing through P.,, P.,, P.,3 0O,,., the point of intersection 
Of Chosy Crogy Cross Coy, and so on. The points Ons Cre 
O,.,, ie two by two on the three circles C,,,, C,,,, Ci,,- Put 


these circles all pass through the point P.,, and the circle A 
also passes through this point. We may apply, then, the 
theorem to the circles A, C,,,, C,,,, C,.,) and it will follow 
that the four circles which circumscribe (P,,, Pig Oyos4) 
cee ast Oras eye ae OM Os Bede Obes ye through 
a point. but the first three circles are C7 and 
their point of intersection is the point O,,,,. ence this 
point lies on the circle through O,,.,, Orossy Oroas: Similarly, 
by considering the circles B, C,,,, C14) Cio) it 18 seen that 
O,,,, lies on the same circle. Hence all five points O,,5,) Qsoa53 

ous) Oras» Oous lie on the same circle. Thus we have a 
figure consisting of 5+ 10+1= 16 circles and 16 points, such 
that each circle contains five points and through each point 
pass five circles. We might start with any point, P, for 
example, and the circles through it, and we could construct 
the whole system, ending with C,,... Miquel’s theorem is 
a particular case of this, for when the circles A, B, C, D, 
becomes a straight line, O,,,,, &c., become the foci of the 
parabola’s touching them four and four, and it is proved that 
these foci lie on a circle. In the case of the circles we may 
call the final circle C,,,,... Next take six circles through the 
point O. Through £,, also pass six circles, namely, dA, B, 
eee O4.C 


1089 Cr2e9 Cros C,.,° - Consider the last four of these; their 
points of intersection are 


1347 135? 


1234) 


2345 


On O33 Ons Oa Ono Cie; 
and the circles passing through them are 
C C C C 


12845? 12356) 12346) 12456° 
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These circles therefore pass through a point, and it is seen 
in the same way that C,,,.., C,,,,, pass through the same point. 
Thus we have a figure of 32 circles and 32 points, such that 
each circle contain six points and through each point pass six 
circles. When the first six points become straight lines we 
have the theorem that the six Miquel circles obtained from 
a hexagon by leaving out side after side in turn pass through 
a point. ‘This may be called a hexagon point. In the case 
of circles we may write for the point O,,,..... ‘Take now seven 
circles, and consider four of the circles through O,,,,, namely, 
C251 Chosisr Crooser Crosar heir points of intersection ,are 

1235) <= 1236) ~ 12879 [> 123456? ~ 1234577 Ober: and three of the circles 
through these points are C1,..4, Chess Crosgq9 Which intersect 
in the point O,,,.... This point therefore lies on the circle 
through Oyo.) Oresiser Orosserr 20d so it may be shown do 
the points O19 Dresser» Onsiserr AS @ particular case, the 
seven hexagon points obtained from a heptagon by leaving 
out side after side lie on a circle, which may be called a 
heptagon circle. ‘These theorems may obviously be extended 
indefinitely. Thus eight heptagon circles pass through an 
octagon point, nine octagon points lie on a nonagon circle, &c. 
In general, from a polygon of an even number of sides we 
shall ultimately obtain a point, and from a polygon of an 
odd number of sides a circle. Also we can have a system 
of 2" circles and 2"” points, such that each circle contains 
n points and through each point pass n circles. 

To find the relation between the distance a, 0, c, d, e, f 
of any four points on a plane, let A, B, C, D be the points, 


and put 
©=a4+ BB+ yC+- 8D, 
then a+B+y +6 = Q, 
and Be? + yo* -- 8d” = - 2, 
ac" + ya’ +- de” =— 2, 
ab” + Ba® + 6f7=-2, 
ad” +- Be? + yf* =—2, 


Solving from the last four equations, and substituting in 
the first, we shall have as the condition that the sum of the 
minors of the determinant 

Qo. = Cy) mee 
G, °0, mcaee 
6°, a, 0, ie 
; SRC, ms 09 
must vanish. 
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Lastly, if four points be on a circle, 
aA+BB+yC-+ 6D=0. 


Hence aA + BR=—yC—6D=a circle with centre O and 
radius r say, where O is the point of intersection of AB 
and CD. 

But it was seen that when the sum of multiples of two 
points A, BD is equal to a circle of centre O and radius 7, 


distance OA x distance OB=7° ; 
therefore 


distance OA x distance OB = distance OC x distance OD. 


Coordinates of Circles and Orthogonal Systems. 
When C=20,+yC0,4+2C,+ wl, 


where C,, C,, C,, C, are fixed circles, x, y, 2,w may be 
called the coordinates of C. The most convenient system of 
coordinates will be when C,, C,, C,, C, are mutually at right 
angles. ‘Then we shall have also 


co C,) (GC, — C,) =0, Ci — C;) (oi — C,) =9, 
(Naa 0) 1052 C,) = 


Hence the line joining any two of the centres is at right angles 
to the line joining the other two, or the centre of any one 
circle is the orthocentre of the triangle formed by the three 
others. Three of these centres must form an acute-angled 
triangle. We will take these for the centres of the circles 
Cy Cy Cy Now 


(C,— C,)(C,— C,) = C? = (radius of C,)’, 


but (C,— C,) (C, - G,) is aise since the triangle formed 
by the centres of C, C,, G, 18 acute, therefore the radius of 
C, is real. Similarly, "the radii of G.-C, are real: But 
(oe C,)(C,- C,) = Cf is negative, since the angle formed by 
C,- 7, C,- Oi is obtuse. 

Therefore the radius of C, is imaginary. 

We will put 

OT Oe Ge Tne 


2 Ae 3 
Since OC, =1, OC,=1, OC, a Oot. 
ah Ae 


we must have O= 7 + 


am 


IS 
IQ 


= Dat 


3 


Blo 
n 
~~ 


r, 


= 
an 
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and since ©’ = 0, 


It is seen then that three of the quantities 7,, ”,, 7,, 7, can 
be chosen arbitrarily, and that when this is done, the fourth is 
determined, as well as the distances between their centres. 

Changing the notation slightly, we will put C,’, C,, Cy, 
C, for what we have hitherto called C,, C,, C,, C,, and let 


ig [es ion Lens 
C= — OY, C,=— Cys C,=— Cy Cra Ci; 

1 @ 8 4 
so that 


00, =, e0,-=, e0,==, eC,=-, 
ay rs "s w 
O2=1, C*=1, O2=1, O%=-1. 


If now C=20,+yC0,+2C0,+w/, 
x, Y, 2, w may be called the orthogonal coordinates of C. 
The multiplicity of C is 
ecs— 424-45, 


} ag et be 


and its radius is given by 








ye OC? * ot y+ 27 — wy 
"HOCY /z Z a 
vew Gag ests 

1 2 8 4 


If C be a point a+y?+2°—w*?=0, 
In this case putting 
P=x0,+y0,4+ 20,4 wl, 


it is easy to see the meaning of a, y, z, w. For 


fbi? A 
j 1 yr ore 
if t, be the tangent from Pto C.. 

e ° ia eS 4% 
Similarl aes ot See ye ae boy ye oe Ee 
fener Wee Qr,? © 2r-? Ee Ti. 

t4 ¥% hes t* 
and hence Ree ee = ay 
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a relation between the tangents from any point to the four 
circles. 
The general equation of the first degree 


le+ my +nz—rw=0 


represents all the circles cutting at right angles the circle 
whose coordinates are l, m,n, 7. If 


D, =, C, + 4, + 4,0, —p,C,, 
D,=r,C, + w,0, + v,C,- p,C,, 
D,=2,C, + pC, + ¥,C,— py Ci, 
D,=n,C,4+ b,C,+4,0,—- p,Cy 
be four new orthogonal circles, such that 
(OES AN Bale Wl Ea y 
0.) 1) 0, DD = 0; DD. —0, DD. =0, DD, =0, 
that is to say, such that 
Meche h facie a Pe 
Ny + Hy + Vy — Py 
A, + Me +My — Py 
Oe a be ar Vie = je 
NaNg + Moby, + VaYs— PoP, = 
NA, + Mah, + VY, — PoP1 = 
rr, 1 Hr, el ae P1P. > 0 
AA, + MyM, TV, PiPs= - 9; 
Ay + MMH VY, — PPi= 5 
NN, + fab, + VY — PsP, = 0, 
and 2, y, 2, w be the coordinates of a circle C referred to 
fe), D*, then putting 
C=aD,+yD,+2D,+wD,=20,+yC0,4+20,4+ wl, 


and substituting, we have the following expressions for the 
old coordinates in terms of the new 


e=rNX+AVY4+AV,2Z+A,W, 
Y=hX+ MY + At 1, 
2=vX+v,Y¥ +v,2+4,W, 
aoe w=pX+ (pai p,4 + p,W. 


—» 


lt ol 

i 
oo St = = 
~~ w. ~~ ~~ ~~» 


~~ 
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Also X =D C=V,c+ wy +v,2+ pw, 
Y =DC=),0-+ py + VA pe; 
Z =D, C=, + bY + V2 + pgs 
—-W=D,C ret my t+v2Z+ pw. 
Again, since 
C,=(CD,) D,+(CD,) D,+ (E,D,) D,-(ED,) Pa 
we have O,=1,D,+r,D,+2,D,- D,; 
since by C,=p,D, + D+ MD,- 4D, 
C,=7,D, +v,D, +P, -—vD,; 
O,=p,D,+ pP.+ ps? — PP 
Hence, since 
O7=1, 02=1, C?=1, 0?=-1, 0,0,=0..., 
we have 
et Ae AS eae aT 
Po Boke itl ia few dy 


vity ty = v= 1, 
p+ pe +p, — p? =-1, 
VM AM, +A Ms — AM, = 0, 
AY, HAY, tAVY, —AY,= 2, 
DPi ir MP. FAP, —%P,= 
HV, FEY, tH, — MY, = 9, 
PsP) + BaP + MsPs — BsPy = 95 
VP, +¥VP, +VP, —VP, = 2%. 


These formule are identical with those I have given in a 
paper on “Homogeneous Coordinates in Imaginary Geo- 
metry.” * 

Another system of coordinates is sometimes convenient. 
We may refer the circle C to two circles C,, C, at right 
angles, and to their points of intersection P,, P,, so, that 


C=20,+yC0,+2P, + wf, 


* The analogy between the geometry of systems of circles and that of non- 
euclidear space of three dimensions, is pointed out by Mehmke, 
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We will choose the multiplicity of C,, C,, P,, P,, so that 


if r,, 7, be the radii of C,, C,, and a the distance between P, 


and P,, 


1 1 
mere OL,=7) 


and therefore 
Peete. let O.=07 2 =0,0bF=0"0 P= =e, 
The condition that C should be a point is 
x+y’? —2zw=0. 
In this case, if 
P=20,+yC0,+2P,+uP, 
and ¢,, ¢, be the tangents from P to C,, C,, d,, d,, its distances 


ome sb, 


43 





te ‘ 
ce a oa TIES oe ree 
=F 4 yah 
ae PP aig deine as 


and substituting 
t 4 t 4 d,” 





2 2 2 
ame 7 a 
; I lee 4 
In particular =+53=5; 
eu Tome 


a relation easily verified. If 
P= 2£0,+yC,+2P.+wP, 
be a point or multiple of a point, 
P'=—20,+yC0,+2P,4+ uP, 


is also a multiple of a point, and since P— P’=2C, the circle 
C, may be derived from them. Hence if O, be the centre 
of their circles, 
dist. O.P x dist. OP’ =7,". 
Now if d,’,d,' be the distances of P’ from P,, P,, then since 
Bere ae ears 2 ae 
CO ae OPOP. Wil ine e OF OP. 
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ie Fa Re 
we have a=—=-4, 
| z 
2 2 
or Bids 
, ine 
a Xie, | 


Since C, may be chosen so that P, is any other point on 
the circle C,, this gives the theorem, that the curve of a point, 
the ratio of whose distances from two fixed points is constant, 
is a circle. 


Bicircular Quartics. Reduction of the general Equation of 
the Second Degree. 
The general equation of the second degree may be written 
aa’ + by* + cz” + dw* + 2lyz + Imex + 2Znxy 
+ 2pxw + 2qyw + 2rzw = 0. 
If we consider only points, we must add the equation 
ety’ +2°—w'=0. 


Or, substituting in Cartesian coordinates, it is easy to see 
that the curves represented by this equation are bicircular 
quartics. ‘l'hey may be defined as curves which are cut by 
a circle in four points, two or four of which may however be 
imaginary. . 

To simplify this equation, we will introduce new coor- 
dinates X, Y, Z, W, and make the coefficients XY, XZ, 
XW, YZ, ZW, YW disappear. 

For the disappearanee of XY, XZ, XW, we have the 


equations 
r, (ar, + np, + mv, —pp,) +m, (nr, + bu, + Lv, -— |Gp,) 
+, (md, + lu, +.07,—7p,) — p, (Dr, + 9H, +79, — dp,) =0, 
A, (GA, + mye, + mp, — pp,) + My (nA, + bu, + Ly, — pp,) 
+ v, (md, + Lu, + cv, —7p,) — p, (PA, + GH, + TY, — Ap,) 
A, (aA, + mm, + mp, — pp,) + M, (MA, + bu, + ly, — pp,) 
+ v, (mr, + lu, + cv, —7p,) — p,( pr, + gu, + 7v,— dp,) =0. 
Combining these with the equations 
AA, + MoM, + VV, — PoP, = 9%, 
AA, + Malt, + V5¥, — PoP, = 9, 
AA, + My, + YY, — PsP, = 9; 


0, 
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we have 


an, Ti np, +mV— pp, = nX,+ bu,+ lv,— 9P fa mn, h lw, +CV,—TPp, 


d, My My 
AON AES EY, = OP =h say. 
P; 
Eliminating, we get the equations 
ah nz, ms, p 


Te PE vehi +r 
Py» Gy 7 ath 
The equations for 


(0M.VoP.) (Ng4.¥5Ps) (yM4Y Pa) 
are precisely similar, so that if A, B, C, D be the roots of the 


above biquadratic equation, the values X,u,V,0,, A.M,V,7,, Ke. 


are obtained by substituting successively A, B, C, D for h. 
Conversely, it is easy to shew that where A, B, C, D are all 
different, the new circles so determined form an orthogonal 
system. 


Since A, +e +Y— Pp, =1, 
we have 


an, + bu,’ + cv,2 + dp,’ + 2lu,v, + 2mv,r, + 2nd, m, 
— 2ph,p, — 29",p, — 2rv,p, =A, 
and since A, +e, +¥o-pJ=-1, 
an, + bye + cv + dp? + 2lu,v, + 2mv,r, + 2nd uw, 
— 2pn,p,— 29",P, — 2rv,p,=— D. 
Hence the new equation will be 
AX? + BY*+ 02? = DW". 


When two of the roots of the biquadratic are equal, we 
ean still choose either X,4,v,P,, X,{V,0.) OF A,M4V5P.) r,M,V,P, to 
correspond to the remaining two, so that the equation will 
reduce to either 

aa” + by’ + cz” + dw* + Qnay = 0, 


or to aa” + by’ + cz’ + dw’ + 2rzw = 0, 
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In the first case the biquadratic becomes 
(c—h) (d +h) {h?- (a+b) h+ab—n*}=0, 
and it will have equal roots if 
(a+ 6)’=4(ab—n’), 
or (a —b)*+4n* =0, 
that is De Uses 
The equation then becomes 
a(x’+ y°)+cz°+ dw’ =0, 
or since ety +2?—w'=0, 
(c—a) 2° + (d+a)w*=0. 


It therefore represents two circles and need not be considered. 
In the other case the biquadratic becomes 


(a—h)(b—-h) {od- 2? +h(c—d)-h} = 

It has equal roots if 
(c— d)’=4 (r* —cd), 
or e+d=+2r. 
If then from the equation 
aa* + by’ + cz’ + dw’ + (c+d) wz=0, 

we subtract 4 (c—d) (+7 +2?—-w’), 
we get 
(a—40+4d) a+ (b—4c+3d) y+} (c+d) (2+ wt 2wz) =0. 
Now #¢1w=P(C,+C,) and (C,+C)?=C07+ C7=0. 


p= ~ 4 


Hence C,+ C, is one of the points of intersection PP, of the 
circles C. C,. 


If P be referred to C,C,, P.P., so that 


Ph 
P=X0,4+ YO,4+2ZP.4+ WP, 


then z+w=XY some multiple of PP, or PP,=some mul- 
tiples of W or Z, and the equation may be written 


AX*+ BY*= 02?, 
Xt Yh awe, 
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Finally, then every bicircular quartic may be represented 
by one of the following pairs of equations, 


ax’ + by’? + cz = dw’ 
a+ y? + = w eoeeesoeoeeoreseosene ip 


ax’ + by? = cz’ a 
e+ yy? = we eecrccscce eoecee eee ° 


Some Properties of Bicircular Quartics. 


We take the first set of equations. It is clear that if 


X,Y, 2, w be a point on the curve, —a, ¥, 2, w is also a point 
on the curve. 


Let P, P’ be these points. Then 
P= «04+ y0,4+20,4+ 0, 
P'=—-20,+y0,4+2C,4 wl, 
Therefore P— P= O20. 
Hence dist. O,P x dist. Oat 


When FP and P’ coincide, then O.P=7,, so that P is on 
the circle C,. But then O,P will be a tangent to the quartic. 
Thus each of the four circles cuts the quartic at right angles 
in four points. 


Again, if O,@Q' be another line through O,, 
ia Oe t. 


Therefore a circle can be drawn through P, P’, Q, Q’, and 
it will cut the circle C, at right angles. When Q coincides 
with P and Q' with P’, we have a circle having double | 
contact with the curve; and when /, P’, Q, Q' all coincide, 
we have a circle having four-point contact with the curve, 
so that the points where the fundamental circles meet the 
curve are points where a circle can have four-point contact. 
In the equations I, we may take d positive and a>b>e. 
Then we must have a>d,c<d. The points where C, meets 
the curve are given by 

by’ + cz’? = dw’, 

yp + ot = w’, 

2 2 w 
or J = = 


d—c b—-d b-c’ 
They will be real or imaginary according as b> or <d. 
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The points where C, meets the curve are given by 


a 2? aw” 


CES d wae 








They are always real. 
The points where C, meets the curve are given by 
x y? we 








a-d d—-b a-b 
They are reali or imaginary according asd>or <0. C, has 
no real points. 

Thus the curve meets ¢,c, or ¢,c, according as b> or <d. 
The four points on one of the circles form a quadrilateral 
having the centres of the other circles for summits. There 
are then eight real points where a circle has four-point 
contact. 

Any circle /, m,n, r touching the curve at x, y, 2, w must 
satisfy the equations 


le +my +nz —rw =0, 
lda + mdy + ndz— rdw =0; 
but axdzx + bydy + czdz — dwiw =0, 
xda+yosy +262 —wdw =0. 
Hence we may put 
l=ax+rAx, m=by+ry, m=cz+rz, r=dw+rw. 


When A=—a, we have a circle whose coordinates are 0, 
(a—5)y, (a—c) 2, (a—d)w which will touch the curve, not 
only in x, y, 2, w, but also in —a, y, 2, w. ‘Lhe coordinates 
0, m, n, 7 of this circle satisfy the equation 


mM n* 7 


_ 


Te pea hated: 











If it reduces to a point 
m+n = 7", 
In this case the point is called a focus, so that there aré 
four foci on each of the four circles. We have 
m n _s 


(a=2)(d=c) (a-0)(b-d) (a-d) (b= 0)" 
These points are real if b> d. 
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The foci on C, are given by 


i? n 2 oad 


(6—a)(d—c) (b-c)(a—d) (b—d)(a—c)’ 
They are always imaginary. 
hose on C, are given by 
ag, iat i a 
(c—a)(a—d)  (¢—b)(d—0)  (e=d) (a—5)* 
They are read if d> b. 
Thus there are four real foci lying on that one of the 
circles CC, which is met by the curve in real points. 


The condition that the circle mC,+nC,+7rC, should be 
a straight line is 


om "ner 
or Mor ay eal 
Pageeoe wile” 6 


combining this with the equation 


m n® 7 


Ra MS Gee eB 








which expresses that the circle has double contact, we shall . 
obtain two double tangents from the centres of each of the 
four fundamental circles. 

The ratio m:n is given by 


& zt n° sa (= +2) 1 
a—b’ a—c)/r2 \r, 7,/ a-d 


Its roots are real or imaginary according as 








ee ae 
that is as | 
2 ae (+ ane _ a= 8) <or>0 
(a — b) (a—c) (a —d) rs ie rs é 
_ or as 
1 a b c d 
 (@=0) (a-0) (a—d) (= 5 ees 7) a 
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For the other three circles the conditions are 





1 (“+ b Tapeh - 4) , 
(b—a) (6 —c) (b—a) V2 te te re) SE 
ech nitsiad A eaeiteon (S45 rade, ee ; 
(c—a)(c—b) (c—d) \rf orf or <i) < 08> ’ 
PA a) et oe (S454 ic ee ; 
(a—d)(b—d)(c-—d) \r? 2 or? 2) < or > 

When then 
a b Cc a 
Wigton icryt sett 
r r, rs v, 


the double tangents from O, are real, those from O, ima- 

ginary ; those from O,, 0, are imaginary if b> d, real ifb<d. 

The opposite holds if 
a 
ae: 
7 


1 


[& 


b 
rae > 0. 
r 


ae 
2 y? 


a) 
a 


4 


Hence, either the two double tangents from the centre of 
the circle which has the four real foci are real, or else the six 
double tangents form the centres of the other circles are real. 
Since the curve (supposing b>d) does not cut C,, and yy 
every point P corresponds a point P’, such that O,P. 0, i 
it must consist of two ovals, one entirely inside Cs cite one 
entirely outside. A tangent from OQ, to of one the ovals must 
touch the other. Hence, in the first case O, must lie inside 
both ovals, and so also must O,. One oval will then entirely 
inclose the other. In the second case neither of the ovals 
contains O, or O,, and they will lie entirely outside one 
another. 

If P, P’ be the points of contact of one double tangent 
from 0., QQ’ those of the other, then 


OP.O Pi= 0070 V=r,, 


so that PP’, QQ’ lie on a circle cutting C, at right angles. 
Thus the sixteen points of contact of the eight double tangents 
lie four by four on four circles. 

To find the circle of curvature at a point x, y, z, w on the 
curve, we have to make the circle 


(a +A) a, (B+A)y, (+A) 2, (+A) w 
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pass through a third consecutive point, or to make 

(a+r) ad’c+ (b+) yd’y + (¢ +d) ad’2 = (d +r) wd’. 

The problem is the same as that of finding the osculating 
plane to a curve given as the intersection of two quadrics, 
and its solution is given in Salmon’s Solid Geometry, (p. 290 
and 291, Ex. 1, 2nd ed). 

Since only the ratio of x, y, 2, w are important, we may 


take any one of these quantities, 2 for instance, to be 
constant. 


Then (b+2) yd’y + (c+ Ar) 2d’2 = (d+) wd’w, 
and bydy + cydz = dwdw, 
ydyt+edz =wdw. 
Differentiating again, and substituting 
(b+) (dy)* + (c+) (de)? =(4 + 2) (dw) 
dy dz dw 


a —(c—d)zw (b—d) yw Tithe c) xy” 


So that 
(b+) (c— d)*w'2’ + (€ +A) (0 - d)?w*y’ = (d + X) (b —)’2*y’, 
Hence 








_ ¥ (bc) (b— d) {(b-—d) w* — (b—c) 2} 
gia (c— d) wa" + (b — d)*w*y* — (b — c)*2"y' 


We may take 
b+ prop. to ¥’ (b—a) (b—c) (6 -d), 
since (6—d)w*'—(b-c)2’=(b-a) ax’. 


Similarly we may take 


(e+) prop. to = (c— b) (c—d) {(c—d) w’- (c —b) y’}, 
to (¢—a) (c—b)(c—d) 2’, 
and d+rto% (d— 5) (d—0) (dB) y+ (d-0) 2 


= w (a—d) (b—d) (c—d). 


By putting any one of the quantities w, y, z, w equal to 0, 
we get 
a+2 prop. to a’ (a—b) (a—c) (a—d). 
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Hence the coordinates of the circle of curvature are 
(a—b)(a—c)(a—d) a’, (b—a)(b-c) (b-d)y, 
(c—a)(c—b) (c—d)2*, (a—d)(b—d) (c—d) wu”. 

If this be a straight line 
(a— b) (a—c) (a—d) x it (b—a)(b—c) (b-d)y’ 








v, "s 
fs (c —a) nae (c—d) 2 a ee ae 


In this case (x, y, z, w) will be a point of inflexion, and 
combining this equation with the other two it follows that 
there are twelve points of inflexion. The curve that 
determines the points of inflexion by its points of intersection 
with the original curve is a tricircular cubic. 

If 7, J' be the circles of curvature at two corresponding 
points P, P', such that OP. OP’ =7,*, then we shall have 

I-I'=2(a—}) (a—c) (a-—d) x’ C. 


1 


Hence the centres of curvature /, £” lie on a straight line 
passing through O,. Since a circle can be drawn having 
double contact with the curve in P, P’, the normals Pf, P'f" 
make equal angles with PP’. Hence 


PF sinPOF_ P'F’ 
OF ~ sinOPF~ O.F"’ 


That is to say, the radii of curvature at two corresponding 
points are proportional to the distance of the centres of 
curvature from the centre of the fundamental circle; or the 
centre of the fundamental circle is the centre of similitude of 
the two circles of curvature. 

The evolute of the bicircular quartic has sixteen cusps 
corresponding to the points on the curve where a circle can 
have four-point contact. ‘The cusps corresponding to points 
on C, form a quadrilateral with O,, O,, O, for summit. 
Through each point O, can be drawn six lines containing 
twelve out of the sixteen cusps. ‘The maximum radii of 
curvature for points on C, are such that the sums of their 
reciprocals, taken with proper signs, vanishes. 

As the foci on C, are given by the two equations 

2 2 2 
m nN =, mt as, 








ieee Ge 
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they will be the same for any curve for which the differences 


0 aS 
a-b’a-—c’a-—d 


vet, cd a a gp 
at cee Gare An fo On AL 


are the same. That is, if we put 


a—b 


where £8, y, 5 are kept constant, all the curves obtained by 
varying A will be confocal. If one of the series pass through 
moras ~5 3 

PEA een as ne 

Bara tn. Ome 
This is a quadratic equation in ); let A,, A, be its roots; then 


2 2 2 


& Ww 
UPI T ND ig Oar TT Ua VE eae bE 
Bae Na ar Nay Oo hy 
y” 2 w 





2 et ea ea es 
BP+aA, ta, O+A, 
Substituting 


2 2" w 


(+n) (Bd, GEM) (4+) (OFA) (OFA) ” 


This expresses that the circles 


& Ww 


ee 
* 


¥ 
0, B+,’ ya,’ +H,’ 





0 y z W 
? BP+n,’ +a,’ o +A,” 


cut at right angles. But these circles touch the two quartics 
respectively at x, y, z,w. ‘Therefore the curves themselves 
cut at right angles, and we have the theorem that the two 
confocal bicircular quartics that can be drawn through any 
point cut at right angles. 

If we put \=— " we must have y=0, so that the circle 
C, may be said to belong to the confocal system, But more 


specially (Salmon’s Solid Geometry, p. 114) the points given 
by 


2” w 


belong to the system. 
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On substituting, these are seen to be the points already 
found for the foci on C,. Thus the sixteen foci belong in a 
special sense to the system of confocal quartics. If the four 
fundamental circles and one of the foci be given, all the 
others will be known. This is obvious from their coordinates. 
Geometrically, if Ff, be one of the foci on C,, by joining 
OE a) 1OnT and producing the lines to meet the circle 
again, ‘we ‘get the other foci on Coad aN Sie Ta 

Now looking at the values of the coordinates of the foci on 
C,, it is seen that two of them are imaginary circles at right 
angles to /, /, and the other two imaginary circles at right 
angles to F. F. 

Or, in other words, two of the foci on C, are the 1 Bese 
points of the system of circles passing through F ; Hy and 
the other two are the imaginary points of circles passing 
through F,, £. Similarly for the foci on C,, C,. ‘The con- 
jugate pairs of imaginary foci lie on six real lines. These 
lines pass through QO, and are at right angles to the lines 
joining the real foci. When 

he Oe a0 ee eed, 


‘ T, 8 4 


the curve reduces to a cubic with a single infinite branch. For 
1 1 1 1 


fo, er 

are the coordinates of the point ©. This cubic must pass 

through O,, O,, O,, O,, and the tangents at these points will 
be parallel to the asymptote. 

In the second kind of bicircular qnartics given by the 


equations 


? 


ax’ + by’ = cz", 
e+ y =we, 
where P=20,+yC,4+ 2P,+wuP,, 


we may take a and ¢ positive a>b>c. 

P, is a double point. .If 5 be positive, it is a conjugate 
point, and the rest ois consist of an oval. If 6b be 
negative, it is the intersection of two branches. ‘There are 
two real foci lying on C,, and the line joining them passes 
through O,. It is clear that for any point P we can find 
another on ge. P, so that O.P. OP’ =r,", and if P be on the 
curve P’ will’ The conic sections are included among these 
ines and are obtained by making two of the circles straight 
Ines 


NOTE ON A DIFFERENTIAL EQUATION DUE TO 
KUMMER. 


By Prof. A. R. FoRsyTH. 
[F y and z are two solutions of the equation 


ay dy 
FER ILE + Ty — 0, 





and g=t, then writing 
Z 
om ia) 


8 Ns 
{s, a}=— 3 (=) } 


S 


it is proved (cf. Cayley, Camb. Phil. Trans. vol. Xt11.), that 
ed. 
{s, “}=-4(p +20 —4r) : 
In particular we have K’, & as solutions of 


ak 1 1 dk 1 
peed Gates ae t= 


l—c 





’ 


where c="; and therefore if s= _ we have 


e (ao a) *6* 1-5] 
im 


ay ns aaa 


| 
OO, | poles 








1 1 
= ST ae 1 ooo 4 1 eco 
Seon | +...+¢(gn+1)¢ + 


Now write s=— = log gq. 


The coefficient of logg will disappear from the result, and 
thus we shall expect that the part of the equation involving 
q will be covariantive for such a ‘substitution as g=v’". 
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We have 
. 3’ = — Ly WE 9 
7 q 
Sait Ed wed 
s 7 ag 
ees 
s 3 gq g q q ? 
Na 
therefore fs, c} = {g, c} +4 (£) : 


and the differential equation for q is 


4 


"\2 ke L 
aay geass eens gy ee 
fa +43(2) FRE TEPSE EY cele 


Returning now to the linear differential equation above, 
in which p, r denote functions of x, write, after Kummer 
(Crelle, t. XV), y= wv, where v satisfies the equation 

aU ae uD 
oe t 7a t HY 0, 


P, Q being functions of z, 2 a function of xv, and w a function 
of xonly. Then it is shewn that 


a e = (ef Pae- Ip 


and, writing 


P12 _4R=Z, a function of 2, 
prea — ay erty Te oye oP 
that {z, a} —£2Z2° +4X=0. 


To make this agree with the particular example con- 
sidered, let 


] 
rane 
or Py en ee 
dz z 
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Take P=* and R=5; then 


Nt eee — Ts 
or AN=14+2p. 
Hence the equation for v is 
Pv 122" do, wt 
dz" Deena z 2. 


and therefore v=2F w(A'+ Blogz). 


v= 0 





Z 


Substituting for P and p, we have 


ot (a ee 
dx — x(1—a)° 


Now w=4 ; taking the above value of v, we have 
dz ¥y chy pecsdas 
dx ° (A'+B'logz)*? ~a.1—x’? 

or, for particular values of the constants, either 


yide_ 0 
2dxe «1-2 
2 


4, Op amen, OC 


(logz)? de  «2.1—a° 








or 


The first of these gives us, on taking y = K, 
ie) ce hea 
Gdes cl—c.kK* 


We need to determine C. Let c be very small; then 
XK is approximately equal to $7, and 








g=1'6¢ 
1 
therefore li?.- = ge ; 
Colt 
1 dq T° 1 
and thus ; i AKG (DE 
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a known formula. 


This formula is perhaps the best suited to obtaining a 
series for g when cis small. We have 


Keir E (3) e+ (= ae | 
1 5 wl See 


=47[1+b,c+ b,c’+...] say. 
Wr T° = 
rite AKA ae T Be clessets 








so that 
a,=—2b,, 
a, =— 2b, + 3b,’, 
a,=— 2b, + 6b,b, — 4b,’, 
then 
1 dq 
sins =< [ltetet.. -|[L+aetae’+...] 


1 
= mall +(1l+a)c+(1+a,+a,)c+...], 
and therefore 


logg = const. + loge + (1+ a,)c+4(14+a,+a,) 


(om oa eoeve 
When ¢ is very small, g = ;,c, and we have 


const. = — log 16 
and therefore 


logg = log c+ (14+ a,)c+(1+a,+a,) c+... 


Let q=,,ll+4¢ + Ac’ +...]3 


thus (1+a,)c+(1+a,+a,)c?+...= log (1+ 4c? + A,c’ +...), 
and equating coefficients 
A,=l1ta, 
ra ae +a,), 
A,+44,=4 


equations which determine 4,, A,, A 
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Returning now to our general equations we saw that z is 
determined as a function of x by the equation 


{z, a} —$Z2"+4X=0. 


But if s be the quotient of two solutions of the first equation, 
then 


{8, x}+4X=0 
and hence {2, x} —42Z2" = {s, a}. 


Now by a property of the Schwarzian derivative (cf. Cayley, 
l. c. §2), we have 


fee) = ($2) ls, 2} - fe, a} 


and hence {s, 2} =— 4Z, 

1.6. {s, z}+4Z7=0, 

showing that s is the quotient of two solutions of the equation 
dv dv 
dr’ + id Ta + Rv = 6), 


This result can be obtained without the assumption of the 
foregoing property; for an obvious first integral of the 
equation is 

pe een 
z 


8 ] 


which leads to the equation 


ipa dae 
{s, xt = {z, a} +42 Ee u"| 


and gives for the determination of 7 


dU ; 
2 aE U*=—Z, 
a form analogous to Riccati’s equation. Writing 
2 dt 
Ua ae 
: ad’t 
this becomes cBiK t+Z, 
and therefore t = ve-}/Padz, 
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gy og" 2 dé 
Thus we have iy Sn aa 
, Orde 
therefore s= a 
d 
or rca ite rg N bee 


But the expression within the bracket is known to be 
the second solution of 
d*t 
qi 44, 
so that s is the quotient of two solutions of the ¢ equation 
and therefore of the v equation. 
Noticing the property in §5 of Cayley’s paper, we now 
have as the solution of the differential equation 
{e, «} -4Zz"+4X=0, 
the algebraical integral 
ay, An By, & aw, ay B'w, 
VW: ze OY, y, = Ow, 





or Ay,w,+ By,w, + Cy,w,+ Dy,w,=9, 
Y¥,) Y, being two solutions of 
a 
a 794% 
and w,, w, being two solutions of 
2 
si =w.+Z. 


The integral obviously contains three arbitrary constants, the 
number proper to an equation of the third order. 

An easy example is obtained by assuming X and Z both 
to be constants. 

As it is convenient to have the equations in the better 
known form, write 


y= yelp , +22 —~X=4r, 
w= Well? ® pate 2 Z=4Rh, 
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and the equations become respectively 


Ly aes ve 
gras Danan tnt} 
d’*wWw dW 

Tae merge EO? 


and the integral is 
AY, W,+ BY,W,+ CY,W,+DY,W,=0. 


The algebraically integrable cases when both of these equa- 
tions represent hypergeometric series have been considered by 
Brioschi and Klein (in the Mathematischen Annalen), and in 
a memoir by Cayley in the Camb. Phil. Trans., vol. X11. 


University College, 
Liverpool. 


ON SEMINVARIANTS. 
By Prof. CayLey. 


{NERD present paper is a somewhat fragmentary one, but it 
contains some results which seem to me to be worth 
putting on record. 

I consider here not any binary quartic in particular, but 
the whole series (a, b, cx, y)’, (a, b, c, dX, y)’, &e.3 or ina 
somewhat different point of view, I consider the indefinite 
series of coefficients (a, 5, c, d,e...); here, instead of covariants 
and invariants, we have only seminvariants; viz., a semin- 
variant is a function reduced to zero by the operator 


A =a0, + 2b0, + 300, +... 3 
for instance, seminvariants are 
a, ac—b*, ad—3abe+2b*, a’d’ + 4ac’ + 4b"d — babcd—30'c’, 
ae—4bd + 3c’, ace — ad’ — Be + 2bed —c*, &e. 

A seminvariant is of a certain degree 0 in the coefficients, 
and of a certain weight w (viz. the coefficients a, b, c, d, ... 
are reckoned as being of the weights 0, 1, 2, 3... respectively) ; 
it is, moreover, of a certain rank p; viz. according as the 


highest letter therein is a, c, d, é, ... (it is never 5) the rank 
is taken to be 0, 2, 3, 4,.... and we have w= or <4p0, 
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The seminvariant may be regarded as belonging to a quantic 
(a, ...{x, y)", the order of which, 7, is equal to or greater 
than p; viz. in regard to such quantic the seminvariant, say A, 
is the leading coefficient of a covariant 


(A, B, ...K Xx, y)", 


where the weights of the successive coefficients are w, 
w+il1,... up to n@—w; hence number of terms less 
unity, that is uw, is =n —2w; the least value of wu is thus 
= p0— 2w, which is either zero, or positive; in the former 
case, w= 4p0, the seminvariant is an invariant of the quantic 
(a, ... Lx, y)P, the order of which is equal to the rank of the 
seminvariant; but if w<4p0, then it is the leading coefficient 
of a covariant (A, B...K Ka, y)\e*2~ of the same quantic 
(a, ...{x, y)P; and in every case, taking n> p, the semin- 
variant is the leading coefficient A of a covariant 


(A, B, ... OKa, yr? 
of a quantic (a, ... fa, y)”. 
Take A as belonging to the quantic (a, ...{a, y)"; corre- 


sponding to such quautic we have an operator A of the same 
rank n, viz. 


A = 2b0,+ cd, for n=2, 
= 360, + 2cd, + do, “pent 
= 4bd, + 3cd, + 2dd, + €0, il as 


Operating with A on A, we have a series of terms 
A, AA, A’A, ...An0-2w 4, 


but the next term A"?-?~+14, and of course every succeeding 
term, is =0, and this being so, the coefficients of the 
covariant (A, B, ...K fa, y)n0-2v 


are (1, tA, qty A’, ...) A, 


or what is the same thing, each coefficient is obtained from 
the next preceding one by the formule 


B=1tAA, C=4AB, D=3N0, eee e 
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The coefficients A and K, B and J,... are derived one 
from the other by reversal of the order of the coefficients of 
(a, 6, ...{x, y)", with or without a change of sign, and thus 
it is only necessary to calculate up to the middle coefficient, 
or pair of coefficients, and we obtain, moreover, a verification. 

Calculating in this manner the covariant 


(A, B, ...K)oe-20, 


which belongs to the quantic (a, ...{a, y)e, if we herein 
change a, b, c,... into ax+by, be+cy, cwo+dy, ... we 
obtain the covariant belonging to the quantic (a, ... La, y)ett; 
and in this covariant making the like change, or what is the 
same thing, in the first-mentioned covariant changing a, b,c, ... 
into (a, b, cia, y)’, (b, c, dha, y)’, (c, d, ea, y)*, ... we have 
the covariant belonging to (a, ...{a, y)e+25 and in like 
manner we obtain the covariant belonging to the quantic 
(a, ...{x, y)” of any given order n. 

In particular, if w=4p0, that is, ifthe given seminvariant 
be an invariant of (a, ...{x, y)e, then we obtain the series of 
covariants directly from A by therein changing a, 0, c, ... 
into ax+by, be+cy, ce+dy, ... and in the result making 
the like change; or what is the same thing, in 4 changing 


a, b,c, ... into (a, d, cha, y)', (b,c, dha, y)” (c, d, ea, y)’, »..: 
and so on until we obtain the covariant for the quantic 
(a, ...{x, y)” of the given order x. 

A seminvariant which cannot be expressed as a rational 
and integral function of lower seminvariants is said to be 
irreducible. ‘The theory is distinct from that of the irreduci- 
ble covariants of a quantic of a given order; for instance, 
as regards the cubic (a, b, c, d{a, y)*, we have the irre- 
ducible covariant (invariant) 


a’d’ + 4ac® + 4b°d — 6abed — 30°c’, 
but this is not an irreducible seminvariant; it is 
= (ac — 6’) (ae — 4bd) + 8c’) 
—a.(ace—ad’— b’e —c’ + 2bed), 
(or, what is the same thing, there is not for the quartic 
(a, b, c, d, eX x, y)*, or for the higher quantics, any zrreducible 
covariant having the leading coefficient a’d’...— 367c’). 
We may consider the question to determine the number 


of asyzygetic seminvariants of a given degree and weight. 
For instance, taking the weights up to 12, so that the series 
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of letters extends as far as m, then for the degrees 1, 2, 3 we 


have as follows: 





























10 


11 | 12 


cere ff ce fe ff | | ee | | ee | a | ee 


| FE | | [| | | MM 


v= 0 1 2 3 
Deg. 1 a |b |e d 
Nos. 1 1 1 1 
Diff. 0 0 0 0 
Deg.2 | a? | ab | ac | ad 
62 | bc 
Nos. 1 1 2 2 
Diff. 1 0 1 0 
Deg. 3 a® | ab | ate | a*d | ate 
ab? | abe 
53 
Nos, ft 1 2 3 
Diff, 1 0 1 1 


4 5 Go 8 9 
Pewee ee eer 
1 1 1 1 1 1 
0 0 0 0 0 0 
ae of ag |ah jar |g 
bd | be | bf | bg | bh | ht 
c? jcd. jee bef | tg ipch 

d? |de |df | dg 
e | Ff 
3 3 4 £ 5 5 
1 0 1 0 1 0 
abd | abe | abf | abg | abh | abi 
ac? | acd | ace | acf | aeg | ach 
ad? | ade | adf | adg 
ae | aef 
b’c | b’d | be | b2f | b%9 | 7h 
bc? | bed | bee | bef | beg 
bd? | bde | bdf 
bes 
e* «| ed |.c¥e. | ey 
cd? | ede 
B 
4 | 5 7 8 | 10} 12 
1 2 1 2 2 2 





bei | Be | bk 


bdg | bah \ bdi 
bef | beg | beh 


cg | c*h. | ee 
cef | cdg | cdh 
ce? | caf | ceg 


d*e | df | dg 


2 


14 


For the degree 1, the line of differences shows that the 


only seminvariant is (W=0), the seminvariant a. 


For the degree 2, the line of differences 1, 0, 1, 0..., 
shows that the number of seminvariants is =1 for each 
even degree, = 0 for each odd degree; thus for the weight 0 
there is a seminvariant =a’, which of course is not irreducible ; 
while for each of the other even weights we have a single 
irreducible seminvariant ; as well known the forms are: 


2 ne ee 


Prof. Cayley, On Seminvariants. 135 


For degree 3, the line of differences shows, that for 


WwW = imieeee 3) dopoe Oe 85 94 10h Lye 12S 
Peeeror— ieee 1) fe a] ao ee ren Og? 


but inasmuch as for each even weight there is a quadric 
seminvariant, which multiplied by a gives a cubic semin- 
variant, to obtain the number of irreducible cubic semin- 
variants, we subtract 


I 0 


TeOee leet OF ie 00 eta 
Ve PY GAT ag a ee Bae ee ee 
or the numbers of irreducible cubic BCID VAP ans are as in 
the line last written down. 
There is a convenience however in giving for each even 
weight, as well the rejected reducible covariant; and the 


entire series of results is found to be 























0 2 3 4 5 6 Z 8 
Las) | a®+1 | a’c+l | a®*d+l | a®e+1 | a?f4+1 | a’g+ 1 ah+ i | ait i 
ab?—1 | abc—3 | abd—4 | abc—5 | abf— 6 abg— 7 | abh— 8 
63 +2 | ae?+3 | acd+2 | ace+15 | +1 | acf+ 9 | aeg+28 | +1 
6?d+8 | ad?—10 | —1 | ade— 5 | adf—56 | -3 
bc? —6 | be —1 bf +12 ae? +35 | +2 
bed +2 | dce—30 | b?g —1 
c —1 | bd? +20 | bef +3 
ea bde —1 
Thar wer ee —3 
ed? +2 
9 10 11 12 
a. eo] wk+ 1 at + 1 am|+ 1 
t —- 9 aby — 10 abk — 11 abl |— 12 
ach + 2)act + 45/+1)ag + 385/+ 2lack|+ 66/4 8 
adg + 42|}— 7| adh —120)}—4}|adt — 75|— 9| adj | —220| —15 
aef — 36\+ 5|aeg +210}/+8)|aeh + 90) +14] aet |} 44951440 + 1 
Git 3G) — 2) af? —126|—5 | afg — 42|— 7 | afh| —792|—70-— 4 
beg —126|+ 7 | b% —1| 6%) + 20/— 2| ag? | 4+462|+42 + 8 
bdf —108| +22} bch +4}| bei — 90)+ 9 | b2% — 8 
be? +180} — 25 | bdg —4 | bdh +240}+16 | bey +15 
ef +270 | — 27 | bef +2 | beg — 420] —63 | bai —25 — 4 
ede — 450, + 45 | c’9 —4/| bf? +252 | + 42 | beh +30 +12 
d* + 200 | — 20 | cdf +81 ch — 30 | bfg =) 48 
| og? — 5 | cdg + 70 | c% —15°+ 8 
de cef — 21 | cdh +40 — 8 
at — 56 | ceg —70 —22 
de? + 35 | ¢f2 +42 + 24 
29 + 24 
def — 36 
8 +15 


The canonical form given for the quintic in my Tenth 
Memoir on Quintics belongs to a series, viz. writing now the 
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the small roman letters (instead of the italic letters) for the 
series of coefficients, and using the italic letters a, c, d, e, f... 
to denote sewinvariants as follows: 

0 a=a, 

2 c=ac —Db’, 

3 d=a'd— 3abc + 2b’ (=f in 10th memoir), 

4 e=ae —4bd + 3c’ (=0 in 10th memoir), 

5 f =a'f — d5abe + 2acd + 8b’d — 6be’, 

6 g=ag —6bf +15ce —10d’, 

7 h=ah-—Tabg + 9acf — 5ade + 12b’f — 30bce + 20bd’, 

8 ¢~=ai —8bh + 28cg — 56df + 35e’, 

&e. 


(writing also (instead of d in tenth memoir) 
e=ace — ad’ — b’e + 2bed —c’, 


so that the equation a°d—a’be + 4c°—f? =0 of tenth memoir, 
is in the present notation a’e—a’ec+ 4c°—d’=0); then the 
series of canonical forms is 
Quadric (1, 0, cia, y)’, 
Cubies (1; 0c. ber, i 
Quartic (1, 0, c, d, ae - 3c*Ka, y)*, 
Quintic (1, 0, c, d, a’e— 3c’, a’ f— 2cd fa, y)’, 
&e. 
the series of coefficients being 
1,0,¢,d, we+1, af+1, ag + 1, wh +1, at + 1, 
ec —-3 cd-2 aee-15 acef—9 atcg— 88 
e +45 a’det+5 a’é& — 35 
ad +10 cd +3 a’ce+ 630 
adf+ 56 
ec 60-1575 
cd’ — 392 
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these values being in fact the expressions in terms of the 
seminvariants a, c, d, &c. of 


1, 0, ac, ave, ase, aff, a‘g, ach, avi 
—b*, —3abc, —4a*bd, — 5a%b’e, — G6atbf, -— Ta5bg, — 8a%bh 
+2 b’, +6ab’c, +10a*b7d, + lda%b’e, + 2la‘b’f, + 28a°b’g 
—3 b‘, =10ab%c, —20a*b3d, — 35a%b%e, — 56atb?f 
+ 4b, +15ab'c, + 35a’bid, + 70a*bte 
- 5b’, —2lab’c, — 56a7b*'d 
+ 6b’, + 28ab*c 
— 7 »b$ 


IT annex veritications of the foregoing values: 








ae — — 8c? a’f =( — 2ed 

afe 1 
abd | —4 “i att +1 +1 
22c2 +3 ae 0 a’be —5 — 5 
abc +6 +6 ated +2\|=— 2 0 
b* ne) er a’b’d | +8 | + 2 | +10 
—_——_——— a’bc? | —6 | + 6 0 
ab%c —10 | —10 
bs +4/+4+ 4 


atg | —15a%ce | + 45c3 | + 10d? 








asy + 1 1 
a‘bf — 6 eG 
a‘ce +15 —15 0 
atd? — 10 + 10 0 
a’b’e +15 +15 
a’bed + 60 — 60 0 
a3c3 — 45 + 45 0 
a?b3d — 60 + 40 | —20 
a?b2c? + 45 —185} + 90 0 
ab‘c +135 | —120|+4+ 15 
bé — 45} + 40};—-— 5 
ath | — 9atef | + 5atde | + 3c?d 

ath + 1 + 1 
a®bg — 7 - 7 
arcf +9/] -— 9 0 
a®de — 5 + 5 0 
atb’f | +12] + 9 +21 
a‘bce —30}] +45 — 15 0 
a‘bd? + 20 — 20 0 
ate?d —18 +15 + 3 0 
a3b3e — 45 +10 — 35 
a®b?cd — 54 + 60 — 6 0 
a’bc? + 54 — 45 — 9 0 
a?b‘d +72 — 40 + 38 | +35 
a? bc? — 54 + 30 + 24 0 
ab5c — 21 — 21 

b? + 6 + 6 
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asi | — 28ateg | — 85ate? | + 56a2df |4+630a%c%?|—157504|—392c’d| = 
avi ea a - 
a®bh — § Bis. 
Ce Mii+28')) geen 28 
df — 56 + 656 
e? + 35 — 85 
abb?g + 28 +2 
bef + 168 — 168 
bde — 280 = 8 28() 
ce te DT) — 210 + 630 
cd? + 280 ee i Wy — 3892 
a‘b3f — 168 2s yi hy ; —5 
bce + 420 — 1260 + 840 
b2d2 — 280 — 560 4+ 448 — 392 
be?d + 840 — 2520 abt? + 2352 
ct = S15 + 1890 — 1575 
a®bte + 630 — 560 +7 
bcd + 5040 120) — 3920 
b2c3 — 3780 +1008 | +6300 | — 3528 
a’b*d — 2520 + 896 +1568 | —5 
bic? + 1890 672. | —9450)) 428232 
a b®d + 6300 | — 6272 | +2 


NDMDOROSCSDOCCSCO 


a°b® — 1575 | + 1568 


It would be interesting to obtain the general law for the 
expressions of the canonical coefficients in terms of the 
seminvariants. 


EXPRESSION FOR THE AREA OF A CONVEX 
QUADRILATERAL WHEN THE SUM OF TWO 
OPPOSITE ANGLES IS GIVEN. 


By A. H. ANGLIN, B.A., F.R.S.E., M.R.LA, 


1, | ee the quadrilateral be describable about a circle. 
If B be @, and the sum of B and D which is 
given be 2w, D=2w — 6 (fig. 14). 
Then representing the area of the quadrilateral by A, 
we have, if a, 5, c, d be the sides, 


2A =ab sin @ + ca sin (2m — 6), 
or A=absin}@ cos$0 + cd sin(w— 40) cos(w—46). 
But a’ + 6° —2ab cos@ =c* +d” — 2cd cos (2m — 6) ; 
therefore (ab) sin$@ = v/ (cd) sin (w — $8), 


since (a—b)’=(c-d)’; 


Aoooonocoooar- 
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therefore ab sin }@ =1/(abcd) sin(w — 48), 

and cd sin (w — $0) = /(abed) sing@. 

Hence A =,(abcd) {sin (w — $6) cos40 + cos(w — $0) sin $6} 
= /(abed) sin w. 


2. The area of any convex quadrilateral, in which the 
sum of two opposite angles is 2@, is given by the equation 


A* = (s — a) (s —b) (s — c) (s —d) — abcd cos’ a, 


where 2s = sum of the sides. 
For we have seen that 


A= ab sind cos46 4+ cd sin (w — $6) cos(w — 48). 
But a’ + 6? — 2ab cos 0 = c* + d’ — 2cd cos(2w — 4); 
therefore 
(a + b)? — 4ab cos’40 = (c — d)’ + 4cd sin*(w — $8) ; 
therefore 
(a+ 6)’ — (c—d)?=4 {ab cos" $4 + cd sin’ (w — 48), 
and (s —c) (s —d) =ab cos’40 4+ cd sin’ (w — $0. 
Again 
(a—b)? + 4ab sin’40 = (¢ + d)’ — 4cd cos"(w — $8) 5 
therefore 
(c+ d)*—(a—b)*=4 jab sin’ 46 + cd cos’(w —49)}, 
and (s — a) (s—b) =ad sin’ 40 4+ cd cos’ (w — 48) ; 
therefore (s — a) (s—d) (s—c) (s—d) 
=a’b" sin’$@ cos’ 40 + c'd’ sin’ (w — 48) cos’ (w — 46) 
+ abcd {sin* 46 sin” (w — 48) + cos’ 40 cos’ (w — $6)} 
= {ab sin} cos$6 + cd sin (w — 40) cos (w — 36)}* 
+ abcd {sin 40 sin (w — 40) — cos 48 cos (w — 40)? 
= A’ + abcd eos’ w. 
Hence A’=(s—a)(s—)) (s—c) (s— d) — abcd cos’. 
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NOTE ON THE ENERGY OF STRAIN OF AN 
ISOTROPIC SOLID. 


By H. T. Stearn, M.A., King’s College, Cambridge. 
eS process by which the expression for the internal energy, 


per unit volume, of a strained isotropic solid is obtained 
is usually one of considerable labour. The following method 
is shorter than any which I have seen. 
Let a, 0, c, s,, s,, 8, be the components of strain at any 
point of the solid, ¢.¢., with the usual notation, let 


du dv dw 
tere SF ty a ed &e. 
Then the equation of the elongation quadric at the 
point is* 
a&’ + by’ + cf + 28,.nf + 2s, CE + 23,.En = 2. 


Now for any change of axes the new values of these 
quantities are expressible in terms of the old and of the nine 
direction cosines of the new axes, and there are six relations 
amongst these nine direction cosines. 

It follows that there must be three and only three inde- 
pendent relations between the new and old values of a, J, c, 
S19 S29 55° 

But these we know to be 

atb+c=a+0'4+¢, 
be+ cat ab—s8'?—s8°-—s’%=b)'+ca'+ab'—s'?—-sf—s',, 
abe — as,’— bs,’— cs,’+ 28,8,5,= a'b'c' — a's'?— b's’ ?—c's',, +28',5',8'4« 

Now 9, the internal energy per unit volume, may be 
shewn to be necessarily a homogeneous quadratic function of 
the components of strain. In the case of an isotropic solid, 
® must be an invariant quadratic function, and therefore, by 
the equations above, the only possible form of ® is 


@=k(at+b+o)+h' (be+catab—s?-s,’-s,'), 
where / and 4’ are constants. 
Writing k+4tk'=4), 
ki =— 2p, 
we have the ordinary form 
@=4r(at+b+c)+y(740? +c’) +2u(s?+s7+5,’). 


* Minchin’s Statics, Analysis of Strains, 


(ES) 


NOTE ON THE TIME OF DESCENT DOWN THE ARO 
OF A VERTICAL PARABOLA. 


By J. W. L. GLAIsHER. 


§1. BN a vertical parabola with vertex downwards if a 
particle start from rest at a height h above the 
vertex, and if the equation of the parabola be y’ =4az, we 


have 
ds\* dx\* x 
(7) =29(h—2), (s) = pe. 
dx\* _2gx (h — x) 
whence (=) = Ogee ; 


and therefore, if ¢ be the time of falling from the initial 
height h to the height a, 


Sieg) es ={ /saeah 


Transforming this integral by putting «= hu’, we have 


af eal Coed 





/(2q) jet 


and, taking w= cos¢q, 


arc cos | = 
h 


V(29).t=2 | (a+: cost) dd 


0 


=2 (a4 nf ee (1-— = sin’ “) de, 


whence 


oe 2 (a+ h) 5) 
= /} SO} (are os 4 / 3)? mod. = =/(aa): 


where / denotes Legendre’s second elliptic integral. 
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If 7 denotes the time of descent to the vertex, 


Pong 37 W lee} 


where, following Legendre’s notation, * (k) denotes the com- 
plete integral to modulus & 


If 7, denotes the time of falling freely from the height A, 


and therefore as via) | 
7 / C)* Waa] 


_ E (fh) As h 
sory where b=,/(sF4)- 


§ 2. In vol. x1. pp. 88-94 of Grunert’s Archiv, Dr. Dienger 
considered the preceding question and expressed the result in 
terms of elliptic integrals, but in an extremely complicated 
form. In his investigation the modulus 


_ a (h+a)—Va 
V(A+a)+ Va’? 

and if we denote this expression by , we have 

_1-k 

Boye 
so that X and & are connected as in Landen’s transformation. 
Dr. Dienger’s results should agree with those obtained in §1, 
when the modulus is transformed to A. This however does 


not appear to be the case: for, considering the time of descent 
to the vertex, we find from § 1, by transformation, 


an f pices Casati Bt ett 


Dr. Dienger works out the special case of h = 8a, which gives 
A=4. Putting >= in this formula, we find 


T= a/ (ee) {82 (3) - oF (3)}s 


L _ 8" (5) — 3" (4) _ , 
and 7 ae a 1.18 nearly ; 


1 
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but Dr. Dienger’s formula gives 


T=3 if (5) (8E* (4) — F"(4)}, 


and he deduces from it that 7, is equal to nearly 54, which 


evidently seems considerably too large. 


§3. It may be mentioned, that in the course of his work 
Dr. Dienger evaluates the integrals 


dd sin ddd 
sce Ad an lex Bae Ad” 


Putting ¢=amzu, the first of these integrals 


=| du 
~ Jl—kAsnu 
= pee en yy 7 
; dn*u 
du sn u 
dn? u uty dn? Taio 
Employing Jacobi’s notation 
du ed; ,snu cnu 
dit maton ok: {gut Zw -k dnwu k, 
nu 7,2 enw 
dn’u  K® dnu? 
and therefore 
Cigna Le kenu(1+hsnu)) . 
te ett 20) dnu I 
also 
r snudu 1 du u 


_- ——— ie — 
— 


ean ksnu kJIl—ksnu &k 


1 (H-k’K _kenu(1+ksnw) 
~ hie ao Nts dnw : 
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Taking the integrals between the limits 0 and A, we find 
{ K du _Etk 
uk sii) 
K snudu  H-k?®K+k 
es ree 


These results are in accordance with those given by 
Dr. Dienger, except that he puts 


IP dp E($) k’sindcosd 








Mate Gaze) Te AC Re 
the true value of the first term on the right-hand side of the 
equation being eae ) . This error renders the values of the 


integrals inaccurate, and is probably the cause of the final 
result being erroneous. 





§4. If the parabola be vertical with its vertex upwards, 
and if the particle be projected along the curve from the 
vertex with the velocity due to a fall from a height c, then 


(5) =2 dz 
at =29(c+2), (5) =o 


dt a+zx 


If then ¢ be the time of falling through a depth a, then 


ve ff ae 


Putting «=c tan’¢, we find 





arc tan |= 
/(29).¢=2 (a cos’ +c sin’ d) d¢. 
If a>c, we have 


arc tan |= 
6 


v(29).t=2 f /{a— (a—c) sin’d} dp 


0 


=2 Vali (are tan a) , mod. =\/ am) : 
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If c>a, we have 


H 6} 
are tan | fe 


(29). =2 I V{o—(c—a) cos*d} dd 


0 


=2vef" af {ta aint oh ap 


arc tan | = 
xz 


=2ve{m—2(arotan,/2)}, mod.=,/(2=4), 


| Thus 


roy/(%2) 8 (aetan, /2), mod.—/(2=4), 


if a>c, and 


if rl) |" ~ E(are tan /2)h, mod. SNA sa) 


if c>a. 

The results in this note cannot be new; but I have 
thought them worth giving, as the reduction to elliptic in- 
tegrals is so very simple. In the earlier editions of Tait 
and Steele’s Dynamics, the motion of a particle on a parabola 
with vertex upwards is considered, but the integral is not 
reduced to its elliptic form. This article is however omitted 
in the last (1878) edition. 








A SYSTEM OF INTEGRALS INVOLVING ELLIPTIC 
FUNCTIONS. 


By J. W. L. GLAISHER. 


Introduction, § 1. 


§1. es connexion with the integrals which occur in § 3 

of the preceding note I have worked out the 

complete system of integrals to which they belong. These 
results are contained in the present note. 
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In the following lists the function Z7(u) is Jacobi’s Zeta- 
function, defined by the equation 


Z(u) = ik dn’udu— Fu 


K-E u F 
= uf k? sn’udu, 





so that 





The letters J and G, which are used for the sake of 
brevity, are defined by the equations 


J= K—E, 
G=H—k’K; 
so that we have 
K K K 
a | sn’udu = J, wf en’udu= G, | dn’udu= £. 
0 0 0 
Hermite uses a different Zeta-function, and if this function 


is denoted by Z, (w), then 
Z, (u) =|; k* sn*’udu , 
0 





so that 
~LutZw= -Z,(v) 
& +Z(u)=hu-Z 
fut Z(u)=Mu—Z,(u), 
E 
Kut 4(u)= u—Z,(u) 
Insts of indefinite integrals, §§ 2, 3. 
§ 2. 
i 1 5 G dnw (1+ snw) 
0 Fleiss ee 


4 1 Ween dn wu (1 — snw) 
2) ae Jigen #2 - et 2)- wi. hoe 
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2 1 rH keonu(1+ksnu 


—kAsnu 
(5) lm du = Lu—Z(u)— aoe 
ita gee =, 


enw (1+ dnw) 
sn u 


l 


’) 


1 J 
(7) lism, du=  pu-Z(u) 





(3) # text ha J 4 Zin) + pan teens) 
(9) Kk! | eeer du =— Fu Z(u) + eS) 
out i du = put Z(u)— EI) 
Qt) ef ea - eu- Ze SY, 


dn wu (1— snzw) 
PDD seal C8 x EE Nate 
cnu 





(12) x | snu hoa tthe Zu) 


1+snu nie ’ 


Borie ier isnt) 
dn u 





? 


(13) aK | en du = Cut Z(u) - 








* sn wu eA. k cnu(1—& snu) 
rd das i Daa ok A sae Neem 
cn u ea dnu {1+ enw) 
Oe, re cnu at jie Aw § sn u ; 
cnu eee dn wu (1 — enw) 
(16) [c= dus put Zy— Sea 


enu (1+ dnw) 
sn wu ? 


dn u G 
a | Gnu . aa id 
(17) & / oe du = — pu-Z(u) 


(24) 


(25) 


(26) 


(27) 


(28) 


(29) 


(30) 


(31) 


(32) 
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é dnu 
: | 1+dnu 
. dnu 
Gh hore scene 

dnu 
12 
‘ | dnu+k' 
AI,” cnu 


dnu+k cnu 


: dn u 
dnu—k enu 


* dnu 
dnu+k cnu 


ae cnu 
dnw— cnu 

x dnu 
dnu— cnu 


k* | cnu 
dnwu + cne 


pI | dnu 
dnu+ cnu 


, snu 
dnu—k' snu 


dnu 
dnu—k' snu 


snu 
dnu+k' snu 


dnu 


dy 
dnu+ k' snu 


Sk 5 rh See Gs Pee 
dnu—k cnu 


du = — 


du = 


du =- 


du =-— 


du = 


du =— 


BIS Ale AIS AI AIQ AIS AIR Ble ale Ais AIA AIS BIN BIS 


I 


LAE 


= 
| 
N 

= 


enw (1— dnz) 
snu 


? 


snw (dnu +k’) 
Tal 


cn u 
enw 
k snu, 
ksnu, 
Ak snu, 


k snu, 
1+cnudnzu 
snu 


1+enudnu 
sn u 


1—cnudnzu 
sn u 


1—cnu dnu 
sn uw 


ki + snudnu 
cnu 


ki + snudnw 
cnu 


k' — snudnu 
cnu 


k' — snu dnu 
chu 


snu(dnw — k’) 


,) 


) 


P] 


? 


? 


’] 


? 


b 


? 


(33) 
(34) 
(35) 
(36) 
(37) 
(38) 
(39) 
(40) 
(41) 
(42) 
(43) 
(44) 
(45) 
- (46) 
(47) 


(48) 














dnu et 1+snu 
| ean on 3 ciao a 
{ _dne pe 1—snu 
iran t= ene. ? 
cnu 1+ snu 
k a2 >a; —a 
[oS oe dnu ? 
cnu 1-ksnu 
k| feena ees wa PPCM 
| dnu pie 1+cnu 
1—-cnu iss snu ? 
| dnxz piv 1—cnu 
1+cnz vu snu ? 
: coy a _ Itdnu 
i 1-—dnu ar snu ? 
! cnw 1-—dnz 
[fd = 
1+dnu du snu ? 
snwu dnu+k’' 
ih! | Sea 
dnu—e oO" cnu ? 
; snu dnu—k’ 
Ih! | - 2 ain z 
dnu+k' du Chie. 
snw 
ie ee ye ae : 
k GLE cow (dnu+k cnw) , 
| snu 
A yol | ee ee x 
Beet Gare du dnu—& cnu, 
: cnu dnu+h' snu 
k ASTER = SS EAS pS ar gee 
| 1—snu a ng dnu—k’ 
ee dnu+' snu 
, dnu+4' 


k! | cn 
]+snu 


dnu 
1—k snu 





dnwu 
1+4 snu 
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k’ enu ) 


du= are os ( 
ss a 1-4 snu 





Kk enu ) 


eee arc cos (<3 Heh 
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dnu-+k’ 
dnu—z' sny? 


oe dnu—f’ 
d 


nu—A’ snu? 


snu—k 
are tan ( ) ; 


log 


k' enu 


re) 
? 


arc tan Ga 
k' chu 


(49) 
(50) 
(51) 
(52) 
(53) 
(54) 
(55) 
(56) 
(57) 
(58) 
(59) 
(60) 
(61) 
(62) 
(63) 


(64) 
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snow 
[ ipa = 
sn wu oA es 
1l+cnu 1 
2 sou rr" 
mf aw = 
cnu 
bel ee du= 
dnu-—k' 


a enu 
‘ | dnut+k' 


sn w 
1—dnu 





du= 


12 1 al 
i i dnu—k cnu ae 


1 


k | —— du= 


dnu+k cnu 


12 1 e- 
i | dnu—cnu dus 
2 if 
4 i dnu+cnu 
; 1 2 
s | dnu—k' snu a= 
: 1 aS 
i i dnu+k' snu ae 
je | sata waaay ss 
dnu—cnu 


" a 
: | dnu-+cnu - 


cn u 
dnu—k' snu 


du= 


du= 


| cnu Pee 
dnu+k'snu 
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1 1-—dnw _ dnw—cnwu _ 2 lo sndu 
°S anu +cnu l+dnwu ~ S dnkw’ 
1+dnu _ dnu—cnu _ i 
log aa aoe log era 2 log cn3u,. 
1—cnw _ dnwu —cnu _ snjw 
log dnu+cnu l+cnu ~— oe cndu* 
1+cnu _ dnu— enw _ 4 
08 Gnu + enw ~ 8 Tony ~~ 7 18 anda 
i 1+snu lo dnu+k’ snw 
oO > — ——— eee 
S dnu—k' snu & 1<snu 
1+snu lo dnu—z' sn 
dnu+h'snu oT] han 
; kh? snu ' ( ki” snu 
are sin | —_——_———_ ) = are tan | —————_—_ 
dnu—s& cnu cnu—k dnu/) ? 
> ( kh” snu ' ( k? snu 
arc sin | ————__—_——- }= arc tan ( ————— 
dnu+k cnu enut+tk dnu/? 
dnuw+cenu 
snu ? 
dnu—cnu 
snu ? 
dnu+h’ snu 
cnu ’ 
dnu—&' snu 
cnu ‘ 
1-—dnu ~ l—cnu 
5 i+enu 1+dnu? 
lo 1—cnu ‘ 1+dnu 
5 i—dnu 1l+cnu? 
rf I+snu i dnu+f' 
S dnu—F 8 Tosnu ? 
iB 1+snu r dnu—Z’ 
8 dnu+k 1—snu * 
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In (45)—(56) and (61)—(64), where two or more values 
are given of the integral, they are not necessarily equal, 
but may differ by a constant. 

Half of these evaluations may be deduced from the other 
half by substituting A + for w and using the formule 


sn (K+u)= Pak 
en(K+u)=—Kk' oe 


ran aye 
dn(K+u)= Ky—; 


and in this manner the results were verified. 


§3. In every case the value of the integral may be 
obtained by multiplying both numerator and denominator by 
the denominator with the sign connecting the two terms 
changed; thus, for example, taking (1), we have 


1 Ayn ri (acd P 
a | ry nat nr dua | dB [ 


cn7u cn’u 














snudnu dnwu 
cnu cnu 





G 
=- Zu-Z(u) + 


The values of the integrals required for the evaluation of 
the integrals given in the preceding list are contained in the 
following systems of formule: 


a6 


k | snudu =log (dnu —k cnw), 
k | cnudu = are sin (/ snu), 


J dnudu = arc sin (snw), 
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i ae ee — cnu 
dnu t—cnw 
late du = log an ee 
cnu 1 ne 
{< du = log ae ) 
dnu 1+ snu 
[one du = = log Sonne 


WE pAlb ae snu 


3 





cnu 


i [ane de = aie dnu +k’ 


1+ksnu 
dnu 





7 


k if du =log 


snu k’ 
kk nee du = arc sin (5) : 





Kt [. du = arcsin(l 5"). 
vER 

kK? |sn’udu = 2 u-Z(W) 

k* jon’udu = SutZ(u), 
antuds = = u+Z(u), 
laut # Ee ae 
an San ty) a 
te Mer tes 75) = Za 
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[= du = Fu Zu) + aan 
pf gy an Sac ziys 
ef du= — Fu Z (uy 
eff ae feoro Pea 

wer [ Pe dus Sus Zu) See, 
ta 2) ee 
IL. 


eo) ae Se [ae 


cn7u cnu cn?u cnu? 





4 [ snw cnu enw snu 
k wee du ee ey as . uo= ores 
dn’u dnu dn’u dnu 
cnu dnu 1 
—,— du= — —., cnudnudu= snuw, 
sn7u snu 
snu dnw 1 
ye du = Feri fon dnudu=-—cnu, 
» (snu cnu 1 
|—— du= =, Fk {snucnu =—dnu. 
dn*u dnu 


The systems I and II are taken from the Messenger of 
Mathematics, vol. XI. pp. 128, 129, where, however, they are 
given in a slightly different form. 
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List of definite integrals, §§ 4, 5. 


§4. By integration between the limits 0 and A, we 
obtain from I, II, III in the last section the evaluations : 


K 
k | snu du= z [ —— dus log **, 
0 


dnu 


K K 
kf cnu du = ae | ae du=are sink, 
0 o dnu 


i. dnu du = w [a aoe du=47, 





K ‘K 
| sn’udu= i on’ w ted; 
0 0 dn? 


sn? u 


dn?y He 





K 
ef cen’u du = ve 
0 





NG ts K wy 
i dn*udu= k” | du= Hi, 
0 o dn*w 


, (* snu K enu 
i” du=1, k' 


o dnu o dn?u 


K 
Py aah acy 
0 dn U 





The pairs of integrals in the same line may be converted 
into one another by the substitution of A — wu for u, since 


fo ¢(K-9 du=| $(w i, 


sn u 


dnw? 


and 


cn u 


, 4nd 
sn (A — ular) en (KK —u)=k dn(K —u)=k ARSC 
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§5. From these results, or directly from the formule 


in § 2, we may derive the following system of definite integrals 
taken between the limits 0 and EK: 


D zi 1 
(1) ef Tet ons cee 


12 K i 


K 1 
ra — 2 
@) ef aaa ey 





ani 
(4) i du= J+k, 


0 1l+cnu 


lineal 
(6) Bl dus J, 


(eal 7 


K snu 
a2 we res = oa 
(7) af pay due E-1, 


K 
(8) hie? | Pe ED G+k, 
0 


1—fAsnu 





EK snu 
I = 
(9) kk I. areas G +k, 





K 
(10) | ET ead 


o L+cnu 





K dnu 
(11) # | i du= G, 


EK dnuzu 


156 
(13) 
(14) 
(15) 


(16) 


(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
(23) 
(24) 
(25) 
(26) 
(27) 


(28) 
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K 
kk? 
0 


kk” 3 


0 


K 


2 
0 
K 


12 


0 


K 
0 


ee 


0 
K 


' 


cn u 
dnu—k enu 


cn U 


dnu+k cnu 


dnwu 


dnu—k cnu 


dnu 
dnu+k cnu 


cnu 
dnu+cnu 


dnu 
dnu+cnu 


gnu 


9 dnu+k' snu 


ie dnu 
0 dnu+h’ snu 


K 
I, 
Ke 
kk! | 
0 
Ke 
kk! 
K 


0 


i 
ef 


K 
0 


K 
kk” 


0 


Lk? rK 
| 


0 


dnu 
1+snwu 


cnu 
1—ksnu 


cnu 
1+Asnu 


dnu 
1+cnu 

cnu 
1+dnu 


snu 
dnu+k' 


sn wu 
duu —& cnu 


sn wu 


dnw +h cnu 


du= G+k, 
du=—G+k, 
du= E+k, 

= E-k, 
du= H-1, 
du=- G+1,_ 
du= E-k, 
dis J+, 
du= 1, 
ae 1+k-k, 
du=—1+k+k, 
di= 1, 
du=1—k, 
du=1-k, 
du= 1+k-k, 


du=-1+k+k, 


(29) 


(30) 


(31) 


(32) 


(33) 


(34) 


(37) 


(38) 


(39) 


(40) 
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ere cnu ; 
K d 
k i, = du= wm-—arccoshk, 
Aes dnu 
k i PREY Tia du = arc cosk, 
K snu 1+ 
ii 1+cnu Stee het 
K sn wu 
2 pb 3 ’ 
k I, nee driv du = log k’, 
» [* cnu ; 
k ip dnu+e du = —logk’, 
i? eens du = i 
i Inuckhcnuei= Tare cosh, 
jee i nari k 
I AGA EGHAE u= arccosk, 
ele coe 
jl dnu+k cnu ioe Ft 
Ta ee ee eee 
iE dnu+k' snu a et 
K sn wu 
12 pee ’ 
é { dnw + cnu a SEN 
UCN Ss eat 
if dnu+' snu Cae [eis 


Half of these formule may be deduced from the other 
half by the substitution of A — u for u, as in § 4. 
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ON THE DIFFERENTIAL EQUATION 
X3dx+ Ytdy + Z ‘dz =0. 
By Captain P. A. MacManon, R.A. 


§1. [8 the Comptes Rendus, t. LXVI. p. 1144, Allegret 
has considered the integral of the differential 


equation 
Xda + Y~'dy =0, 
where X=A+3Br4+3Cx' + D2’, 
Y=A+3By+3Cy’ + Dy’, 


and has obtained the result 


1 


fe. 73\3 3. 4.3 
a rated: foots § 





where a is the arbitrary constant. 

This equation is symmetrical in x, y, and a, and putting z2 
for a, I have in the following solution obtained the rational 
algebraical integral in the form 


XYZ={A+B(et+y+2z)+ C(yx+ 2x + xy) + Dayz}’, 
where Z=A+3Be+3C2+ D2’, 


and z is now the arbitrary constant. 
Write the equation in the form 
dx 5, dy 
{(@—a) (w—2p0+ 9) {(y—a) (y*— 2py + 9)}8 


To reduce these to elliptic integrals, put 


(aye 2 gona)? 
. dx dy 
th Gaetan teas =0 
rs J@e-0)  Vye-8) 
ig q-p 


~ @—Qpa+q? 
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Euler’s integral of which is 


KEE YE ware +7 +2: 
x, —Y;, Seren 1) 


in which X,=V(25-8), Y,=v(y'-0), 


and z, is the arbitrary constant. 
It will be rae hereafter that 2, is such that 


eS dey _ 
od | xt ep Me 


1 


Z,=N (2° —0'). 


To reduce these we put 











1+cnu 
@=b+b/35 x 
1+cnv 
Efe RET —env’ 
1+cnw 
z, =b+ ONS py 
and then utv+w=0. 


Therefore when 
©.=Y,, 2, 18 finite, 
Y= 25, B is finite, 
Z,=2,, Y, 18 finite; 


so that Euler’s integral may be written in the forms 





H+ Y, + %, -|= ae 
a—Y, 

=o 

Ye : 





Z, —X, 
= {oot 
Therefore 


(x, +Y, + 2,) (z,-y¥,) = (ae re 
(7, +y,+4,) (y, — z,)=(Y,- Z, 
(x, + ¥,+2,) (2, am x,)° = (Z, =X, 
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and adding 
(a, +4,+2,) (ety +27 - 4,2, — 2,0, -— xy,) 
= X7+Y7+Z?- Y,Z,-Z,X,-X,¥,3 
or a) +y°+2°—-3a,y,2,=a2 +4, +2, —30 
—-YZ,-Z,X%,-X,Y,, 
that is 8ay2,=80+YZ74Z2X,+X,Y¥, | 


an equation which, when both sides are cubed, is the com- 
plete integral of the differential equation 


Xda + Y*dy =0; 
3 z — 2p2+ q 





for putting 2,°= Taal for symmetry, 
and a*—2Qnat+q=V, a-p=P, 
we find X, = : 
me AC ink als 
V Vy) ? 
4, = ie a 


whence, substituting in the equation and cubing, 
27 XYZ + {3 Ves me Ply-a)+V_ P(z-a)+V 
(~— a) (y—a) (2—a)° V VViy—a)  VV.(2- a) 
rc P(z—a)+ A P(x—a)+ a Pie—a)+V Piy=als eat ; 
WV.@—a) ' Vea) * JVi@e—a) Vey} 
or 
27V°X YZ=([3 (V—P") (w@— a) (y—a) (2 —a) 
+(@— a) {Py- a)+ V}{P(@-a)+ V} 
+ (y— a) (P(e@—-a) + V}{P(e@—a) + V} 
+ (2-4) {P(a—- 24 HHP a)+ Vj) 
= [3 (V—P*) (@- 4) {ay—a (at y) +a'} 
+ {P(z-—a)+ V} {2Pry — (2Pa—V) (w+y)+2Pa’—2aV} 
+(z—a) {Pay — (oP? — PV) (a +y) + (aP— V)*})*. 
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The coefficients of xy inside the bracket on the right- 
hand side of this equation is 


3 (V—P?) (2-4) +2P?(z—a)+2PV +P? (2 —a) 
= V{3(¢-a)+2P}=V {32 -(2p+.4)} 
=3V(2+C). 
That of (7+) is 
—3(V—P’*)a(¢—a) -(2Pa-—V){P(z-a) + V} 
—P(z—a)(aP—V); 
=— V(2p+a) (2-—a) — V(a’—q) 
= V{-(Qpt+a)2+ 2pat+g} 
= 3V (B+ Cz). 
The term independent of x and y is 
3a" (V—P?) (2—a)+{P(2- a)+ V} (2Pa’-2aV); 
= V {2pa+q) 2—3aq} 
=3V {A+ Bz}. 
Hence 
XYZ={A+ Blxetyt+2)+ C(ye+ 2x + xy) +axyz}?, 
or, replacing the coefficient D, we have 
XYZ={A+B(at+y+z2)+ C(yz+2x4+ xy) + Dayz}’, 
as the rational integral of 


dix dy 
[A+8Bu+80a'+ Dai | [4+3By+ 3Cy+ Dy} 


This equation is, when expanded, of the form: 
at hy + gy" + py’ 
+a (h+ by + fy’ + qy’) 
+ x" (e+ fy + cy’ + ry’) 
+2 (p+qy try’ + dy’) =0. 


The coefficients, of which ten are different, are therefore 
derivable from a matrix of the form of the determinant 
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which expresses the discriminant of the general quadric 
surface : 


ax’ + by?’ + cz” + 2fyz + 2Qezv + 2Qhay + 2px+ 2qy + 2rze+d=0 


(compare Cayley, Elliptic Functions, ch. XIv., p. 340). 

This shews that the complete integral of the differential 
equation is an equation u=0, where u is a symmetric cubi- 
cubic function of (x, y); that is, a symmetric function, cubic 
in regard to each variable separately. 

It is also a particular integral of the differential equation 


X-ide+ Ytdy+Zidz=0, 


in a form, symmetrical in (a, y, 2). 

To prove the fact stated above, that the constant in 
Euler’s integral is equal to z, we have only to shew that the 
equation 

|" (a," — 0) + V(y, — 2) 
a 


is Symmetrical in z,, y, and z.. 


bea tytey 


Rationalising we find 
(— OP —3 (a — 4)" + Bey, (2, +y,)P = (@P - 8) (yy - 2) ; 
therefore 
£ (#,—9,)' 2, +2, (2, —y,) 1 - dey, (v, + y,)} 
+(x, + y,) (@,- y,)? + 22/y,) (ey, =0. 

Rejecting the factor (w,—y,)’ we find 
(x,—y,)'%, +40°2, —2x,y,2, (vw, +y,) + 40° (x, + y,) + x,7y,? =0, 
or 

Yy%, + 2H," + 0,'y," =2 (a,y,2, — 26°) (a, +9, +2,), 


which is symmetrical in «,, y, and 2, and therefore z, is 
such that 


ay + pe aye 4 dz, =—0 
V (a, — 8) vy lp - 8) (22-8) 
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The coefficients, ten in number, of the developed equation 
are as follows: 


wherea=B*’-ACO; b6=AD-BC; c= €?-BD, 

a =—3Aaz* + (Ab— Ba) 2’, 
h= 8{daz— Baz’ + Bbz*}, 
g= 3{-Aa— Baz—2Caz’+ Chez}, 
b= 3{dAa+ (7Ba—- Ab) 2-2 (Bb— Ca) 2* —2Be2*}, 
p= Ab—- Ba+3Bbz +3 Cbz’ + (Cc— Db) 2, 
f= 3{-Ba-2(Bb— Ca\z2+4+2(Be- Cb) 2 — Coz}, 
e= 38{-2Ca+2(Be— Cb)z+ (7Cc— Db) 2+ Dez}, 
q= 3{Bb-—2Bcz— Ccz’ — Dez’, 

3 (Cb — Ccez + Dez’), 
d= Db—- Ce~3Dez. 


This result may be verified as follows: 
Writing the equation 


Pied GAS sa 
where 
P=A+B(etyt2z)+C(yz+2x+ xy) + Dayz; 
and taking the logarithmic differential 


dX dY dZ 


J Oe a rR GI i 
=3P (Fae + +z %) 
or 
(Erde (re -rg)4 
+(§2°E-P"T) deno. 


Comparing this with the original equation 


X 4 de+ VY dy+Z *dz=0, 
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we ought to have 
y! (pS -x5-)- x ‘(GPa Y>-\, 


dx dx dy 
or 
aX adPNe aay? APN 
nie e Pacer ea 1. Peel s—} =), 
¥(3 aos xa) 7 X(IPG, Ya) . 
It is to be shewn that 
POV Ea 


is a factor of the left-hand side of this equation, which 
is therefore true. 


We have 
1A Bs 2Cx+ Dx’, 
= = B+ C(y +2) + Dyz; 
and if 
B’-AC=a, AD-—BC=b, O’-BD=c, 


Po By ee bye + 2 (cyz—a) x 


dix 
+(b-cly+2)}a 
Putting, for convenience, the coefficient of 2” in 


tay @ ea ot sees. 
{tae ~<ze 
equal to A, +tBiyt+Cy' + Dy’; 
we find on multiplying out 
ak al aY teas 
ON BE ae hn dP saad en) hee 
¥(4P= x) -x(4P5 ys) 


= (AB,+3BA,—AA,)(y-2) 
+ (AC, + 3BB,+38CA,—AA,) (y’— <x’) 
+ (AD, + 3BC,+ 3CB,+ DA,—AA,) (y’— =’) 
+ (AC,+ 3BB,+3CA,—-AB,—3BA,) xy (y- x) 
+ (3BD, + 3CC,+ DB, - AA,) (y*— x’) 
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(AD, +3BC,+3CB,+ DA,— AB,-—3BA,) xy (y’— x’) 
(3CD,+ DC, - AA,) (y’— =’) 
(3BD,+3CC,+DB,—AB,—3BA,) xy (y’— 2") 
(AD,+3BC,43CB4+DA,- AC,—3BB,—3CA,)2*y’(y—a) 
(DD, — AA,) (y° — x*) 

+ (30D, + DC,—AB,-—3BA,) xy (y*— x*) 

+ (3BD,+3CC,+ DB,- AC,-—3BB,-—3CA,) 2’y? (y? - x”) 
+ (DD, -AB,- 3BA,) xy (y’ — x’) 

+ (3CD,+ DC,- AC,—3BB,—-3CA,) xy’ (y’ — x’) 

(3BD,+ 3CC,4+.DB,—AD,—3BC0,—3CB—DA,) x*y’ (y—=) 
(DD, — AC, — 3BB,- 3CA,) xy’ (y* — x") 


ot 
oh 
+ 
oh 
ob 


(83CD,+ DC,— AD, -—3BC,—3CB,— DA,) x*y° (y’ — x’) 
(DD, — AD, —3BC,—3CB,— DA,) xy’ (y’ — x*) 
(30D,+ DC, - 3BD,—3CC,— DB.) x*y*(y—<) 

+ (DD, -3BD,-—3CC,- DB,) aty* (y’ — x’) 

+ (DD, -—3CD,— DC,) xy’ (y — x) 


which is divisible by y—a. 
Whence, casting out this factor and rearranging the terms, 
the expression becomes 


AB, +3BA,—AA, 
+(x+y)(AC,+3BB,+3CA,—AA,) 
+ (a+ y°) (AD,+ 3BC,+ 3CB,4+ DA,— AA,) + xy (AD,+ 3BC, 
+3CB,+ DA,—-AA,+AC,+3BB,+3CA,—-AB,—3BA,) 
+ (2*+y’) (3BD,+ 3C0C4+DB,-AA,) + xy (w+ y) (3BD+3CC, 
+ DB,- AA,+ AD,+3BC,+3CB,+ DA, —AB,—3BA,) 
+ (x'+ y’) (3CD + DC, AA,) + xy (a+ y’) (83CD,+DC,-AA, 
+3B5D,+3C0C,+ DB, - AB,-3BA,)+2’*y’ (3CD,+ DC, 
—AA,+3BD,+3CC,+ DB,- AB,-3BA,+ AD,+3BC, 
+ 3CB,+ DA,-—AC,-3BB,- 3CA,) 


-- 
+ 
f+ 
4 
+ 
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+ (x°+ 4°) (DD,— AA,) + xy (2°+ y’) (DD,- AA,+ 3CD,4 DC, 
— AB.—3BA,) +2°y’ (w+ y)(DD,- AA,+3CD,+ DC, 
— AB.—3BA,+ 3BD,+3CC,+ DB,- AC -—3BB—3CA,) 
+ ay(x*+y')(DD -AB-3BA,)+2"y’ (x’+ y’)(DD,-AB,—3BA, 
+ 30D,+ DC,—-AC,—3BB,-3CA,) + x*y’ (DD, -— AB, 
— 3BA,+30D,+ DC,—AC,-3BB- 30A,4 3BD,+ 3CC, 
+ DB,- AD,—3BC,- 3CB,—DA,) | 
+ ay" (a*+y°)(DD,—A C.— 3BB,—3CA,)+2°y*(x + y)(DD,-AC, 
— 3BB,-—3CA'+3CD,+ DC,— AD,—3BC,—3CB— DA,) 
+ a°y"(x°+ y’)(DD,- AD —3BC,—3 CB,—DA,)+x*y'(DD,—AD, 
— 3BC,-3C05,-—DA,+3CD,+ DC,-3BD.—3CC6— DB.) 
+ a*y* (x + y) (DD,-—3BD,—3CC, —- DB.) 
+a°y’ (DD,- 30D,—DC)). 


To calculate these coefficients, we require the values of 
the letters with suffixes from the development of 


[a (y + 2) — byz +2 (cyz—a) at {b—c(y+z2)}a’f. 
Thence we find 
A=) a2", 
B= 3a" (az’— bz’), 
C,= 3a (a’e —2abz? + 072°), 
Di= a —3a’bz + 8ab’2* — B2*, 
A, =— 6a°2’, 
B,= 6a’ (—2az + 2b2 + cz*), 
C.= 6a {—a" + 2abz + (2ac —B*) 2’ — 2bex'}, 
D,= be (a’z— 2abz? + 02"), 
A,= 38a° (4az + bz’? —cz’), 
B,= 3a {4a* — 2abz— (1lac + 2b”) 2* + 2bcz*}, 
C,= 3 {a’b—a(1lac+ 26°)2 + b(12ac+ b*) 2* +c (4ac— 8”) 2°}, 
D,= 3¢{—a? + 2abz+ (ac — 2”) 2’ — Abcz*}, 
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A,= 4a’ (—2a—3bz + 3c2*), 
B,= 12a{—ab+ (4ac +b’) 2-'2"}, 

C,= 12c {a’ (sac + 0°) 2’ + bez*}, 

D,= Ac’ (— 8az + 362" + 2cz°), 

A,= 38a {4ab— (4ac— b*) 2 —2bc2” + c’2*}, 

B,= 3{-—a(4ac—b*\—b (12ac+ 6") 2 + c(1lac + 20°) 2’— be°z*}, 
C,= 3c {— 2ab+ (1lac + 20°) 2 + 2bcz” — 4c°e"}, 

D,= 3c’ (a— bz—4cz’), 

A, =— 6a (b° — 2bcz + c°2’), 

Bo= 6c {2ab — (2ac — 8”) 2 — 2bez’ + c’2"}, 

C, =— be* (a + 2bz — 2cz"), 

D.= 6c'2, 

A,= 0 —30’c2+ 3be’2" — ce", 


B= 3c(—6'+ 2bcz —c’z’), 


6 
C,= 3c’ (b— cz), 
Di=—c'. 

From these values we find that in the expression we are 
considering, 

absolute term= 3a° {3Aaz’— (Ab — Ba) z’} 
=— 3a’a; 

where a is the first of the ten coefficients of the general 
equation given ante. 

Coefficient of «+ y 


= 3a {- 3 Aa*z + 3a (Ba — Ab) 2’ + (Ab*+ Aac —3Bab + Ca’) 2°} 
= 3a {- 3Aabz" + b (Ab — Ba) 2° — 3Aa’z + 3Ba°2’ — 3Babz*} 
(since Aa+ 6b+ Ca=0) 
= 3a (ba — ah) = 38aba— 3a’h; 
of 2’ +y’, 
= 9Aa’+9a’(Ab+ Ba) z+ 3a (Ab? — 6 Bab + 3Ca’— 4Aac) 2’ 
+ (Da’ - 9Ca*b + 9Bab* — Ab’) 2° 
=— 3a’g + 3abh — (b*- ac) a; 
as can be readily verified, 
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of xy, 
= — 9Aa’+ 9a°(3.Ab — 7 Ba) 2+ 3a {A(11ac+b")+3Bab— 3 Ca?\z? 
+ {— Ab(b’ + 18ac) + 9Ba (b’ + 8ac) — 9 Ca’ + Da’} 2° 
= — 3a’b + 6abh — (b’ + 8ac) a; 
of 2° + y’, 
= 3a’ (—4Ab+ Ba) + 3a {A (4ac — 5’) —3Bab + 3Ca’*} z 
+ 3a (2 Abc + 350° — 6 Cab + Da’) 2’ 
3 (— Aac’ — Bb’ + 3 Cab’ — Da’b) 2’, 
= — 3a’p + 8abg — (0° — ac) h; 
of ay (w+); 
= 9Ba’+3a{—5A (2ac + 0’) + 21Bab —9Ca’*} z 
+ 3a (— 2Abc —3Bb’ + 6 Cab — Da’) 2? 
+ 3 {Ac (3ac + 20°) — Bb (b?+ 12ac) + 3 Ca (b’+ 2ac) — Da’b} 2° 
= — 3a'f + 3abg + 3abb + 3bca — (b* — ac) h— (0’ + 8ac) bh ; 
of a+’, 
= 8a(2Ab’?+Ca’) + 3a (—4Abe — 3 Cab + Da’) z 
+ 8a (2Ac’ + 3C0? — 2Dab) 2 + 3b? (Da — Cb) 2° 
= 38abp—(b’—ac)g; 
of ay (x*+y’), 
= 38a{A (b+ 4ac) —12Bab—5Ca’} 
+3 {Ad (0? + 8ac) + 3Ba (6ac — b°) + 9 Ca*b — 3Da’} z 
+3 {—Ac (20’ + 9ac) — 6 Babe + 3 Ca (4ac — b*) + 2Da°*d} 2? 
+3 {Abc’+3Be (2b°— ac) — Cb (12ac + b*) + Da (2ac + b°)} 2 
= — 3a’q + 3abp + 3abt — (b° + 8ac) g — (b°— ac) b + 3bch; 
of xy 
= ie {A (5? — ac) + 3Bab + 15 Ca’} 
3 {Ab (b+ 10ac) — 21 Ba (b*+ 3ac) + 15 Ca*b + Da*} z 
3 {Ac (Llac+b*)+3Bb(b’+10ac) —3 Ca(3b?+11ac)+3Da’b}a? 
+3 {-—TAbc’+ 3Be (b’+ Tac) — Cb (b’+ 6ac) + Da (07+ ac)} 2° 
= — 8a’c + 6abf — (2? + 8ac) b — 2 (b°—ac) g + bch — 3c’a ; 
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of x + y’, 
= (—Ad*+ Da’) + 3b (Abc — Da’) 2 + 3b (— Ac’? + Dab) 2 
+ (Ac? — Db*) 2 
=— (6° ac) p; 
of ay (a*+y’), 
= — Ab (b’ + 12ac) + 18 Bab? — 5Da?® 
3 {— Ac (0? — 4ac) — 12 Babe + 6 Ca’c + 3.Da’b} 2 
+ 3 {3Abe’ + 6 Bac’ — 12 Cabe + Da (4ac — b7)! 2? 
+ {—5Ac*+18Cb’c — Db (b’ + 12ac)} 2° 
= 3Babq—(b’ + 8ac) p— (b’—ae) f + 8beg; 
of aty’ (a+), 
= — Ad (0? + 6ac) + 9Ba (0° + 3ac) — 27 Ca’*d + TDa® 
3 {—Ac (30°+ Tac) + 3Bb(b'+ 10ac)— 3 Ca(3b°+ 5ac)+ Da’d}z 
+3 {Abc’— 3Be (3b°+ 5ac) + 3Cb (074 10ac)— Da (3b"+7ac)} 2 
+ {1Ac?— 27 Bb + 9 Cc (3ac + b*) — DB (B+ 6ac)} 2, 
= — 8a’r + 3abe + 38abq — (0? + 8ae) f — (6° — ac) p— (b’—ac) f 
+ 8beg + 3bcb — 3c’h ; 
of ay (x*+y"), 
= 367(Ac— Bb) + 8e{— 2.Abe + 3BB*-+2Da"} z 
8c (Ac? — 3.Bbce — 4Dab) 2” + 3¢ (Be’ + 2.Db") 2* 
sx— (b°— ace) q+3bep; 
fa'y? (a+ 9") 
= 8 {Ac (b?+2ac) — Bb (b’ + 12ac) + 3 Ca (20° ~ ae) + Da’d} 
+3 {2Abc’ + 3Be (4ac — b*) — 6 Cabe — Da (20° + 9ac)} z 
3 {-3Ac? + 9Bbc’ + 3 Cc (6ac — b*) + Db (b’ + 8ac)} 2” 
4+ 8c {— 5Be? — 12 Che + D (4ac + b°)} 2 


= Sabr — (b+ 8ac) q — (b° — ac) ¢ + 3bep + Bbc — 3e'g ; 
YOL, XIX, Zz 
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of xy’, 


— 
— 


3 {Ae(b+ ac) — Bb (b’ + 6ac) + 3 Ca (8? + Tac) — 7Da’d} 
+38 {3Abc*— 8Be (3b + 11ace)+3.0b(0"-+10ac)+Da(b?+114¢)}2 
+3 {Ac’+ 15 Bbc? — 21 Oc (b’ + 8ac) + Db (B + 10ac)}2" 

+ 3c {15 Bc’ + 3Cbe + D (b’ — ac)}z° 

= — 3a°d + 6abr — (0° + 8ac) c— 2 (B’- ac) q + 6bef — 3c°b; 

of a*y’ (a +4’), 

= 3(—Abc’+3 Bb'c— Ch’—Da'c)+3(Ac’—6 Bbe'+3 Cb*c+2Dabe)z 

+ 3 {3.Be°— 3 Che’ + De (4ac — 6”)} 2’ + 80° (Co —4Db) 2’, 
=— (b’—ac)r + 3bceq — 3c’p; 
of aly’ (x+y); 
= 8{-—Abc’+ 3Bc (b + 2ac) — Cb (b° + 12ac) + Da (2b°+8ac)} 

+3 (— Ac’ + 6 Bbc’ — 3Cb’e — 2Dabc) z 

+3 {—9Be’ + 21 Che’ — 5 De (b" + 2ac)} 2° + 9 Ce%2" 
= 38abd—(b' + 8ac) r—(b? — ac) r + 8bec + 3bcq — Bef’; 
of ay? (a +4"), 
= <Ac’-—9Bbe’?+9Cb’c — Db’ 

+ 8c {3.Be’— 6 Che + D (b’— 4ac)} 2 +. 9c? (Ce+ Db)2*4+ 9De'2*, 
=— (b°’—ac) d+ 3ber—- 3c’q; 
of xy’, 
=  <Ac’- 9Bbce'+9Cc(b’ + 3ac) — Db (b’ + 18ae) 

+ 3c {—3Be’+ 3Cbe + D (b+ 11ac)} z 

+ 9c? (—7Cc+ 3Db) 2 -—9De'2’, 
=— (b+ 8ac) d+ 6ber — 30°C; 
of a*y* (x+y) 
= 38c¢{Be?—3Cbe+ D (b’ + ac) + 8¢(Cce— Db) z- 3De°z"} 

3bed — 3c'r ; 
of xy? 
= 380’(Cc— Db) +9De'z, 
= — 3c'd. 
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The symmetry of the coefficient is very noticeable, viz. 
in those terms similarly situated in regard to the two ends of 
the expression. 

Substituting these values in the expression, we find it to 
be equal to 


{" 3a° + 3ab (a + y) — (b* + 8ac) ay — (b° — ac) (a? + a 
+ 3bexry (x + y) — 80°x?y? 
multiplied by 
ath(a+y)+g (e+y") + bay +p (a*+y’) 
+ fry (w+ y) + cx*y? + qary (a + y’) 
brary" (w+ y) + daty’; 
the latter factor being 
a+ hy + gy" + py" 
+a (h+ by + fy’ +qy’) 
+a'(g+ fy + cy’ + ry’) 
+ x! (p+qy + ry’ + dy’) ; 
so that finally we have shewn that 


aX dP\* aY dP\° 

We ice oe he LE eXe hp 2 yes 
¥(aPZ-2%zZ) - xP G-YR) 
= (XYZ -— P*) (w—y) {3a* — 3ab (x + y) + (B° + 8ac) xy 


ch 2 9 


+ (b° — ac) (a* +") — 3bcxy (x + y) + 3c°x*y’}, 
where a=B’-AC; b=AD-BC; c=C’-BD; 
and =P=A+B(a+y+2)+ C(ye+2xe4+ ay) + Dayz, 


which completes the verification. 
In the case 


(1—2x’)-3dx+ (1—y")-3dy=0, 
we have at once for the general integral 
(1 — a) (L—y*) (1—2") = (1 — aye), 
Cat erat yon ie 
z=1, a«y=1; 


g=0) © by ay a, 
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The envelope of the series of curves represented by 


(1 — a") (1 —y’) (L— 2’) = (L— aye)’; 
, being a variable parameter, is found at once by the method 


given in Salmon’s Higher Plane Curves. 
It is found on reduction to consist of the three lines 


x—y=9, 
x—-1=0, 
y-1=0. 


Writing X, Y, Zin the forms 
X= («- a) (2-8) (x—-y), 


with similar expressions for Y and Z, the general integral 
may be written 


27 (a — a)(% — 8)(@—)(y — 4)(y — B)(y — y)(# — 4) (2-8) (2-4) 
= {— 3aBy + (By +ya+ a8) (w+y+2) 


— (a+ B+) (yet cut xy) + 3xyz}", 
or otherwise 


27 (a — x)(a—y)(a—2)(8 —2)(B —y)(B -2)(y - x)(y-y)(y-#) 
= [— Bayz + (ys + ee + ay) (a+8+ 4) 
—(a@+y+2) (By +ya+ a8) + 3aRy}*. 


The symmetry evident here shows that if 


dx dy 
(@-4) (@-A)(e-y}' " {y-ay-Aw—-We 
dz 
*(-a)@-Ae-o 
when a, 8 and y are constant, then also 
da. dp 
((@—2) (@—y) (a—2))" " (8-2) (B-y) (B-9R 
dy 
+ ————__—————_,, = 0, 


{‘y— 2) (yy) (y-2)}? 
when x, y and z are constant. 
The variables in the general integral may be each 
expressed in terms of a single variable ¢. 


Differential Equation. 173 











For since 
2, =b+by3- 1+ cnu 
enw? 
1+ cnv 
ds ses —cnv’ 
2, =b+by3 77 Oe: 
—cnw’ 
and then 
utv+w=0; 
we may write 
u=—tw+t, 
v=-—4w-t; 
and we find easily 
*(t — 4w) dn? (¢ —4w) 
> B12 30° 
i vee fiend? 
sn* (+ 4w) dn’ (¢ + 4) 
°— b° = 12 /38° 2 
I pe {l—cn(t¢+4w)}*  ” 


whence 


a) eg 5, 80 
(e—a) J(a—2pat gy 02487) 








ie 
{ 
(SE 2) Y= Pog 3 sn ( 
(ya) Vat 2pat gh ¥ (12 88) 


and therefore 
pat {12V3(q-p')} sue} 
/{12n/3(q—p*)} sn(t—$ 
anr/{12/3(q—p")} sn(tt+dw 4w) 
~ a/{12/3(q—p")} sn (t4+420) dn(t+4w)—(a— p) {1—cn(t+4w)}} 
w being the arbitrary constant, and 
—Z=b(/3+1)e—a) 
Z* + b(/3—1)(¢—a) 


The general integral might be obtained by the elimination 
of t between these two equations. 


w) dn(t—hw 
4 


dn( 
w) dn(t— 

)dn( 

( 
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§ 2. The rational algebraical integral of the differential » 
equation 
X ide + Ytdy + Vidv + W*dw =0, 
where X =A+ 3Be+3C2' + D2’, 
Y=A + 3By4+3Cy’ + Dy’, 
V=A+3Bv + 30° + Do," 
W=A+3Bw+3Cw'+ Dw’, 


may be found as a particular solution, and as the general 
integral of 


X dat Yidy | V*dy =0, 
w being the arbitrary constant. 
For with the previous notation, if we put 


u 
v, = pe ByS ee, 


cnu 





1 
ot bERnUIE ee, 


cnv 





1+cna 
Sco? 


dw, | 
CH LBL Bo 


Then wu’ ats v=; 


and when v, =w,, then 2, is finite; 


Zz, =) SOA Se 





where 


W,=% 4, 4%, 18 infinite; 

Z,=, 4, w, is infinite; 
so that we can write Kuler’s integral in the forms 
2 
(ez) 


W,— 4, 
meal.) 
te 


where, as before, V, =4/(v,°- 0°), &e., 


? 


? 
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leading to 
30,w,2, = 380° — WZ, — ZV + VW, ove ceeee (1), 
and, since then, 
Xda+ Y idy + Z ‘dz =0, 
Vidv+W dw— Z 3dz =0 : 
therefore 
X'da + Y~*dy + V-idv + W ‘dw =0, 
and the corresponding relation between 
ibe ep ae 
will be the result of eliminating 2 between the two equations 
32,y,2, = 804+ Y2,4+ ZX, 4+ XY, 
3u,w,2, = 30° —- Wz, -2,V,+ V,W.. 
These equations when developed are respectively 
AVA = +. 82)", 
VW2Z=(P + Q2)’, 
where R=A+B(x+y)+ Cay, 
S=B+ C(a#+y)+Dzy, 
3 (a! — 2pa t+ 9) P=(vt+w— a) (Ba°g — 4a°p* + 2pga — g’) 
+ vw (2pq — 5aq+ 4a*p — a’), 
3 (a° —2pa+ q) Y= 5a’g — 4pqa — 2pa’ + q’ 
+ (vw — av — aw) (39g + 2ap — 4p" — a”), 





7 R+ Sz _ (Be : 

whence P+ Qz = = ) 
PEN VA VA 

therefore = : 


a 1 1 1 ie 
sv? w*— oxy?’ 


or, substituting this value in either of the two equations, the 
first suppose, multiplying up by the cube of 


Ssviwi_ Qx° y3, 
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and putting 4 ANG Ui 


we have 

AVW(S-— QT) +3BVW(PT* - R) (S— QT)? 

+30VW (PT*- R)(S—QT*)+. DVW (PT*— R)=(PS— QR). 
Arranging according to powers of T?, we have 


AT'+sBT=C, 
where 


A=3VW{ AQS-BQ(2PS8+ QR) + CP(PS+2QR)—DP'R}, 
B.=3VW {-A QS°+BS(PS+ QR)- OR(2PS+ QR)+DPR’}, 
C=(PS— QR) +XY (AQ’-3BPQ + 3CP*Q — DP*) 
— VW (AS - 3BRS’+3CRS — DR), 
or cubing 
A®*P44 94 BA Tt RP) 4 BI T= 0%, 
or AST BST + 3 ALB = O08, 


Therefore putting aa for Tj 


(3.4,BC. +.B?) XYVW= 0°V*W? — A2X*Y?, 


u Woe) Gare 


and putting A, =3a,VW, 
B= 30 Va 
27 (a,b,0,+b°VW) XYVW= Cf —-27a 7 VWX?Y*s 


therefore 
27 (a XY+b/VW+ab,C,) XYVW= C3, 


| dy Fit | 
which is the rational algebraical integral of 
Xd + ¥idy + Zidz =0, 
w being the arbitrary constant, and a,, 6,, C, having the 
values given above. 


As a particular case of the above general result, consider 
the dfferential equation 


(1— a) *dx +(1 —y°) ‘dy +(1- v) fdv =0, 
_ and take w the arbitrary constant, such that 
X dx + Y'dy + V-idv + W~*dw = 0. 
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The two equations, between which we eliminate z, are then 
XYZ =(1—zyz)’, 


and VWZ= (vw - 2)’; 

so that oes 
S=—ay, 
P= vw, 
Q=-1, 

et ei 0 C= (re Del; 
| a=vuw'—-ary, b,=2'y'—vw, 
CO, = (1 — xyvw)* + (v'w* —1) XV +4 (a*y’ -1) VW; 
therefore aX Y¥+b°VW+a),C, 


=a, {a> +, (vw —1)} XY+4 4, [b"4 a, (x*y*® -—1)} VW 
+a,b, (1—xyvwy’, 
= vw (vw — xy)(1—xyvw) XY + xy (x*y’— vw)(1 — zyvw)" VW 
+ (v°w* — xy) (a*y’ — vw) (1 — xyvw)’, 
= (1 —ayvw)* {vw (v’w? — xy) XY + ay (x’y’ — vw) VW 
+ (v°w* — xy) (2’y’ — vw) (1 — xyvw)} 5 
therefore substituting 
27(1—axyvw)*{(v'w— ay) (x*y"— vw)(1-xyvw) + vw(v'w*—ay) XY 
+ xy (a*y"—vw) VW} XYVW 
= {(1— xyvw)*- (l—v’w’) XY —(1—2’y’) VW}, 
which may be written in the symmetrical form 
27 (1 —xyvw)’ {x*y’v’w? — (yPv'w* + v'w'a® + a*y*v? + a*y*w") 
+ xyvw (a+ yy? +v°+ ww") — cyvw} XYVW 
= {a*y’v'w — (y*v'w® + wa’ + a*y?v? + xy?) + 82°y*v?w? 
— 82yrw tar t+y+ut+w—i1}%, 


which therefore is the general integral in a rational form of 
the differential equation 


(1- a®) de +(1 — y°) *dy +(1- v') *dv = 05 


w being the arbitrary constant. 
VOL. XIX, AA 
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When w=, 
27 x0°y°v"(1-x*)(1—-y*) (1—-v*)={1-y*v"* 0°22 4 ayo}... (2), 
when w=1, 

(1 — a) (1—y*) (1—v°) =(1L—ayv)? j....e000 (3), 

when w=0, 
27a*y*v* (1—x*)(1—-y*)(1-v’) = {1-2 y®— vo +-2%y*v}?.... (4), 
viz. these are particular integrals of the differential equation. 

Also each of these last three equations may be looked 
upon as a general integral of the differential equation 

(1 —a°) 4da+ (1 y) dy silt} 


and v=1 in (2), v= in (3), v=0 in (4), 


lead to x+y =), 
v=0 in (2), o=1 in (3), v= coin (4), 
lead to xy =1, 
v =o in (2), »=0 103), v=1 in (4), 
lead to e+ y= ay? 
§$ 3. Consider the differential equation 
da dy 





(1-a')® (1-99) 
Its rational algebraical integral may be found as a particular 
integral of the equation . 











dx dy dz 
5 ay 5 2 aus 
te ae eee ee 

ree eer 

put "1 = aot (1 — 2°) 
Pu 1 

"ay (1-9) 
l 


3 —_— 
neue PY 6 far 
dv, dv, dv, 0, 


then. Ot 1) + Sea Ona 
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a particular integral of which is 
3v,v,0, — 8 =/(v,’ - 1) ¥(v,2 -—1) + ¥(v,° — 1) V(v,? — 1) 
+ V/(v?— 1) V(v,'- 1); 
or 3(v,v,v,- 1) = (1 — 2y°) (1 — 22°) /(v,°v,’) 
+ (1 — 22°) (1 — 2°) 4/(v,2v,°) + (1 — 2a°) (1 — 24°) »/(0,’2,’) 
=a V(v,'v,') + b V(v,'v,") +o Ve, 2,) 5 
where, for brevity, we write 
a=(1-2y°\1-22°), b=(1-22°1-22°), c=(1-22°)(1-2y"). 
To rationalise this equation, put 
1 1 1 


t= — {=— t= — 


1 ? 2 ? 3 
Vv, () 


? 
so that ¢°=4a°(1—a@°), #°=4,°(1-y°), ¢,°=42°(1 — 2°). 
Then 

3 V(é,t,t,) (1 — é,t,t,) =a V(t) + BV (t,") + 6 V(t, )oveee6(5) § 
and, squaring each side, 


9¢,t,t,(1 — #,t,t,)” = a, + 2be V/(t,"t,”) + 2ca V(t, 't,°) + 2ab V/(t,"t,"), 
where a, is rational, 
=a't, + t+ ct,’ ; 

transposing a,, and again squaring, 
{9¢,,t,(1 —¢,t,f,)' —a,}? =8, 

+ Babe (t,"it) (4 V(t} +B V(t") +o MED § 
where 3, is rational, 

= 4 {b°c't,"t, + c'a’t, t+ a°b't,*t,’ ; 

whence, from equation (5), 


{9¢,t,t,(1 —¢,t,t,)' — a,}° =), + 24abct,"t,"t,” (1 — ¢,t,t,) 5 
writing now ite = 
expanding the left-hand side and arranging, 
81 — 324m + 36a, — 24abc) m3 + (486m — 18a,) mé 
+ 81m* — 324m — 18a,m + a,° — b, + 24abem = 0, 
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or say, for brevity, 
Am' + Bm + C=0, 
where A=81— 324m + 36a, — 24abc, 
B= 486m — 18a,, 
C= 81m’ — 824m — 18a,m 4+ a,’ — b, + 24.abem ; 
transposing C and cubing 
A’m? + B’m +3ABm(Ami + Bn’) =— (0°, 


or A'm’ + Bm + CF =8A BCin a ceepence (2), 
which is rational in a, y, and 2. 

Now 
A=81 - 3241,°¢,7¢,° + 36 {4° (1- 45)(1-47)+4,°11 —4,7) 1-4) 


+7 2(1—-#7)1—-¢)} —-24(1- 4°) -¢)0 —#,') 
= 57 + 60(t°4+ 4,54 ¢,°) — 96 (4,54, + #74, + ,°t,°) — 1920,°t,°¢.° 
= 57 + 60a—968 — 1924 
=3(19+ 20a — 328 —64y), 
where 
=t?+t>+t°=4 {ae (l—a)+y°(1—- 9°) + 2°(1 —2°)}, 
B=16 {y°2° (1-y® (12°) + 2°.x*(1— 2° 1-x*) +a°y° (1—a*)(1—-y"), 
y = 64a°y°2* (1- 2°) (1 -y*) (1 — 2’). 
Moreover, 
B= 4861,°,5t, — 18 {> +05 +t —2 0%, + tt) + £54.) + 36,°4,7t,} 
=18(—a+28 + 24y) ; 
and since 
b= 4 (B'e't,*t, + c'a°t,'t° + a°b"t,*t,’) 
=4(1—¢,°) (1 #,°) (1—¢,)) (tt + t¢,7 + 0,74" — 38,7¢,7¢,), 
we have 
C= 81,°,°t,° — 3241,°t,°t,° 
— 181,°t,°t," {t° + t+ t, — 2 (t,°t, + tt% + 04,7) + 36,5t,%4,} 


2 8 ) 
+ (tr oP t. + t, Tif (t,°t 9 tot,” a t,*t,’) mG Bt, t,t, } 
oe (1 Pn t,”) (1 or t,) (1 mk t.){t, t, + bbe oF tty 3t,'t,'t, } 
+ 24¢,°t,°t,” (1 —t,) (1—#,°) (1—¢,) 


= 81y’ — 324y + (a-— 28 + 3y) (a —-28 — 15y) 
+4(l-a+B-y)(9y-8), 
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or, on reduction, 
=a?— 48 —288y —48ya4+ 648. 
Therefore, substituting in (2) 
Q7y" (19 + 20a — 328 — 64y)*° + 58327 (—a+ 28+ 24y)° 
+ (a? — 48 — 288y — 48-ya + 648y)° 
= 1627 (19 + 20a — 328 — 64y) (—a + 28 + 244) 
x (a’ — 48 — 288y — 48ya + 64By) 5 


which, therefore, is the general rational algebraical integral of 
the differential equation 


(1—a®)*de + (1—y') “dy =0, 
where 
a= Afa®(l—-a&)4+y(l-y’) +27 (1-2°)}, 
B= 16 {y°2? (1 — y°)(1—2") +2°a"(1—2") (1-2) +a°y*(1-2")(1-y")}, 
y = b4a*y’e? (L— a”) (L—y") (L- 2"); 
z being the arbitrary constant, and such that 
dx dy dz 
Pig te Me TEL is a 
Clim ea de eWalee a (1 a2"): 
Two particular integrals may be deduced ; if 


z=0, orz=1, 


then y=0, 

and a =46> 

therefore {x*(1—a*) + 4° (1—y*)}? = 4a°y° (1 — 2°) (1 -y), 
or, on reduction, ey 1, 


a particular integral. 
Again if z=, equating the coefficient of the highest 
power of z to zero, we find 
64! (1 — 2") (1—y") a* (L—a’) +y"(1—y")} 
— 12.64a°y* (1 — x) (1-—y°) +1=0, 
a particular integral. 
Arranged in ascending powers of « and y this result takes 
the form 
1 — 64° (2° + y°) —4.64 (320 + 352°y* + 32") 
+ 4.64 (@° + y°) (16x"” + 192°y° + 16y"”) 
— 4,642°y° (16.0 + 3x°y° + 16y"*) = 0. 


182 Prof. Cayley, Note on the Foregoing Paper. 


The locus represented by the general equation is of the 
144 degree in x and y: moreover the equation is a symme- 
trical equation of degree 72 in each of the coordinates # and 
y separately. 


Royal Military Academy, 
December 20th, 1882. 


NOTE ON THE FOREGOING PAPER. 
By Prof. CayLey. 


Ie general if f, =(x, y, 1)’, =0 be the equation of a cubic 


9 0) 


curve, and if dw = TT) es FF then if 1, 2, 3 are the 
dy dix 


intersections of the curve by an arbitrary right line, the 
coordinates of these points being (x,, ¥,), (2) Y,)y (®—) Y-) 
respectively, we have, by Abel’s theorem, 


dw,+dw,+dw,=0, 


viz. this is the differential relation corresponding to the 
integral relation which expresses that the three points are 
the intersections of the cubic curve by a right line, or say 
to the integral equation 


Vicar | 0 aaa es 
mab Poni Bae 
hie 
in which equation y,, ¥,, y, are regarded as functions of 2, 2,, 
x, respectively, given by means of the equations f =0, f, =0, 
= 0 which express that the points are on the cubie ‘curve. 
See my ‘Memoir on the Abelian and Theta Functions,” 
about to be published in the American Journal of Mathe- 
matics, vol. V. 
In particular if the equation of the curve is 
ft, =3ly— (A+ 3Br+ 3Cz'+ De’)}, =3(y'-X), =0, 
d. 
then dw = ee aes) 
a 2G 
and corresponding to the differential relation 


X,3 dx, + X73 da, + X,;4 de, = 
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we have the integral relation 


val xt xt xs (a0, 


2? 3 
Hy Uy; w, 
Urata anl 
viz., this last equation as containing no arbitrary constant, 
is a particular integral of the differential equation. 
If instead of x,, x,, 2, we write x, y, z, then we have 
v, =| X3, V3, Z*|, =0 
SEL GUE ay he 
(et, SET 
as a particular integral of the differential equation 
Xdet+ VY 'dy+Z* dze=0. 
To rationalize the integral equation, write 
a, B, y=y—-%, 2-2, x«—y (so thata+P+y=0), 
the equation is 
aX%+4+BYi4yZ%=0; 
and we thence have 
o&X+ BY +9y°Z=3abyX2V3Z3. 
The left hand side is 
a (A+ 3Bxe + 3Cx* + Dx’) 
+ B° (A+ 3By +3 Cy? + Dy’) 
+ 9° (A 4+ 3624+ 3C2* + D2’); 
or assuming 
a', B', y= 2(y- 2), y(2-2), (@—y) (s0 that a+ 6+ /=0), 
this is =A (o° + 6° +4°) +3B(a'a' + B’B' + 9°’) 
+3C (aa + BBY + yy") + D(a’ =P" +9"). 
But taking A arbitrary, and 
a,b,c=a+tnra, B+AB'*,y7 +A; 
then a+b+c=0, 
whence a’ + 6° +0 =3abe; 
or substituting for a, b, c their values, and comparing the 
coefficients of the several powers of A, 
a+ BP + ¥ =3aPy, 
aa+ BB+ yy = aby + BPryatyaB= aBy(a+ y + 2), 
aa? + BB+ yy" = ably + Boa +ya B= aBy (yz + 2a + xy), 
a+ B® + 9° =8a'B'y’ = 3aBy.xyz. 


I 
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Hence we have 
aX +B° Y+ y°Z=3aBy {A+B (a+ yt2)+ C(yzt+2a+axy)+Dayz}, 
or the integral equation is 
{A+ Blatyt2)+C(ye+ 2x4 xy) + Dayz} =X Y3Z3, 
that is 
{A+ Bet yt2)+C(yz+ 2x + xy) + Dayz) = XYZ, 


the elegant result given by Capt. MacMahon at the be- 
ginning of his paper. 


The author in a letter to me, dated Jan. 13, 1883, remarks 
that the particular integral of the equation in question 


X ida + Y4dy + Z*dz =0, 


is expressible as a determinant in a rational form as follows: 
Writing it X YZ= P*, where 


P=A+Batyt2)+ Clyz+2x4+ xy) + Dxyz, 
then the form is 





dc dx}? 
BN i Vest WE? 
al) Dos Pes ee YZ 
% IP eo _yiny Y 
AZ hay 
1, GPL -25-), 2 
for, as shown ante, p. 171, each of the three terms such as 
CSE LE) diy) Eda 
A Bene cme Wee ane See, 


which compose the determinant is divisible by XYZ—- P*. 
It may be added, that we have identically 


WU Laide 
4P— - X* =(AC- B) (2a-y-2) 


+ (AD — BC)(a* — yz)+ (BD —C”) (ay + x*2 — 2xyz), 


and of course like values for the other two expressions in the 
determinant. 


CHLsE 


NOTE ON THE SPHERICAL TRIANGLE IN 
ELLIPTIC FUNCTIONS. 


By Professor WILLIAM WOOLSEY JOHNSON. 
J 


§ 1. 1 the proof of the addition theorem in Elliptic 
: Functions by means of a spherical triangle whose 
sides are $, y, and yw, where 


d=amu, vy =amy, f=am(utv), 


and k is the ratio of the sines of the angles to the sines of the 
opposite sides, it is usual to state that the angle opposite to 
the side w is obtuse, so that its cosine is — Ap, if the other 
angles are acute so that their cosines are Ad and Ay. This 
may indeed be shown to be a consequence of the assumption 
that & is less than unity; the theorem being, that in a 
spherical triangle in which the sines of the angles are less 
than the sines of the opposite sides, either one of the angles 
must be obtuse and the other two acute, or all three must be 
obtuse.* It is the object of this note to show that we may 
remove the restriction £<1, in accordance with which Ay is 
always positive; proving directly that in all cases the cosine 
of the angle in question is — Aw. Moreover, it seems de- 
sirable to make the proof as complete as possible, by showing 
that the triangle from which the formule are derived, is 
possible for all real values of wu and v as well as of k. 


§2. If 6=amzu, where 


We | See 
= Md — zz") V(1 — kx") ] 
we have sinf=a2 and cosp=yv(1- 2°); 


let ¢’ be an angle such that 
sng =kxe and cosd’=V/(1—-k’2’); 


¢' like @ being assumed to vanish with wu. Confining our 
attention to real values of u, if <1, x is restricted to values 
between +1 and —1; and in order that wu may increase 
continuously, « must increase and decrease alternately, the 
radical 4/(1— 2°) changing sign as well as dx, whenever x 
passes through its maximum or minimum value. ‘Thus ¢ 
increases continuously, passing through the values $7, 37, Kc. 
when x passes periodically through its extreme values; but 
¢ is restricted to values between + arc sink, its cosine re- 


* Quarterly Journal, vol. XVII. p. 355. 
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maining always positive. On the other hand, when k>1, 


é : 1 1 
x 1s restricted to values between += and —-=: and as u 


i k? 


Increases continuously, ¢’ increases continuously, while ¢ is 


restricted to values between + arc sin a its cosine remaining 
always positive. k 

Thus, in the first case, @ admits of all values and ¢' is 
restricted ; and in the second case ¢’ admits of all values and 
¢ is restricted. 


§3. In accordance with this notation, we have then 


sing =snu, sin yr =snv, 
cosd =cnu, cosy =cnv, 
sin gd’ =k snu, sin y =k snv, 


cos¢’= Ad=dnu, cosy’ = Ay =dnv. 

Let wu, and v, be any initial values of wu and v, then ¢,, ¢’,, 
ar, wv’, are real angles, and it is possible to construct a 
spherical triangle, of which two sides are ¢, and w,, and 
the opposite angles @¢,’ and w,’; for if we construct the 
triangle in which BC=¢,, CA=y,, and CBA=y,, the 
sine of the angle opposite to BC will be /sing,, which is 
sing,, and of the two possible triangles we may select that in 
which the angle at A is ¢,’ and not r—@,. Denoting the 
side AB (fig. 15) of the triangle thus constructed by mu, and 
permitting the triangle to vary from its initial form in such 
a manner that w and the opposite angle C remain constant, 
u and v become variables, and the differential relation 


dp ay 
cos ¢' a} cosy’ ” 
shows that Uutv=w, 


where w is a constant. When in the variation of the triangle 


vy and wy’ vanish, ¢ becomes equal to w and ¢’ to the exterior 
angle at C, and since when v=0, u=w, we have ~=amw, 
and the exterior angle is yw’, so that 





sin jw =snw=sn(u+tv), 
cos =cn(u+ v), 

sin uw’ =k sn (w+ v), 
cosw’ = Au=dn (w+ v), 


and the relations between the parts of the triangle give the 
various forms of the addition theorem. 
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§4. When & <1, the angles ¢’, wy’ and wp’ are all acute; 
that is, one angle of the constructed triangle is obtuse. On 
the other hand, when &>1, the three sides ¢, wy, and uw are 
all in the first quadrant, the angles being unrestricted. The 
theorem in this case is, that in an ordinary spherical triangle 
in which the sines of the angles are greater than the sines 
of the opposide sides, either all three of the sides are in the 
first quadrant, or else one is in the first and two are in the 
second quadrant. 


§5. It may be remarked, that since in the other triangle 
in which BC=¢, CA=y, and CBA=ywW’, ¢’ is the exterior 
angle at A, this triangle corresponds to the relation 


U=V+W5 


from which it follows at once that, if a perpendicular be 
dropped from C, the segments of the base are 


gam(u+v)+4 am (wu—v). 


§6. There are of course a variety of other triangles cor- 

responding to the relation 
utv=w, 

which may be derived from that constructed in §3 or from 
one another, either by transferring one vertex to the diame- 
trically opposite point of the sphere, that is, by replacing two 
of the sides and their opposite angles by their supplements, 
or by substituting for one side the remainder of the great 
circle of which it forms a part, that is, by replacing a side 
and its opposite angle by their negatives, and the other two 
angles by their supplements. ‘Thus instead of 


sides d; v; by 
angles ?; v, TK, 
we may have for example 

sides w—-h, T-wW, HM, 
angles a—-h, w-Y, Tp, 
or sides w—h, w+, bs 
angles ¢, w+, bw. 


§7. We might also employ a triangle in which 


sina sind sinc 
=, = 2H; 
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in fact, the polar triangle of ABC in the diagram has the 


sides a—d, 7w-, KM’, 
angles aw—-hb, w-W, TH, 
and this we may replace by the triangle having the 
sides + Sa 
angles dp, wv, Ww Mh. 


§8. If, y, and @ are the amplitudes of three arguments 
satisfying the symmetrical relation : 


u+tv+w=)0, 


we have in the triangle ABC of the diagram, since w=— 0 
and p’ =— 0’, the 


sides d, vy, — 6, 
angles ¢, Y', w+, 
and, as in § 6, we may replace this by the triangle having the 
sides _ g, Wy, 0, 
angles a—-o, tw—-wW, w-G@. 
We may also employ the polar triangle having 
sides ¢', Vv", ue 
angles w-o, w-Y, 7-8. 


Denoting sn, cn, dn, by s, c, d, and using suffixes to 
indicate the arguments, we see that we may in any formula 
of spherical trigonometry put 


sma= s, or sina= ks, 

COSdiz== it eh 1k, Osa ans 

Bin eA = eas coe SID eee 

csd=-d, , cosA=-c, 
&e., &e., 


where ut+v+w=0. In either case the system of sixteen 
formule corresponding to those given on pp. 366 and 368 
of vol. xvill. for the case w+ v=w, become 3 


three of the form c,=¢,c, —3,8,d,, 


three of the form  d,=d,d,—k’s,s,c 


23°19 
six of the form  s,c,d,+5,c, +s,d,=0, 
and the single formula 
pt aad, 


1- C,C,C, 
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NOTICE. 


HERR CARL SIEWERS communicates the following notice 
of a new Scandinavian Mathematical Journal: 


The Acta Mathematica. 


The long-felt want in Scandinavia of a mathematical 
journal will soon be supplied, as it is intended by mathe- 
maticians to start a journal called Zhe Acta Mathematica, 
the object of which is to gather the mathematical forces 
and form a connecting link between mathematicians in the 
Scandinavian countries, and lay the results of their labours 
before the scientific world. ‘The journal will be specially 
devoted to the publication of valuable results and new 
methods in the treating of problems. 

As Editor-in-chief has been selected Herr G. Mittag- 
Leffler, Professor at the ‘ High-school’ in Stockholm, while 
among the assistant editors are Professor H. Gyldén and 
H. Holmgren, of Stockholm; H.'T. Dauz and C. J. Malmsten, 
of Upsala; A. W. Bicklund, of Lund; O.J. Broch, C. A. 
Bjerknes and S. Lie, of Christiania; Rector L. Sylow, of 
Fredrikstad; Professors L. Lorenz, J. Petersen and H. G. 
Zeuthen, of Copenhagen; and Herr L. Lindelof, of Hel- 
singfors. ‘The Publishers are Messrs. F. and G. Beijer, 
Stockholm; Meyer and Miiller, Berlin; and A. Herman, 
Paris. ‘The financial position of the work has been ensured 
by several persons, the King of Sweden, among others, 
having offered a yearly sum for three years, while State 
grants will probably be given from Sweden, Norway, Den- 
mark, and Finland. 

Contributions have been offered by eminent mathema- 
ticians, as, for instance, Hermite, Poincaré, Piccard and 
Appell, of Paris; Weierstrass and Iuchs, of Berlin; Schering, 
of Gottingen; and Casorati, of Pavia, &e. The papers will 
be written in French or German, and, exceptionally, also in 
English and Latin. 

The Acta Mathematica will appear periodically, and cost 
for England 12 sh. per volume of about 50 printed sheets. 


No. I of the Journal has appeared, and contains Poincaré, 
Théorie des groupes Fuchsiens, pp. 1-63; Malmsten, zur 
Théorie der Leibrenten, pp. 63-76 ; Gyldén, eine Annahe- 
rung’s methode in Probleme der drei Korper, pp. 77-925 
Reye, das Problem der Configurationem, pp. 93-96. 
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ON THE MOTION OF A LIQUID IN AND ABOUT 
CYLINDERS WHOSE TRANSVERSE SECTIONS ARE 
THE INVERSE OF CONFOCAL ELLIPSES WITH 
RESPECT TO THEIR CENTRE. 


By A. B. Basset, M.A. 


F c+ vy 
I pene Zty, 
2 y" 
fe SA ES Ay Lae ES Sobeiclett 
age iit ee z sa) } 


: gq 2 
and Fic (= J ? 


cos*E sin’£ 


so that the curves 7 = 8 and &=a are the inverse of a family 
of confocal ellipses and hyperbolas. 

We shall call the two points F, Ff” (see fig. 16), whose 
distances from the origin are respectively + and —c, and 
which are the inverse points of the foci of the confocal 
ellipses and hyperbolas, the foci of the system. 

Before proceeding to discuss any of the physical problems 
connected with these curves, it will be necessary to examine 
the forms which they assume for different values of the 
parameters 7 and &; the values of 7 being restricted to all 
positive real values between zero and infinity, whilst & may 
have any real value positive or negative. 

Writing the curve 7 =8 in the form 


y* = ax’ a b’y”, 





we find tany=— =-—- 


b? + (a? — 3") cos24 


= — Cot? Try (GP) 008 20" 


Taking logarithms and differentiating, we find that y will 
be a minimum when 
a‘ — a’b’ + b* 


cos 20 = ieee 
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In order that the value of @ may be real, we must have 
b— at >a — al? +0", 
or b? > 2a°, 
V2+1 
V¥2—1- 

Hence, if this condition is satisfied, there will be four 
points of inflexion at the points 0, 7—0,7+6 and 27-0, 
where @ has the value obtained above. 

When 7 is very large the curves 7= const. are small, and 
nearly circular curves about the origin, with which they 
alternately coincide wheu 7 =o. As 7 diminishes, the curves 
assume an oval form, the longest diameter or major-axis of 
which coincides with the axis of y, whilst the shortest 
diameter or minor-axis coincides with the axis of z. As soon 
V2+1 
/2-1 
inflexion as we have seen, and the curve begins to double 
back upon the axis of a, whilst the major-axis continues to 
elongate; the limiting form, when 7=0, consists of two 
doubled lines extending from the foci to infinity in the 
positive and negative directions of the axis of «x respectively. 

The curves & = const. consist of four distinct portions which 
correspond to the values 2n7 +a, (4n+1) 47 +a, (2n+1)7+a, 
and (4n+3)4mr+a of &, and lie in the four respective 
quadrants. ‘l'hese four portions together form a figure of 
eight, whose centre is the origin and which cuts the axis of x 
at the two points icsec& As & decreases the breadth of the 
loops diminish, and when €=0 the curve ultimately becomes 
two doubled lines drawn from origin to each of the two foci. 
On the other hand, when &=47, the curve consists of two 
straight lines coinciding with the axis of y. 

A. drawing of the curves is given in fig. 16. 

We shall in the next place prove certain formule relating 
to these curves: we have 


or . n <4 log 








as becomes less than 4 log there are four points of 


+C 
E+ un =sec” aed ; 
Cx 
therefore i cosh 7 cos& , 
Cc e ° 
5 = sinhn sin€, 


Y) 2 
-— = cosh2n + cos2é , 


a 
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also, since 2 = 7 and Z =— a 
cosh 7 sin & x + sinh y cos = - (1+ cosh 27 cos2&), 
sinhn cos& ee — cosh sine =— = sinh2 sin 2€ ; 
therefore 
(FZ : n (F arr (cosh2y + cos2&)* 
a) zs) —- Qe (cosh 29 — cos 2€) ’ 
Gey adn el 2 ; 
and sae aya (1 + coe on SuadOE aoe. cosh 7 sin &, 
dé ann 2 
— = = A SE th hone onan aren £ 
dy Ubeee oie ( * cosh 2n — aes setae | 


Writing the curve 7 = in the form 
r= aa’ + b’y’, 
the equation to the tangent at a, y is 
sa! (27" — a”) + yy’ (27° — B) = 2", 
and if p be the perpendicular on the tangent, and 7, m its 
direction cosines, 


l < m Eye 
a(2r’—a’) y(2r*—b*) or? 
therefore £ = , 


ae 


Vea + 0y)" 
r’ »/2 cosh B sinh8 Jr. , 
Pe tak ae cos2é) 2c? sie de 
Let & be the distance between the two points a, y¥ 
and wv’, y’. Then 
f= (@—w)"+ (y—y) | | 
= [xt wy —(a' + wy')} je—y — (2 -y’)} . 





therefore 





= ae {cos (& — en) — cos (E — in’)} {cos (€ +n) — cos (E'-+4')} 
Ar’y” 





=—z sin d {2 + E— o(n' + )} sing {E'— E- e(n'—)} 
x sing {E+ E+e(ny'+7)} sing {(E' -—E+24(n'—y)} 


(cosh 27 + cos2&) (cosh27' + cos2&) , 
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also 
log {cosh (7'-+7)—cos(E'+ £)} =log$-+m'+n+ log{i—e Ete) 
+log{1-e 7 7 et) 


, ant —n(n’+n) ’ 

Elam) - > = 

=logd+7'+-2 apt cosn (&' + &), 
and log {cosh (n’ — 7) — cos (£’ — &)} 

o 1 - r 

= ive ne pene Seti”) om 

=log} +7'- 1-2 Ss me cos n (£’— &), 
when the point &’, ' is within the cylinder 7, and 


=log$ +9- 7-2 > > o" cosx(E—-£'), 


when this point is without the cylinder, and 

log (cosh 2n + cos 2£) 
=logh +2 +log {14+ 7")! 4 log (1 +e Pte) 
s ae ih te 
=logh+2n-2 >" The cos2né ; 


therefore when ™s £’ is within the cylinders 


log R = log 2c+4 log $44 (7'+ 9) — >) = e) cosn (E'+€) 
1 —nn’- r 
+ log 3+4 (n'—n)— >) 5" cosn (E'- £) 


iL) 08 
—$ log 4—n+ > eal 7" cos On 


—4 log (cosh 27’ + cos 2€’) ; 
therefore 
log R=loge /2+7'—7 


Ks es aC —aln'+a) cosn (£’ + £) +e" cosm (£' — £) 


—(—1)'c *”" cos2n£} — } log (cosh 27’ + cos2’). 
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For all points within the cylinder, 7* can be expanded in 
a series of ascending power of ear for 
: 2c" J Ace 
” ~ cosh2n + cos2é C1. g ey a g inte) 


20° 1 a! 1 
 esin 2&4 eet Tema 


Ac* i ca eee 
= > (— 1)"* e-2n€ sin Qn€. 
sin2& 1 
Let dn, dn, be elements of the normals to the curves 9 


and £ drawn in the directions of 4 and & increasing, then 


d dé 
dn,=F dn.= = 


and if p and q be the velocities in these directions, 


_ds_,dp_ dy 


For he dm ° dé? 
ds _,d$__ ay 
dng dé dn? 

since Wwtip=f (E+ un). 


As J does not change sign as & increases from 0 to 27, the 
directions of the velocities depend solely on the signs of the 
derivatives of ¢ and w. 


The value of J may be written 
gis (1+e "+42 ” cos2£) e” 
Qc(l+e-"—2e ” cos2é)# 
which becomes infinite at the origin where 7 =, but 
Je "=the, 


when n»=o, and is therefore finite. Now it will appear 
hereafter, that the velocity and current functions for motion 
inside the cylinder can be expressed in the form 


y= pe Pi. (A, cosnE +B, sinné), 


so that the velocities are necessarily finite at the origin. 
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At a point near the foci 7 = 6n, & = 5&, or w—5&, and the 
value of J is 
LO Tet Oi roc ab 1 
o* /(8n* + 8&) — c * /(Sy* + OF)? 
which is infinite at the foci. Hence the condition that the 
velocities should be finite at the foci is, that in the neigh- 
bourhood of these points the derivatives of and y should be 
small quantities of the first order. 
At two points P, P’ taken on opposite sides of the line 
Fx, the velocities p and g are measured in the directions of 
the arrows (see fig. 17); hence the motion will be discon- 
tinuous along Jz, unless the derivatives of yw either vanish 
when 7=0, or change sign in passing from one side to the 
other. 
At points at a great distance from the origin 


n= 0n and £=}7— o&, 
_ 1 cosh 2éy — cos26& 
~ ¢/2° (cosh26n + cos2dé)# 


1 2 2 


so that J 


Hence the velocities will vanish at infinity, provided the 
derivatives of y do not become infinite. 

It should be observed, that the infinitesimal quantities 
dy and d5& are not necessarily of the same order, for if 0 be 
the vectorial angle of a point P very distant from the origin 


S yeenon 

tan 0 = BE? 
so that when / is near the axis of a, 5£ is large in com- 
parison with 67, and the contrary is the case when the point 
is situated in the neighbourhood of the axis of y. 

We shall now proceed to investigate the initial motion of 
a liquid contained between the two cylinders 7 =a and n=8, 
when either or both the cylinders are moved in any given 
manner. 

Let the inner cylinder 8 be moved parallel to the axis of 
y with velocity V, and let d and wW be the velocity and 
current functions of the znztal motion. 

We must determine yf so that 


y=0 when n=a, 
v=Vx when =. 
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Now ca =r" coshy cos €; 
2c cosh 3 Onn fe 
therefore eee (—1)""e 2mm sin Ink. 
sin & 1 
Assume 


= > aa PA 18) 2 


ant? sinh (22 + 1) (B— a) 
therefore, when 7 =, we must have 
2DA,_,, sin & (2n+1)E=4 Ve cosh B (oP sin of—~ °F sin 4& +...), 
now 2sin&€cos(2n+1)&=sin2 (n+ 1) &—sin2n€; 
therefore —A,,,+A,,,=4VecoshBe " (—1)"; 


Qn+1 2n—1 
therefore w,,,- u,=—4VecoshBe *Y# (- 1)", 
if v,.= a 2 We } 


4Ve cosh @ en 2("t)8 n 
therefore uw =A+ ee 


when n=1, u,=A,=-4Vee? cosh 8 ; 
| —2B 
4 
therefore A=— nee : 
l+ec 
—(— 1)"e —2nB 
therefore A,..=-4Vce- *8 cosh Be ae ae 
1l+c 
=—2Voe" f1—(-1e 7"), 
theretore 
=-2Vee? ing zreey Sea aeeN) Wee) 
=-2V ce ; 2S o- aay (@n+1)(B-a) cos (2n+1)£, 
and 


ba-2 TF SP act 8} infant) 


If the outer cylinder had begun to move with velocity J 
parallel to the axis of y, we must assume 


y= Mx+x, 
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where M is a constant and y is a function satisfying the 
equation yy =0, and we must determine JM and y, such that 


y= Ux when n=a, 
w=0 when 1=8, 
these conditions are satisfied by making M= JU and deter- 
mining y, such that 
y= 0 when =a, 
and y=— Ux when n=8. 
Hence 
Te 2 Uc cosh n cos & 
~ cosh2n + cos2& 
42Uce & Dr {1-(-1)"¢ 2m inka aa cos(2n+1) &, 


and similarly ¢ can be found. 
If the inner cylinder had begun to move parallel to the 
axis of x, we should find 


2 _g Py ene (2nt+1)(n-a) . 
rt > aint (2n+1) (G-a) SEAR 
and 


eA omy eee (2n+1) (n-a) 
d= 2Vce Se (- a anh nti yan) cos (2n+1) gE. 


In considering the motion of the fluid due to the rotation 
of the cylinders about their axes, it will be convenient for the 
purpose of avoiding repetition of the figure 17, to put 


Lea 


Pie = 
so that me aE ie ” sinn€. 


If the inner cylinder @ begin to rotate with angular 
velocity about its axis, whilst the outer one remains fixed, 
we must have 


vr, =0 when =a, 
wv =tor when =8. 


co ts h lis 
Assume n= >, A HATO eee) cosn€ ; 


"sinhn (B— a) 


198 Mr. Basset, Motion of a Inquid. 


therefore, when 7 = 8, 


2sing A cosné = ico >) (—1)""e- "P sinn€, 








now 2 sin € cosn€ = sin(n + 1) &—sin (n—1) &5 
therefore —A,sinf—A,sin2&+ (A,,—A,,,) sinné 
= 4c*w (e? sin & — oP sin 2E+ (-—1)"' sinn§}; 
therefore A,,,—-A,=— 4c’ (1 -)” ae 
2 u —(n+1)8 
4 —1] 
therefsreiel 1B 40a eee ea 
z ee 
Now A, =—4c’w oF, 
A,= 4c’o e F. 
2c'we ? 
therefore Be “5 ; 
1+e 
Pewee,  _ 
ee gas +e py, 
ex 
therefore 


ee Qos? awe? (— 1)" 





(tet oe oe 











‘ Leper ihe = 
therefore 
2c’w ¢ P . (- by -p —np 
y= ro {tty age (lte —2é ) 
1 l+e B Di l-é be 
sinhn (y — a 
x inh (3 Sa 
and é 
2cwe ? i“ 1)" —B —nB 
= — 1 —2e° 
he eee: >; ee aa y 
sinhn(n — a) chee 


sinhn (B— a) 


If the outer cylinder had begun to rotate with angular 
velocity Q in the same direction, we should have 


i =4Qr° when =a, 
ar. =0 when =8. 
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Hence, the values of yy, and ¢, can be obtained from those of 
y, and ¢,, by changing 8 into a in the coefficient, and by 
writing sinhn(B—%) and —coshn(8—7n) for sinhn(n—a) 
and coshn (7 — a) respectively. 

If both the cylinders had begun to rotate with angular 
velocities w and Q respectively, the current and velocity 
functions of the initial motion would be w,+, and ¢,+ ¢, 
respectively, and in the particular case in which w=Q. these 
expressions will hold always for the motion. 

The motion of a liquid contained within the cylinder 7 =a, 
when the cylinder is rotating about its axis, may either be 
investigated independently, or deduced from the preceding 
case by making B=. 

Putting 8 =o in the expression just obtained, we find 


fe yas ioe) < n ee sl fe! 
p= Boils > i! Pe eet so — 2s, ) ol eog ne 
Te eae 2 joes 





_ ¢Q [(1-e”*) e) feos28 — 6 cos £} 
2 sinha cosh (n — a) — cos& 
. (lte “2  feos2é + 6 cosk} 
cosh (4 — a) + eos é 
_ 26" (cos2é + € ” cos) 
cosh n + cos& i 
The sum of the first two terms 
22" feosh(n — a) cos2é — e cos 2k} 
| +22” ee cosh (n—a) — cos 2£} cosé 
4 {cosh 2 (7 — a) — cos2&} 
_ cos2é — oI) 4 oo fo 2) cog E — cos 3} 
2 4 {cosh2 (n — a) — cos2&} 


a {es " cosé — cos3£} + sinh2 (7 —a) as 


— 
— 





rial cosh 2 (n — a) — cos 2& sad 
therefore 
cQ ee fg ra) cos & — cos3&| + sinh2 (7 —a) 
al T cosh 2 (7 — a) — cos2& 


e "(cos2&+e ” cosé) 
cosh n + cosé : 
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es eO, sindé+e “fe "sin £-sin3£} _& "(sin2é+e "sin€) 
sinha cosh 2 (n — a) — cos2& cosh + cos& 


This result can be easily verified, for putting 


9 =a, then 
e’Q, e “(cos2&+¢ “* cosé) 
fa aka ee lta y cosh a + cos& 
e ce 
~ cosh a+ cosé 
= air. 


We shall, in the next place, investigate the motion of 
a vortex within the cylinder 7=8. 

Let & be the distance between two points &, 1; and &', 77’ 
within the cylinders, and let 


w=lgh+y, 


where ¥ is a function of & and 7» satisfying the equation 
v ¥ =0, such that at every point within the cylinder ¥ and 
its derivatives of the first order are finite and continuous. 
Then if ¥ be determined so that ~=0 when 7=8, Ww is 
the current function of the motion due to a vortex at the 
point &', 7. We also see that ¥ is the potential within 
the cylinder of the electricity induced thereon, by an infinite 
electrified line which is parallel to. the axis and is situated 
at the point &'7’ 
Let 


aes 
+ 4 log (cosh 2m’ + cos2é’). 
Since 7'> 8, the value of log # at the surface is 
loge 72+ 9’ — 8B —4 log (cosh 27’ + cos2€’) 


= ST Lie” cosn (e+ £) 4% cosn (E— 2) 


—(—1)s-?"* cos 2n€} ; 


—n(n—f) 





(A, cosn€ + B, sinnE) — 7’ + B- loge /2 
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therefore 
rae | ; ey ata! 
>? . (A, cosn€ + 8, sinn€) — pan = {e mItP) cog n (E'+ &) 
+e") cogn(£' — £)—(—-1)"e °”* cos Qné} =0; 
therefore 


Bo=- feet y_ gr PD sin n€’, 


Agg= (oP, ONO) cos(an-+1) F, 
A,, = (cy -" oa | cos 2n€' —(— 1)” 2". 
therefore 





a tn—P) 
> (A, cosn& + 8, sin n&) 


n 
= D7 cosn(E + B+ eH cosn (Ef) 


—(—1).6 “"" cos2n£} 
gn tn 
_ jt: 
A 108 Tosh Gy + a) — cos +B} 


g” +n—2B 


+ 2108 9 Tosh Gy +9 —28) con — 6} 
+ 4 log (cosh 2n + cos2£&) +4 log2— 
=—tlog2+7’-8 
aaloe | seek 2 + Hues ; 
{cosh(7' +)— cos(é'+£)} {cosh(n'+—28)— cos('—£)}’ 


therefore ¥ = — log 2c 


er armen cosh 27721, C08 25) (cosh 20! -b 008.255) 5 
28 Feosh (n'+9)— cos(E+£)} {cosh (x’-+-28)— cos(E'—E)} ’ 


a cosh (4' — ) — cos (&' — &) 
aes OC” cosh (nic 4 228) .008 Fic 6) 


This expression is of the same form as the current function 
due to a vortex external to an elliptic cylinder, and the 
discussion of the images can be carried on in the same 
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manner as has been done by Mr. Hicks in the case of 
a vortex external to an elliptic cylinder.* 

The expression for x which we have just obtained enables 
us to give a physical meaning to the functions € and , for 
if we put 7’ =o in this expression, y will be the potential 
of the electric field within the cylinder, when the cylinder 
is under the action of an electrified line situated at the 
centre. We thus obtain 


v=—(n-B). 
Hence the curves 7 =const. are the equi-potential curves, 


and the curves &= const. are the lines of force. 
The surface density 


oo oon (7 *) 
47 \ dn =8 
cp P 


=——, + __« 
Qnrr*sinh2B + 


The circumstance that the current function due to a vortex 
within the cylinder 7=8 is of the same form as that due 
to a vortex outside an elliptic cylinder, suggests the enquiry 
whether a similar proposition is true with respect to a vortex 
within an elliptic cylinder. ‘The current function due to such 
a vortex has been obtained by Mr. C. V. Coates,t who finds 
the expression 


{sn’o( £+£")—sn®a'n+7')} {sna (E-£')— sn*au(m—n") 


where E+un=cos” a, 
Cs pa 
Q=— =235> 
Te! 


and 7 = is the transverse section of the elliptic cylinder. 
We shall examine this function and shall show that if 


ery, yp satisfies all 


the conditions necessary to be satisfied by the current 
function due to a vortex at a point &', 7’ external to the 
cylinder n = 8. 


E+. be understood to mean sec 





* Quarterly Journal of Mathematics, vol. XVII. p. 327. 
t Quarterly Journal of Mathematics, vol. XVI, p, 81. 
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wv obviously vanishes when 7 = by virtue of the relation 
ksn(u+ ti’) snu=1. 


Also 
2a sna(&+ &) ena (&+4 &) dna (E+ &') 
pase AD vot eds: k? sn?au(n—n’) 
sn’a( E+E&')—sn’au(n+7’) Bs eee 
+ 2a sna (&— &') ena (€ — &') dna (E— &’) 
aan ote ion Himes 
sn’a(€—&')—sn*ae(y-7’) Gee ea Y 
se 


—* =—2asnae(n+ 7) cna (n+ 7’) dnae(n +7’) 


| 1 i hk’ sn’a (E—£’) 
sn’a(E+&')-sn’adnty’)  1-h’sn*a(€-&')sn*ae(y+7’) 
—2asnae(n +7’) cnae(y — 7’) dnas(y— 77’) 
| 1 = RK? sn*a (E+ &') 
sn’a(&-&')-sn‘aun-n')  1-k’sn*a(E+&')sn°ae(y-7’)) 
When 7=0, these expressions change sign when & is 


changed into a E (or — € which is the same thing), so that 
there is no discontinuity along Fw. 


Also oN and are each of the form 


dé 
FE +E, tr te =n) +f (E+E, n'—n)—S (&'-E, 2'+n), 


the value of which at a point o£, 67 in the neighbourhood 
of the foci is 


(eG ¥) 9} 


the value of J at this point is , and as the 


rie 57) 
derivatives of /’and f with respect to &’ and 7’ do not become 
infinite at the foci, the velocities are finite at these points. 

It remains to ‘show that the velocities vanish at infinity. 
At a great distance from the we E=4r—5&, n=65n and 


the value of J at this point is (36 + 6n’), and the values of 
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and ° are not infinite at this point, so that the velocities 
x a great distance from the origin are infinitesimal quantities 
of the second order. 

Before proceeding to discuss the motion of the cylinder 
=f in an infinite liquid, we shall require the following 
preliminary proposition, viz. that the motion of a liquid 
parallel to the axis if y can be obtained by placing two equal 
vortices of opposite circulations on the axis of a on either 
side of the origin and at equal distances from it, and making 
them move off to infinity whilst their strengths increase 
indefinitely, but so that the velocity remains finite. 

Thus if &, —& be the distances of the vortices from the 
origin; m, — m their strengths, the current function at x, y is 


(w— Ey +y" 


end CET ET 


=— Va. 


Hence wy is the current function of a liquid moving 
parallel to y with velocity —V. 

We shall employ this method to find the motion of a 
liquid which is flowing past the cylinder »=£, the velocity 
of the liquid at infinity being parallel to the axis of y and 
equal to —V. 

The current function due to a vortex at 7=0, £=47—6€ is 


\ n = (Ex der—BE)-sn’ a [sn ‘— (€-97+8£)-sn* -- 








28 
Se ORE: OR eT ; 
: Ke i'n 
Putting at oF +4K=u, 
KE ctKk'n 
Tr 28 +3K=y, 
sets = du. 


7 
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This becomes 
m log sn(u — du) sn (v — du) sn (u— K+ du) sn(v — K+ Su). 
The current function due to the opposite vortex at »=0, 
£ = 37 —6& is 
—m log sn(u+K—8u) sn(v+A—Su) sn (u—2. K+ du) sn (v—2. K+ 6u), 


Remembering that sn (w+ 2K }=—snw, the current function 
for the whole motion may be written 

ee 7 80 (wu — dw) sn(v — du)sn(u+K + du) sn(v+A4+ du) 
ate O8 sn (u + dw) sn(v + du) sn(u +A — du) sn(v +K + du) ° 

Now 





log sn (u-+ 8u) =log smu + S¥ SRY 





. Ou; 


and, therefore, 





Bess. cnwdnw cnvdny cn(ut+K)dn(wt+ K) 
ses sn wu sn v sn(u+K) 
_cn(v+ K)dn(vt+ K) 
sn(v + A) 
_ ape en’u dn’u+k? sn’u — en’v dn*v + kh” sn*v 
i snucnw dn wu snvcnv dnv 
dn2u  dn2v 
mene! Ia sn2u ° sn sit 


Mt : a 

: DhE ok DRE ohn }. 

ee ee wee) 

We shall now verify this result ; yf obviously vanishes 
he 

B ’) 

ay, _ ov, ee ap _ sn Ee 

dn en’y (€ + 4m) en*y (E — en) ; 


dy, sny(E+em)dny(_) , sny(E—wm)dny(_) 
i ae My | en’y( ) i cn’y( ) . 


2 
when 7 = 8, also putting lee 
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As we pass from the positive to the negative side of the 


line Fx, ae changes sign, and a vanishes when 7=0, so 


there is no discontinuity along this line; also at the foci 
these quantities are infinitesimals of the first order, and as 


Sr eeraeh at these points, the velocities at the foci 
are finite. 

At a great distance from the origin 7 =6n, &=47— 6&, 
so that this point 


sed ee mi aE) 
dy Ki \of' (8& — 08m)?" (8F + on)’ 

4M Be bn 

k'y : (d& re 57’)? 4 
y Sea al 
But Bn SINT FANS Sa 

and J=* (6&? + dn’) 

dN ee eee 
therefore J dies ai pee 20=—4, 

dy, _ 2M wf 
and J —) dE Tages 20= op. 


If 7, m be the direction cosines of the normal at $y, 


4 — 86 


cos @ t cos 2042 sin’@ 


(277 —a’) ax 
4.2 


~ (atx? + bry’)* 


a os"6 ot sin’®) 


= gin 20 
_ Ms By sin 0 —— cos’? — cos me 


— cos 6 + sin’ pinto) 


= —co0s26; 
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therefore velocity parallel to a, 


=—pl— qm 
= Aue (sin 26 cos 20 — cos 28 sin 24) 
key 
= 0, 
velocity parallel to y, 
2M : 
USCS SG rr aaa (fig. 18); 


therefore 


i! 1 
fac} Wt aterm) * eanle rm 


Hence if the cylinder be moving with velocity V parallel 
to the axis of y, and x, be current function, 


A es Vv, AE Va, 
and the velocity function is 


1 1 
st Y es eee e 
$4 Yo cera) areca 


For the corresponding case of motion parallel to x, we 
must place two vortices on the axis of y at the points &' =47, 
n =6n; & =, 7’ =6n, the current function for the first 


vortex is 
{sn® (= +1K ) — sn? eB (n + on)} {sn® (= — 2h ) — sn? oT (1 — on)t 


{1 —k? sn? (= + pK sa (- on) {1 — 2 sn? (+ _ LK sn (ot én)} 


Tv 


m log 


Putting for a moment 


KE 





— tek =a, 
tK'n _ 
28 =Y, 
tK'S 
7 = 8y ; 





29 
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and remembering that sn («#— A’) = a ee this becomes 


a {sn’x — sn? (y+8y)} — {en’« — dn’x sn’ (y —dy)} 

8 {1 — &*sn*x sn’ (y— dy)} {dn*a — k’ en*w sn* (y+dy)} © 
Now 
en*a — dn’x sn’ (y — dy) __ 
1—# ents an®(y— dy) ~ cn (x + y— dy) cn(a— y + dy), 
and 


dn*a — k’ en’ sn*(y+ dy) _ ; 
T= ante an(y toy) ~ @ ty ey) dn@— y= 09); 


therefore the current function 


othe s sn (u + du) sn (v — du) en(u— du) en(v + dw) 
Bias: dn (w + du) dn (v — du) 
=m log 7 en(u+ K+ du) cn(v+ K — du) en(u — du) en(v + du), 


when wu, v and du have the same meanings as before. 
The value of the current function for the other vortex is 


—m log 7 ;en(u + du) cn(v — du) en(u+ K— du) cn(v+K+ du); 


therefore the current function for the whole motion is 


— m loo oo (wu — du) en (v + du) en(w ++ du) en(v + K— Su) 
TAOS a (w+ du) en (v — du) en (wu +A— du) en(v ++ bu)” 





Now logen(u—6u)=logenu+ SBE En: 
therefore 
snudnw snvudnv 
pr, = 2m du 4 ——— — ——_—— 
ch u cn v 
_ sn(u+ A) dn (u+ K) sn (v+ A’) dn (v+ K)) 
en (w+ K) en (v+ K) j 
1— #’ sn*u 1— k' sn*v 
= 9104. — 
snucnudnu snvcnvdnv 


1 1 
= M }—_— — —— 
{rs ait : 
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= at} ES ce an (208 Er) 





_ a, fdny (Eten) dny (E — em) 
aM era esa 


which evidently vanishes when n=. Also it can be shown 
that the velocities at the foci are finite and that there is no 
discontinuity along the line #x; it remains therefore to 
determine J, 


2 d see ha Eh bee 
dn sn’2u sn’2v 


dp, ay SS eae ft 


and putting E=47- 6£, n=56y, 


dy, =F egy 1 i" 1 + 
dn (S&— 16)? (d& + dn)’ 
ge Me sOb = On) 
y * (E+ oy)? 
therefore 
dy, 2M ty 
oe inde cos2d = —q, 
GROG a 
and Tie Sheer . 1n20 = Ps 


therefore velocity parallel to x, 


ast ale, OO 9, 
ye 


velocity parallel to y=0. 
Therefore 


ee a ae ER 
+ aoe 20 (sn{kK+y(E+em)} sni{k+y(E-en)}) 
VOL. XIX,’ er 
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Hence if the cylinder be moving with velocity U parallel 
to the axis of a, the current function is 


X= 0, — Uy, 
and the velocity function is 


¢,=- + Un. 


ie | RESET + ETc 
2 (sn{k+y(Et+em)}  sn{K+y(E-«n)} 

The function y is the potential of the electric field when 
the cylinder is under the action of an electrified line at the 
point &'y’. The effect of putting —’=47, n’=0 is to make 
the line move off to infinity, and we thus obtain for the 
potential of an electrified cylinder under the action of no 
electric forces the expression 


V = log snz sn (wu — IT) snv sn (v— K) stoleadees (1), 


where wu and vw have the same meanings as before. This may 
be put into the form 


i dn : i) dn ee ; k’) —k'cn eS i) 


B Sie 
eK Koa \ var 
dn (=, &) dn(=", #) +2’ en(=5”, #) 


The lines of force are given by the equation 


ip  snusn(w—K). 
~ snusn(v—K)?’ 


sn (w+ v) cn (u—v) 
en(w+v) cn (u—v) 


cn BUSS sn < 
T Cae 
ee 
Renee cn? 
T 


8 


therefore cotéd=e 





therefore 


k’ sn es ¢ k) sn (= ; x) 


en (==) 


=—2tan” 
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Taking the first form of V we find 


dV ek (= dn?u—? sn?u = en’v dn’v — k” =n?) 
d 28 snu cnu dnu snvcnyvdny — 
| 


is, pd (ae 4 ; 
so ’ 


B \sn2u ~ sn2v 
therefore 
2K. 
q r) a gp haa te stata ce ' 
Arle Fon (2 4 K+ ok") 
T 
be jcahs eee 
So ae 5 
Bo ay, 2Hé 
7 


therefore the surface density 


A Kiké p 
mB sinh28 eae — 


If &+ in = cos 
the potential and the lines of force for an elliptic cylinder 
under the action of an infinite electrified line at the centre. 
In this case 





the expressions for V and @¢ give 


ees tats 
~ é sinhzB? 


so that the surface density 


aS oe a 
~ @Bc'sinh28" , 2KE 
ee 


If the cylinder be placed in a field of uniform and parallel 
electric force, the expressions for yr, and y,, which we have 
obtained above, enables us to find the electrification. For 
if the potential of the uniform and parallel field of force 
be — Aw — By, we must find a function V such that V=0, 
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when 7=8 and — ls A, and — Eee B at infinity. The 
dix dy 


required function is obviously 





Ak'c 1 1 
V=-- 1 Pcie ed We 
2 lary (E + en) af eny (& — =| 


Bee Se petit See | 
20 [sn{K+y(E+em)} anf + (E—«un)} |? 
Aon + Bhs n=) 


ae 
(S-) = Moy" , . 
dn n=B Ane 
1 
Licht — P (4 en = + Bh sn =") 
and Lae} Beal aes e Biv Vann St oe ° 
27 sinh28 dn _ 


ERRATUM. 


p. 191, line 10 from the bottom, for doubled read coincident. 


NOTE ON THE COMPOSITIONS OF A NUMBER 
AS A SUM OF TWO AND FOUR UNEVEN SQUARES. 


By J. W. L. GLAISHER. 


i a number is expressible as a sum of four uneven squares 
it must be of the form 4, and tf it is expressible as a 
sum of two uneven squares it must be of the form 2, where 
NV denotes an uneven number; and it is known that the 
number of compositions of 4N as a sum of four uneven 
squares is equal to the sum of the divisors of NV, and that the 
number of compositions of 2V as a sum of two uneven 
squares is equal to the excess of the number of divisors of V 
of the form 4m-+1 over the number of those of the form 4m+3, 

The object of the present note is to point out a curious 
relation between the compositions of 4N as a sum of four 
uneven squares and those of 2.V as a sum of two uneven 
squares. 

The relation is most easily explained by means of an 
example. 
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Let 4N=68, then N= 17, and the number of compositions 
is therefore 18. The number 68 can be resolved into a sum 
of four uneven squares in two ways, Viz. 

174 374 37477, 
3° + 3° +5" + 5°; 
and these give rise to the eighteen compositions 
14 3° 43°47, 
V3 +754 3: 
1°+ 7° +3" + 3°, 
374+ 1°4+ 3°47’, 
37+ 1°+7'4 3°, 
3°4 35+ 17+ 7, 
34+3°4+7'4 1%, 
347+ 143%, 
+7 43° +1", 
i Le 3) 3", 
7 + 3° +1? + 3°, 
VES ESL, 


3° + 8° + 5° + 5°, 

3° + 5° + 3° + 5°, 

Cr Grad eps 

5° + 3+ 3° +5", 

5° + 37+ 5° + 3, 

5° + 5° +.3° + 3°. 
The excess of the number of 4m-+1 divisors of 17 over 
the number of 4m+3 divisors =2; and 2N, =34, can be 


expressed as a sum of two uneven squares in only one way, 
viz. 3°+ 5°, The two compositions are therefore 


3° 4+ 5’, 
57 4-8". 
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The relation is as follows: 


Consider only the squares that occupy the same place in - 
the compositions of 4N, say the first square in each com- 
position, and write down their square roots with the positive 
sign when of the form 4m+1 and with the negative sign 
when of the form 4m+ 3. Following this rule we obtain 


A= 1+4+1+4+1-3-3-3-3-3-83 
—-7-7-7-—8-3-3+5+45+5. 


Consider now the compositions of 2N and multiply 
together the square roots of the two squares in each 
composition, the signs of the square roots being as before 
taken to be positive or negative according as they are of the 
forms 4m+1 or 4m+3, and add together the products so 
obtained. We thus find 


B=-8x54+5x-3. 


Then the relation is that 4A = B. 
In this case 


A=3—18-—21-94+15=—30, 
B=-15-15 =— 30. 


As another example, take 4N=100; then N=25, and the 
sum of the divisors of N=1+5+25=31. 

The resolutions of 100 into sums of four uneven 
squares are 


(i) 174+37+37'4 9°, 
(ii) 174+ 5°4+57+7, 
(iii) P+VP4+ 747’, 
(iv) 5°+ 5°+4 5° 45%. 


The resolution (i) gives rise to twelve compositions, in - 
three of which 1° stands first, in six of which 3° stands first, 
and in three of which 9* stands first. 

(ii) gives rise to twelve compositions: 1° stands first in 
three, 5” in six, 7’ in three. 

(ili) gives rise to six compositions: 1° stands first in three, 
and 7° in three. 
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(iv) gives rise to only one composition. 
Thus, following the rule, we obtain 


from (i), 1x3-3x64+9x3, 
Sere alla, 1x3+5x6-7x3, 
oo 1x3-7 x3, 

» (iv), 5x1, 


and therefore 
A =(3—18 + 27) + (3+ 30-21) + (3-21) +5, 


=11. 
The compositions of 50 are three in number, viz. 
i he ye ig ; 
foes t lL, 
5° + 5°, 
and the rule gives 
Beil = 7, 
ae > Og 


stud: Xs Oa Li. 


The theorem may be proved analytically by means of 
the formule 


. O° (1-2) 
(i) ny (1 we Dale 
(ii) HY (1- a") = SP (-)" (Qn +1) BO, 
for, from (i), 
{zp ae? x OY (1 — 2") = OP (1- 2"), 
whence, by (ii), 
{SPaMerry> x BP (—)* (Qn + 1) ak = (3? (—)” (Qn $ Laer}, 
Writing 2° for x, and multiplying throughout by 2’, this 
equation becomes 
[Brat] x BP (Yan + 1) a= [BP (—)"On 4 Taken 
and the theorem is deducible at once from this formula by 
equating the coefficients of like powers of a. 


_ we gnnt1) 
Zz 2, x ? 
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THEOREMS RELATING TO THE SUM OF THE 
UNEVEN DIVISORS OF A NUMBER. 


By J. W. L. GLAISHER. 
§ 1. {SOEs ees Obilh this paper 7 is used to denote a 


number generally, z.e. m may denote according 

to circumstances an even number, an uneven number or any 

number; but m is always used to denote an uneven number. 

The expression A(n) denotes the sum of the uneven 

divisors of n, so that if m is uneven, A(n)= the sum of all 

the divisors of n, a quantity usually denoted by y(n). Thus, 
in general, if n= 2"m, we have 


A (n) = (m). 

If a be is divisor of n, then-the conjugate of a is a’ where 
aa =n, so that the product of a divisor and its conjugate is 
by definition always equal to the number. 

The following three sections contain theorems involving 
the quantity A (n). 


§2. Theorem I. 
A (1) A(2n—1)+ A(3) A (2n—1)+A(5)A(2n—5)...+.A(2n-1)A(1) 


= sum of the cubes of the divisors of n that have uneven 
conjugates. 
If 2n = 2"m, m being, as mentioned in §1, uneven, and if 
1, «,°8;-...m are the divisors of mm, then 2°") 2°ta,(2— ae 
2”'m are the divisors of m that have uneven conjugates, and 
we may therefore state the theorem: if n is even and =2’m, 
then 


A (1) A(n—1)+A(3) A (n—3)+A(5) O(n-5)...+ A (n—1)A (1) 
= 2°" x sum of the cubes of the uneven divisors of n. 


If r=1,s0 that nis the double of an uneven number =2m, 
then the expression on the left-hand side contains a middle 
term, and we may write the formula 


2{A(1)A(n—1)+A(3) A(n—3)...4+.A(gn—2) A($n+2)}+A ($n) An) 
= 2°° x sum of the cubes of the uneven divisors of 7; 
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but if n is divisible by 4, so that n=2'm where r>1, then 
there are two middle terms, and the formula may be written 


A (1) A(n—1)+A (3) A (n—3)... + A (4n—1) A (4n +1) 

= 2°°*x sum of cubes of uneven divisors of 7. 

Taking as examples the cases n = 10 and n= 12, since 
A(1)=1, A(5)=6, A(9) =13, 
A(3)=4, A(7)=8, A (11) =12, 


we find from the former of the two last-written formule, 
for n=10=2.5, 


2 {1.13 +4.8} + 6.6 = 14 5°, 
that is 90 +36 =1+4125, 
and from the latter, for n =12 = 2”.3, 
1.12 + 4.13 + 6.8 = 2? x (1° + 3°), 
that is 12 + 52448 =4 x 28. 


§3. Theorem II. 
A (2n +1) +244 (1) A (2n) + 244 (2) A (2n—-1) +... 
+ 24A (2n) A (1) + A (2n +1) 
= twice the sum of the cubes of the divisors of 2n + 1. 


There are always two middle terms, and we may therefore 
write the theorem in the form: if ” is uneven, then 


A (n) + 244 (1) A (n— 1) + 244 (2) A (n —2)+... 
+244 {4 (n—1)} A {k(n +1)} 
= sum of the cubes of the divisors of n. 


As an example, taking n = 9, since 


ACA) Eg he oie? A(7) = 8, 
A (2) =1, A (5) = A(8)= 1, 
A (3) =4, A (6) = A (9) = 13, 


this formula gives 
13 + 24 {1.141.84+4.4+1.6} =1°4+3°+9°; 


that is, 13 + 744 =1+4 27 +729. 
VOL, XTX, FF 
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§4. Theorem III. 
A (2n) +24. (2) A (2n— 2) + 24 (4) A (2n—4) 4... 
+ 24A (2n— 2) A (2) + A (2n) 
=1(24-2B-(), 
where A =sum of cubes of even divisors of 2n, 
B= > uneven “ 
C= ; divisors having uneven conjugates. 


If 2n =2"m, and if (as in §2) 1, a, B,...m are the divisors 
of m, then the even divisors of 2n are 


Yr REO Hb Soph Len 


DO Nea Anes Cees aude 


2m, 2°m, 2°m, ...2"m, 
the uneven divisors are 
eC Ry slate 
and the divisors with uneven conjugates are 
Or, Wa, 2B,-...2'm. 
Thus 4 (24-—2B-C) 
4D {2 (2° + 2°...4 27) -2—2”} a 
girs ue ae? * 95 ae D) ‘ 
5 fan 
2°-1 


Te WOR Ope wacteos tt 
St ty eee eT ee 


= 


i 


Soe 


Hs 
3 


Thus, if n is even, 
A (n) +244 (2) A (n—2) +244 (4) A (n—4) 4... 
+ 24A (n—2) A (2) +A (n) 
= } {2 x 3-10} xsum of the cubes of the uneven divisors of n. 


If n is the double of an uneven number =2m, there are 
two middle terms, and the formula may be written 


A (n) + 244 (2) A (n—2)...4 240 ($n — 1) A (4n+4 1) 


= }{2""x 3-5! x sum of the cubes of the uneven divisors of n. 


Sum of the Uneven Divisors of a Number. 219 


If n is divisible by 4, and =2"m where r>1, the formula 
becomes 
2{A(n)+24A(2)A(n—2)...+24A(4n—2)A(4n+2)}+24A (dn) A(dn) 
= + {25" x 3—10} x sum of the cubes of the uneven divisors of n. 

Taking, as examples, n= 10 and n=12, the two formule 
give respectively 

6 +24.1.1 + 24.1.4 = 4 (2? x 3 — 5} x(1° +4 5°) 
and 
2 {44 24.1.6 24.1.1} + 24.4.4 =4 {2° x 3— 10} x (1° + 3°), 


§5. The preceding theorems were deduced from the 
g-series for 


DPN eu hale veal (210 \o8 a (2 ENS 

Gals (cet) cs Gagk 
but some transformation is necessary in order to reduce them 
to the forms given. ‘The g-series in question are most con- 
veniently written in the forms in which they are expressed 


in Professor H. J. S. Smith’s report on the Theory of 
Numbers,* viz. 








2K\? | ; 
( =, =14 8 (2+(-1)"} 3,3209", >) Page 
4 4 
(ee) = 1+ 163,3,(—)"d"q", 9 = 2562, 25"q", 


where n denotes any number, v any uneven number, d any 
divisor of m, 6 any uneven divisor of n, and 8’ is conjugate 
to 6. 


§6. The first theorem would be useful in verifying the 
accuracy of a factor table of y(n), the sum of the divisors 
of m for uneven values of n; for, n being even, the theorem 
may be written 


ap (1) (ma —1) +f (3) Y (nm — 8)...+ Y(n— 1) o (1) 
=sum of the cubes of the divisors of » that bave uneven 
conjugates. 


In his paper Observatio de summis divisorumt Kuler gave 
a table of W(n) as far as n=100; and taking the values trom 


* British Association Report for 1865, p. 336. 
t Opera Minora Collecta, vol. 1. p. 308. 
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this table, we find 
(1,99)= 1156= 156, (25, 75)= 31.124 = 3844, 
(3,97) = 4.98 = 392, (27,73) =40.74 =2960, 
(5,95)= 6.120= 720, (29,71) =30.72 = 2160, 

( 

( 

( 


I 


1 ) 
a ) 
(7,93) = 8.128=1024, (31, 69) = 32.96 = 3072, 
(9, 91) =13.112 = 1456, (33, 67) = 48.68 = 3264, 
(11, 89) =12.90 =1080, (35, 65) =48.84 = 4032, 
) a 
Ss 


(13, 87) = 14.120 = 1680, ov, = 38.104 = 39952, 


(37, 63) 

(15, 85) = 24.108 = 2592, (39, 61) = 56.62 = 3472, 
(17, 83) = 18.84 =1512, (41, 59) = 42.60 = 2520, 
(19, 81) = 20.121 = 2420, (48, 57) = 44.80 = 3520, 
(21, 79) = 32.80 =2560, (45, 55) =78.72 = 5616, 
(23, 77) = 24.96 =2304, (47, 53) = 48.52 = 2592, 
(49, 51) = 57.72 = 4104, 


where, for brevity, (m, ”) is written in place of y(m) y(n). 
The sum of these terms = 63,004, and this number, multiplied 
by 2, = 126,008, which is the value of the expression 


ab (1) (99) + (3) (97). (99) (1). 


Now 100=2".25, and the uneven divisors of 100 are 
1, 5, 25, so that 


2°"* x sum of the cubes of the uneven divisors of n 
= 2? x (194.5° + 25°) 
=8 x (1 +125 + 15625) = 126,008. 


I was led to the theorems in §$2—4 in seeking for formule 
of verification for an extended table of y(n) which I have 
constructed. Two other formule are available for such a 
purpose, viz. Kuler’s formula 


yp (n) — (n—1) — op (n—2) +p (n—5) + (n—-7) -...=0, 


where 1, 2, 5,7,... are the pentagonal numbers 4n (3n + 1) 
and yf ( n— n) 1 is to be replaced by n; and the formula 


y(n) — 8 (n—-1) + 5 (n—- 3) — TY (n—6) + 9 (n—-10) -...=0, 


where 1, 3,6, 10,... are the triangular numbers, and y(n — 1) 
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is to be replaced by 4n. In both cases the formule end at 
the term preceding the first term with a negative argument. 
For example, taking n= 10, the second formula gives 


18 — 3.13 + 5.8 —7.7 + 9.410 =0, 
and for n= 11, 
12 —3.18+ 5.15 -—7.64+9=0. 


These formule verify the table for even as well as uneven 
arguments, but the verification afforded is not so systematic. 


§7. Ihave obtained another formula of this kind, involving 
sums of divisors of uneven numbers, by the following process. 
From the formula 


Ge) = 294 + 2q% + 2q¥ + 29% + Ke. 
we deduce 


(=) =légdtgtgtgrt gt &.)', 


the exponents being the doubles of the triangular numbers, 
2.e. the numbers of the form (n+ 1), whence we obtain the 
identical equation 


WD g+h 3) +¥.5) PtH (7) q+ &. 
=q(lt+g+gt+q°t+q't+&e). 
Differentiating logarithmically, 
¥ (1) q+ 8 (3) +5 (5)q'+&e. _ | | 4(2q'+ 69°44 1294 &e.) 
v(l)g+ ¥(3) q+ Noes Se Usk Geb teh dere es 
l+g+t¢tq +g +k. ? 





whence 
Trg x BP (2n—1) W(2n—1) 9g" 
= 3° (2n— 1) qn) x Sup (2n-1) 97". 


hers 


Equating the coefficients of ¢ 
(2n +1) w(2n +1) + (2n—1) eee an es) vp (2n — 5) 

+ (2n —11) w(2n—11) + &e. 

= W(2n +1) + Ip (2Qn—1) + 25 (2n—-5) + ANP (2n- 11) +&e., 
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whence 
2nw (2n + 1)+(2n — 10) fp (2n — 1) +4 (2n — 30) pr (2n —- 5) 

+ (2n — 60) W(2n - 11) + &e. =0, 
and therefore, dividing by 2, 
nv (2n+1)+(n—5) W(2n -—1)+(n— 15) P(2n —5) 

+(n—30)  (2n—11)+ &e. =0, 

which is the resulting formula. ‘The differences between the 
arguments in the successive terms are the even numbers 
2, 4, 6, 8, &c., and the differences between the successive 
multipliers are the multiples of five, 5, 10, 15, &c. The 
series ends at the term preceding the first term with zero 


or negative argument, and yw (0) =0. 
As an example, putting 2n+1= 49, the formula gives 


24rr (49) + 19 (47) + 9p (43) — 6 Yr (37) — 26 (29) 
~ 51 (19) — 8ly (7) =0, 
that is, 


24 x 57419 x 4849 x 44—6 x 38-26 K 30—51 x 20-81 x 8 =0, 


which is true, the sums of the positive and negative terms 
being each equal to 2676. 
The theorem may be written also in the form 


n{w(2n+1)+ y(2n-1)4+ P(2Qn-5)+ W2n—-11)4+&c.} 
=5 {y(2n+1)4+ 3p (2n—-1) +6 Qn—5)+10y~Qn—11)+ Ke}. 


§8. Similarly by means of the formula for (=) we 
obtain the equation 
1+ 8>> {24+(—1)"} A(m) gq" =(1 + 2¢ + 2q* + 29° + &e.)*, 
whence, following the same process as in the last section, | 
we find 
{1423%9"} x B(24+(—D"} nA (n)qQ" 
= SPn'g™ x [L +827 {2+(—1)} A(n)q"], 
and equating the coefficients of g"” 
enA(n)+¢,_,(2n—10) A(n—1)+¢,_,(2n— 40) A (n —4) 
+6, 4(2n— 90) A(n—9) +e, _,,(2n—160) A (n—16) 
+e. (2n —250) A (n— 25) + &. =0, 


, we obtain finally 


n—25 
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where ¢, denotes 3 or 1 according as m is even or uneven. 
The series terminates when the arguments become negative 
or zero, and A(0)=0. 

For example, for n = 20 the formula gives 


3 x 20A (20) + 80A (19) +0 —50A (11) —3 x 120A (4), 
that is, 
60.6 + 30.20 — 50.12 — 360.1=0, 
and, for n=19, 
19A (19)+3 x 28A (18) -2A (15) —3 x 52A (10) —122 x A (3) = 0, 
that is, 
19.20 + 84.13 — 2.24 — 156.6 —122.4=0. 


ONY MR. ANGLIN’S FORMULA FOR THE SUCCESSIVE 
POWERS OF THE ROOT OF AN ALGEBRAICAL 
EQUATION. 


By Professor CAYLEY. 


UPPOSE x”"— px"? 4+ qu""—-...=0, then the successive 
powers a”, x”", a”, &e. of « can be expressed in the 
form Px"? — Qx"* + Re”™*—&e. Mr. Anglin has obtained 
for this purpose a very elegant formula, with a demonstration, 
which (it occurred to me) might be presented under a some- 
what simplified form; and he has permitted me to draw up 
the present Note. 


Take, for greater convenience, the equation to be 
xv — pa +qxe°—r“a+s=0, 


and let h,, ,, A,, ... be the sums of the homogeneous products 
of the roots, of the orders 1, 2, 3, &c. respectively; then, 
writing also h,=1, we have 


h,=h,p, 

h,=h,p—-hg, 
h,=hp-—hgqth, 
h,=hp—hgthr—-hs, 
h, =hp-hgthyr—h,s, 
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And this being so, starting from the equation - 
= pu— gui+ rx—-8, 
that 1s, =h ax —hgxu’ +hru—hs, 
we obtain successively 


5 


e= h,(pa®—qu't+rxz—s) 


—h gx’ +h,rx’ — h,sx 


hx — (hq — hr) x + (hr —h,s) x —h,s, 


a= h,(px’—gqu'+rx—s) 
— (hq—hyr) x + (hr — hs) x* — h,sx 
= ha —-(hgq—-hrt+h,s) x + (hr—hs)x«—hs, 
a’= hy (px’- qu’ + rx —s) 


— (hg —hyr + h,s) x + (hr —h,s) x” —h,sx 


h x* — (hq — har + h,s) x + (A,r — h,s) w— h,s, 


and so on, the characteristic feature being that by the intro- 
duction of the symbols h, the coefficient of 2° presents itself 
at each step as a monomial, and the coefficients of the lower 
powers require no reduction. It is obvious that the process 
is a perfectly general one, and that for the equation 

$Pyer eet (=)" Py = 0; 


m—-j 


mm 
L" — Px 
the formula is 
mt+§ m1 
mt? = res 
m—2 


— (Ayp,—hy,P, +--+) x 
+  (hep,— hg py +--+) x 
+ (-)*? (hap, — Aye Dates) © ie 
+ (-)""* Jap, we", 
where, as regards each power of a, the series forming the 


coefficient thereof is continued as far as possible, that is, up 
to the term which contains p,, or A, as the case may be. 


m-—3 
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A REVISION OF CHAPTERS XXIV. AND XXVI. OF 
LEGENDRE’S FONCTIONS ELLIPTIQUES t. I. 


By A. G. GREENHILL, M.A. 


HE great simplification introduced into the theory and 
notation of elliptic integrals of the third kind by the intro- 
duction of Jacobi’s notation for the elliptic functions has been 
pointed out by Prof. Cayley in Chapter V. of his Elliptic 
Functions. 

In reading Legendre’s Fonctions Elliptiques it is useful 
to keep Jacobi’s notation in mind, and the following notes 
on Chapter XXIV. and XXVI. are intended to illustrate 
the kind of revision required, keeping at the same time to 
Legendre’s notation in the text. 


Chapter XXIV. 


118. If we wer ng Sh 
and if sing = snu, 
Ag=V(1- cc’ sin’d) =dnu; 
then, if & denote an arbitrary constant, 


dp dd N 


1+ kp* ~ Ad (1+ m sin’¢) (1 +m sing) (1 +7 sin’) ? 
if nn'm =— cf? 
(L+n)(L+7n’)(L+m)= 06°(14+€) |......(1), 
(c? +n) (c? +n’) (c' +m) =—b*c’k 


where b+c'=1. 
Now put n=—c sn’a, 
n'=—c'sn'a, 


m=—c'sn’b; 
VOL. XIX, aa 
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then l+n= dna, 
l1+n'= dna, 
1l+m= dn’d; 

and c+n= ccna, 
C+n'= ccna, 


Ce+m= oc? cn’. 


Therefore equations (1) become 


c'sn’a sn’a' sn’b= €? 
dn’a dn’a’ dn°b= 06° (1+ €)* )}...000 (L)*. 
c’ cn’a cn’a’ cn’hb = — 0k 


The elimination of m between the first two of equations 
(1) gives 
cc? 5? (1 a3 Gy 
1= D TREE BEM, 
mn (1+n)(1+7) 





whence 


ie —O'+ AC : ”) (- =o) (ce? +n) (7+ nh 


ey mere +++(2); 
- ie ae 











+e 


and therefore 


cnadna cna dna’ 
sna:* ©) “sne’ 
1 dn’a dnd 

2 

b “> “Z e 


ce osn’assn“a’ 





— b+ 


Yee ead ko 


cn (a+a’) 


= 2 i 

c’ sna sna aniaeaae 
cn(a—a) | 
dn(a—a’)’ 


or =—c’sna sna’ 


the second value being derived from the first by changing 
a’ into - a. 
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Then, finally, taking the first value of &, 
Cc ca Be ce 
nn ce’ sn’a sn’a’ 


, en’ (a+a) 


dn’(a+a’)? 
k= ad 
* © dn? was wie 
»y _ en’ (a+a’) 
Then sn} = din'(a+a’)? 
giving at+ta—b=K, 
and €=—c’snasna snd. 
; di 
Since 7 =) Ly 
therefore 
dp du Adu A'du Badu 


+k ¢ + Tenens) T+n'enw + Tem aed 


where, with the above values, 


A' = naa estmch Fats titeoy e 
and V(-—k) = ¢ ena ena! 


if 


2 
Cc ’ 
=— 7 cna cna end, 


cL c= P 
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With Legendre’s notation, 


1 dd 
He =| l+nsin’d’ Ad 


— du e 
Aerie g 


but, in Jacobi’s notation, 


II (u, a) =| 


c* sna cna dna sn*u 
—______—_,— du 
1 —c’ sn’a sn'u 





© (u —a) 
= uZa+ 4 Oe Tae ; 
so that 
cna dna 
sna ena dnu 
— — OTE SET = [I 
V8) Attn = fe, du = wD + Cu, 0); 


and Legendre’s equation 


Allin + A'TIn' + BlIm + = 2F= =| 


igen (4) 


becomes, with Jacobi’s notation, 
T (u, a) +11 (w, a’) TI (w, 8) + uy/(—8) 


_ [v(-%) dp 
J 1+ kp 
es 1+ p(k) 
408 Tio Re 


where b=a+a—K, 
the formula for the addition of parameters. 


119, Putting m=—1, is equivalent to putting ¢=—1 and 
6=iK', as in formula ( 7’) ; and so also m=0, gives €=0 and d=0, 
formula (g'); the particular cases discussed in Chapter XV. 

If the parameters n and n' are each of the form —1+ 0° sin’, 
then a and a’ are each of the form 7a + A; and so also is 0. 

If n and n’ are each of the form —c’ sin’A, then a and a’ 
are real, and so also is 0. 

But if n is of the form —1 Lu, sin” and n' of the form 
—c*sin’A, then a is of the form 7a + K, but a’ is real, so that 
b and therefore m is imaginary. 
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Formula (/") 





Ons als a tang 
[In + ne =f +77, are tan nas 
ay ena 1 lor Ag+ v(—a) tang 


2 /(— a) a) SN de V(— a) tang 


becomes, in Jacobi’s notation 




















eran eA cna dna 
II (u, a+7tK') =IT(u, a) +u aps 
n(a— u) ! 
thle era wea hehe 
But, if n=—c’ sn’a, 
Hn = | pe a 
oltnsn'u 
~Iir=earas 
J.1¢ sn’a sn*’ 
then no = [ 
n Sie 
~ sn’a 
and, with Jacobi’s notation, 
ena dna 
* sna ©, (a+) 
BS cree TO es re 
[ ay (-a<u<a) i oS Baw) UZia 5 
sn*a 
cna dna 
K 
[se (e<u<ex- a) = flog 49 4 (Kw) Za, 
» sn ©, (u—a) 
sn*a 


With this notation, equation (/’) is satisfied identically. 
Similarly, equation (g’) interpreted in Jacobi’s notation, 
gives 
Il(u,at+K)= II (wu, a) 
c’ sna cna 
dna 
dn (a—w) 
ROO ieee '\ % 
+ 4 log See PCr ey agra (g’). 
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120. Ifthe parameter n and m’ are conjugate imaginaries ; 
that is, if 
n =v(cos0+7sin@)=ve ®, 
n' =v(cos@ —7sin@)= ve, 
when 7 is used to denote /(—1), then the two values of m 
will be real. 


The values of a and a’ must also be conjugate imaginaries, 
so that if 


a=(a+78), then a =4(a— 7). 
Then *=nn'=c' sn’asn’a’ 5 
vy =c snasna ; 


by 





Soe 1a vy’ + 2c’v cos@ + ¢° 
6? sna sna’ 
1-c'sn’a—c’ sn’a' +c’ sn’a sn’a’ 
_ , cn(a—a@)dn(a+a’)— cn(a +a’) dn(a— a’) 
nee dn (a+a’')dn(a—a’) 
,on(a—a) _,en(a+a) 
4dn(a—a@) *dn(a+qa) 
_ yon Salve es 
pe EdngG 4 dna” 
Also €=—vhivi(1+2hcosO+h’): 
therefore 
V(1+ 2h cos6 + h’) =4 yonla—a) , yon(ata’) 


~ *dn(a—a’) * ? dn(a+a) 
en 7B oS at 
dnip 2 dna’ 


If m and m' denote the two values of m, then 





pf 
2 


.cn' (a+ a’) . cn’a 
m =—C —— =- C5 
dn*(a + a’) dn*a 





=—c'sn’(a—K), 


; pem'(a—a) _ ,cn'78 ha eas 
m=—C¢ an(acia) a een at9 saecte ((8-K), 
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ee on & 
and MiG =!) C: ae 
. ,sn’78 
m'+c’= b’c inva ; 
so that m’ +c’ is negative. 
Putting, therefore, 
m=—csin’A, m' =—14+40'sin’p, 
then sind= 2 =~ h4 9/(1+ 2h 0030 +h’) 
cn & 
= Ang = sn (a+). 
And m'+c’=—D’ cos’p 
= pe sn°7B 
i dn? 
a - . »8n'e8 
therefore cosu#=—c ine 
2sn'(B, 8) 
dn*(, d) 
= en'(K'+B, 8), 


so that we may put 
cosw= en(8+ K’', d), 
singw= sn(8+K’, d), 
or w=am(6+K’, d), 


K’' in Jacobi’s notation being used to denote £0. 
Also 


2 
Ah’ sin’@ = a cos A cos“ 
c 


2 


ae en'(a—- AK) cn(8— K’, d) 


,sn’a sn78 
¥ dn’a ° dn ° 
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We have put m=-c'sn’d, 
so that the two values of d are given by 
b=a-—K, 
and b=i1B—K. 
The letter 6 is here unavoidably used in two senses, first 
in putting m=-—c'sn’d, and secondly, as in the text of 


Legendre, as the modulus complimentary to c. 


121. (i) Taking the first value of m, namely 
m=-—c’ sina, 
then equation (5) of Legendre shows how, when translated 
into Jacobi’s notation, to make the sum 


IT {u, (a +78)} + II {u, 4 (a—7@B)}, 
by the addition of parameters, to depend upon II (u, a—K). 
(ii) Taking the second value of m, namely 
m =—1+4+0' sin’p, 
then equation (6) is equivalent to showing how the difference 
TT {u, 2 (a+ %8)s — Il [u, 3 (a —28)} 
‘depends on II (wu, 78—K). 

The combination of these two cases shows how to express 
any integral of the form (7) involving conjugate imaginary 
parameters 

v(cos8@+7sin@) and yv(cos@—7sin8) 
in Legendre’s form, or $(a+78) and 4(a—78) in Jacobi’s 
form, in terms of [I (uw, a) and [1 (u, 78). 
Also, with this notation, 
2 dna 
T= dnig—dua? 

with a similar value for g; and the values of f’ and g' are 
obtained by interchanging a and 78. 


123. When v=c, then 
n =c(cos@ + 7¢sin@) =ce*, 
n' =c(cos@—7sin@) =ce®s 


and NN 
n+n' =2ccosé, 
But if a=(a+ 78), 


then a=%4(a—78), 


of Legendre’s ‘Fonctions Elliptiques.” 233 
and sn’} (a+ 28) =— - "Hoa 


sn'4 (2—18)=— ~ : 


so that sn*4 (a +78) sn*$ (a—78)= F : 
and therefore B=K'. 
126. When 


n =—1+0(cosrX+2 sind) =— 1+ be”, 
n’=—1+45(cosr—¢sind) =-14 be"; 


then dn*a = be”, 
anew = be”, 
and dn’a dna’ = 0", 
and at+ta=K; 
so that, if a=i(a+278), a=4(a-728), 
then a= K. 


Chapter XX VI. 


: dz 
Of the integral Z lle +p) V4 ge)” 

Passing over the various reductions employed by Legendre 
in §§ 135—140, for particular relations between p and q, begin 
with § 141, where the integral is considered in its generality, 
employing the language and notation of the text. 

_ The particular cases and their reductions can then be 
mentioned incidentally. 


141. Returning now to the general value of P in § 135, to 
make the development for all values of a; in the first place, 
identically, 


| Byidy | dy i | (2y — a) dy 
(a+ y*) VY"-1) Satay) V(y—-1) J (a ay ty) V(y"-4) 
The first member is 3@, which can be expressed by a 
circular or a logarithmic function; and if y=1+4 2", 
2—a+2x° dx 
See ae ata?” /(a*+ 3x*+ 3) 
=40- |e Ci ek ee 
K (a+ 1+ 2°) /(a' + 3x" + 3) 
VOL. XIX, HH 
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Therefore the integral X, forming the first member of this 
equation, can be expressed by the known quantity Q, and 


the integral 
Te dx 
esr ae 
which reduces to an elliptic integral of the third kind with a 
real parameter. 
To determine this integral 7, let, as before, 


y= 2 
oO. ga-—, c= r tants 
1 dd 1 
the ——— [3s e ee 
‘ 2r JAP at1l+r*tantp’ 
but by the development of the last factor ae 
at1l—7 27" fa+1+7°—(a+1—7°) cosd} 
a+1+7° tan*4 47° (a+1)+(a+1—7°)*sin’d ~ 
a+1—7’)? 
Let therefore n= GE ’ 


the required integral 


1 atl+r 
Da rem ES ie ~ O(@41) nin} 
4, 1 cosh dh 
| 4r(a+1)J1+nsin’*6 Ad” 
The integral 7’ is therefore expressible by means of the 
elliptic integral of the third kind Un, of which the parameter 
n is real. 
To introduce Jacobi’s form, we must put 


1 
sna? 
4r* (a + 1) 
(a+1-7°)? 
Pt pee (J+) 
ati — 772 
rtattl 
r+a—l1? 


r= — 


sn’a = — 


cha= 
But, immediately 
eeu [ae 
~ Or Jat1+r*tan*d> 
1 
i + cnu ies 
( a 


a+ 1—7") (cnu—cna) 
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which depends on the integral 


eres): 
» chu— cna? 


and f= dna du 


chu — cna 





aR l1—cn(a+u) O(a+u) 
1—ecn(a—u)  O(a—u) 
Therefore, if a=77—1, cna=o, and a=7K'; so that 


the elliptic integrals of ‘the third kind can be made to 
disappear ; or, parang 


= 
- 


Sey cosh dh 
- Ay iin s Va-¢ East ; 
When a=—1, cna=1, a=0, leading to a simple result; 
but this would require pe 0. 
The case of a=0 gives T7=4Q, and P=Q, and leaves 
Z indeterminate, but then directly 


— uZa. 


ge 


3 ie lea dy 
~avqly Vy 1)? 


dy ydy 
d Pres : eT a | Be bes 
ad Tea E PAST = ° 
and the last integral depends only on elliptic integrals of the 
first and second kind. | 





But if a=0, 
eee pet tNSES 
ee aren) Pee) ys 1 
and = 21K, 


so that by J acobi’s method the integral is capable of reduction. 
If 4=2, as is §$ 136, 139; then 


ep eee 
Se 1 — Sen A ms? 


and aa ht le 2 
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If a° =—4, as in § 140, then 


_ 8-41 
Na = ea? 
and a=iK; 


so that the reduction of the integral in these cases is made 
apparent by means of Jacobi’s form. 

The value of 7’ being known, the value of X is also 
known, since 

X= 30-T; 

this follows also from the method of § 121. 

But this does not give the solution of the first integral Z, 
or of the associated integral P; the integral P must therefore 
be evaluated at length. 


142. The substitution of «=r tan$¢ in the value of P 
will give, putting 


B=1-a+a’, 
‘ 2da _1 d¢ 
V(x'+ 827+ 38) xr Ad’ 
1+2° (1+ cos) +7’ sin’d 





B4Q—a+B 2(87+3)+{Q—ay?— p*3} sin’$+2 cosp(B-8)” 


Numerator and denominator must now be multiplied by 
the quantity obtained by changing the sign of cos¢ in the 
denominator, and the denominator will then be 


48 8°+ {47°(2 —aX6"+ 3)—488"} sin’ + {67+ 8 —7°(2 — a} sin’. 
Let this denominator 
= 486° (1+ 2v cos@ sin’¢ + v’ sin‘d) ; 


then 
y _ 8 +3—7'(2—2) Fe a+ (7?—1)at+("*—1) ~ 
4 By" 4By* ; 
eae. (2 —a)(8* + 3)—- 4677" 
8B°v" 9 
y sing = 2+ a)(2= a) 


8? 
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The parameters will therefore not be imaginary in three 
cases, namely when a=0, a=—1, a=23 cases which have 
already been considered. 

Let the new denominator 

1 + 2y cos@ sin’¢ + v’ sin*d = D; 
from the known form of the numerator we can suppose 
142° = 1 HEN sing a cht ENS cit’) cone 
a +-(2—a)a*+ B® D D : 
80 ne by substitution and integration, 
pul = Fb + +(e N sin” p. re + [Ae me pcos +N’ sin’p) cosf6dd 
DA 
The last integral fae on eS fractions, so that all 
depends on the integral 
; M+ Nsin’*h db 
V =| Se OS rer 
1+2vcos@sin*d+v sind Ad 

It has been proved in this Journal (vol. xv111. p. 66) that 

if the denominator D be split into factors, so that 
D=1+42v cos@ sin’¢ + v’ sin*h 
=v" (sin’6 — sin’) (sin’s’ — sin’¢), 

then sin’d = sn*wa, 

sin’d’ = sn’w’a, 
where a has the value in the preceding article § 141, given by 
r+atil 

r?—qa—1? 

and w, w* are the imaginary cube roots of unity, so that 


@=—o+19V73 =e, 


cna = 


wo =—4-71413 =e8, 
Then the integral V’ is of the form 
ye =| rH db é ut db 
sin’) —sin’p " Ad ‘ Jsin’d’ —sin’d Ad 
ye Lidu [ Edu 
~ Jsn’wa—sn?u © Jsn’o’a — sn?y? 
‘ d: 
if ne = dU 


and therefore V’ can be expressed by Jacobi’s functions. 
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It is instructive, however, to show how these results follow 
from the methods of Legendre, who abandons the problem 
at its most interesting stage. 

From the above known values of vy and @ in terms of a, 
Legendre says it is necessary to find the value of the 
parameters m and m’, according to his notation; and then 


(§§ 119, 120) 
by 


vy? + 2c’y cos0+¢? 

(27+ 3) {B°4+ 3-—17°(2—a)} 
B (a + 2a + 4) : 

H= v(1+2hcosé +h’) 

(a+1){0°4+3+47r7(2-a)} . 
B (a? + 2a+4) ? 


ge H—h=sinnr 
v 





a? — 3a? + 4— 3r°a? | 
B(a'+2a+4) ’ 
m=—c sind; 
2br*a (2—a) /(1+a) - 
B(a?+2a+4) * 
But, with our notation, 


COSA = 








ere r+tatl 

Bae ey kn bi 

1—cna 

jeer ; 

oy, ocr i l+cna’ 


a is therefore the value of uv, when y =— 





Bat Its 
Therefore 8 = 2r Tanne: 
Also a+1l= (a4+1)” 
ages , (1 —ena) dn’a 


(l+cna) ? 
a —38e0+4—8re7= of +143 (1—a'—7°a°) 
1+4./3—4 4/3 cn’a 


= om 2 
ef (1+ cna)” : 


after reduction. 
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(1+ cn°a) dna. 
(l+cna) ? 
1+ 4/3—4 3 en’a 
(4+4 cn’a) dna 
1+44/3 sn*a 
(1—4sn‘a) dna 
1 
~~ dn (a v3, 8) 
[by means of the cubic transformation, vide Cayley’s Elliptic 
Functions, p. 187, putting a=4 (/3 —1)] 
—sn (7a /3+ I) 
= sn(ia/3- K). 
If a+1 is positive, the value of @ is imaginary; but if 
a+ 1 is negative, a is real; and 
m=—c sin’ r 
=-—c'sn’ (iaV3+K), 
a that, according to Legendre’s notation, m should be of the 
orm 


And £(a'+2a+4)=127* 


therefore sind = — 


m=—1+06'sin’p, 
where w is areal angle; and then the other modulus m’ will 
be of the form 
m =—c’sin’r. 
On the hypothesis that a+1 is positive, a is imaginary ; 
and if we put ca =a’, then 


cA — CNG, 2 + 
l+cna 
dna 

1+cna 





2r" 
_ (ena 
as dna 
=-—sn(a+K) 
= sn(ia’- IK). 
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Therefore sings = — Bs 
= sn(at+ ik), 

or —s sn (7a’ ef K); 
while sInA = sn (7a V3 — Oe 
ee = sn(a /3-K). 

Then ab 

m =—Cc (rs) =—1+0'sin’y’, 
siny! = at, pone Ve 1) 


and w is areal angle if «+1 is negative, w is real if a+1 
is positive. 

Legendre says it is not necessary to form the integral in 
g', m', &c., which is of the circular kind if «+1 is negative; 
but he proceeds, on the supposition that a+1 is positive, to 
compare the parameter 
. m' =—1+4+0' sin‘p’ 
with the original parameter 

_ (a+1-¥')* 

~ Av’ (a+1) ? 
which is denoted by cot’y (w’ is here used instead of pw, as in 
Legendre’s text, where shake is a little confusion) 


Bae 
The ot Se Sa 
n coty = aaa 
Vy 
whence tandg = —————~: 
27 N (a ey 1) 3 
atl—?7 
also A iis i sak Wn 
OP Sor V(a+1)’ 
therefore tany tan pw’ = . : 


and therefore 
F(b, y) + Fb, p') = FD. 


But, with Jacobi’s notation, 





1 cen* (a’, b) 


sn’a sna’ sn” (a', b)? 
so that | y= am(q, d). 


n=— 
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And m' =—1+0' sin’ p’ 
= —c’sin’p 
=-—c'sn’(ia’+K) 


e 


~~ du? (a’, 8) 
— dn’(a'— &’, b), 
so that w= am(a'—X’, d), 


giving the previous relation with Jacobi’s notation. 

With the parameters expressed in terms of elliptic functions 
of a or a’, the values of the coefficients B, f, g, and & can 
be calculated as in Legendre. 

In forming the second integrals 


sn @ 
—k)=c’ cnwa cnow’a — 
v(—h) oa 


sn 2 /3a 
or =c’ cnwa cnw’a dniv/3a? 
_ ¢enwa dnwa 
~ M(—&k) sna? 
_ cno’a dnw*a 
~ V(—&) sno’a? 
_ enadna 
~ W(—&) sna’ 
ss _ ent/3a dni /3a 
~ M—k)sn7i 3a ? 

with corresponding values of f and g. 

But it is simpler to return to the original integral 7, and 
to show that if the substitutions y=1+2*, c=rtang¢ are 


employed, then if the denominator y’+a° in terms of ¢ 
involve the three factors 


(cos d — cosy) (cos d — cos) (cos¢ — cos 8’), 


and if Jacobi’s notation be employed, so that 


A 
‘Af 


and B 


cosp=cnu, cosy =cna, 


then cos} =cnwa, cosd =cnow'a, 
VOL. XIX. II 


242 Mr. P. Frost, On certain Definite Integrals 


® and w” being the imaginary cube roots of unity. This 
has been developed in an article in vol. XVIII. p. 66. 

In the two cases of a=r*—1 and a=—7*—1, the cor- 
responding values of cna are «© and 0, and of a are 7K’ 
and J; so that in the cases the values of the integrals 
P and Z are seen to be independent of elliptic functions. 

Lastly, the case of a? =—4 gives, as already mentioned, 
a= 2K, and the integrals are capable of reduction. 


| ON CERTAIN DEFINITE INTEGRALS CONNECTED | 
WITH SPHERICAL HARMONICS. 


By PERcIvAL Frost, M.A. 


A GREAT variety of Definite Integrals, in which Zonal — 

and general Spherical Harmonics appear, may be 
obtained by comparison of the results of calculations made 
on- two different lines in order to obtain certain potentials. 
These integrals are, I imagine, for the most part new, but 
the method employed seems to be so prolific of curiosities that 
some of the readers of the Quarterly Journal may be interested 
in the subject.: _ , 

I shall denote the general Zonal Harmonic by P;, and 
when a particular value a is given to uw by P; (a), and suppose 
that the letters used in any proposition have their usual signi- 
fication. One of the expressions which will be used for the 
potential of a homogeneous ellipsoid at an external point 


(x, y, 2) will be 


a y 2" 
re [ _@+s bts cts) 
ce Sy Ta ee) O +e) + ae 
3 yf 2? 
where ARiNe Tee Re aS oe a 


1. Integrals derived from the potential of a prolate spheroidal 
shell at a point on the axis. 
For any external point (x, y, 2) 


2 ds 
V=2mphat | aa 
ii e (a°+s)# (0° +8)’ 
where a, a(1+A2) are the semi-axes of the internal and 
external surfaces, and 
a" y A: 2? 


a ee “= J, 
pheaed b+ 
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If y=0, 2=0, 2’ =a' +e, and writing s+e for s, 


ds 


V= 2mprab [ (a? + 8)? (B+ 8) ° 


Let 2*+s=u'; therefore 








ma jt A: 2 pb” x + ae 
— 2 = —_——_—. 
V = 4rprab | eR ee log aioe 
Amprb” (ae 1 dey ce 
= hey EL . strssogary (S) gs +} cee (1). 


By direct calculation, 


+1 rr(14X) 9. y Ue 2 
= | | ele. drdy = | prey radu, 
air weedy 








R 
where r’(1— ey") =0", 
and | RY = x" — 2rap + x5 


TIS t 
therefore V= 2mpr | oe it +...+ 2; () - ot 


1 7 1 Pp 7? P yt 
=Ampr | r (= + 238 wee we oi pl +...) eee se tet 
hence, equating the two expressions (1) and (2), 


; 2¢+3 ab* 2 
[ "Pd = ra (GO law sctarseeseepest ays 


; Pd 1 


r a SO 
oO ae OL ep ye) 24 a) 1 


ef (1— 2) HO, (4), 


This result is easily tested, when 7=2 or 4, by means of 
the formula 


aN. 
NO. oa = (F) —(m+1 —n) Qmnyn) 


1 ™m 
pd 
where =| ——s, 
Qrjn | (1- ew ep eet 
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244 
2 ae tk | 
Cor. 1. Since P = Ee + ! is ) 
YS a b 
Fd sd \ oe 
(a qt? 5) ae ee oor Dr=r's 
d d 
hence, performing the operation D= a’ eyiith b* T (3), 
—5")}; 


+ {lae)"D (ab*) + dab” (ae)**D (a? 


=2(a'—6') 5 





(2148) | Pr**dy = 
34906 and D (a?—2?) 











D (ab*) =a 
therefore 
(20+ 3) (2¢+1 | Pde = ab? (ae) {a? + 207 + 2¢ (a® + 6*)} 
Now (47+ 3) P,;,, = (2¢+ 2) fe + (2¢+1)P,; 
therefore (42+ 3) f pP,,rdu = + abt (a ys 
zt wae (ae)* {(2¢-+1) a?-+(2¢-+ 2) b} 
= 5g (tit 8) a (a0) 
therefore [ BP, dy = ab" (a oe 
at 248 Set 
BE ail 1 2% 2-3 (2i+3 
: (1 — e Ree) 214+3 3 Dee (1 ose ) bd BRR pyr 5 (5). 
dr _ udp 
GoRE, GON 


Cor. 2. Since 
(ae)? 


P,i,9°"dr = @ 
2643 DP i) 2i+3 : Ps 
=| oP a du} 


(@i+8) [Ps 
a |Past 
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eR EN, : 
therefore | et da =a (1 —e). 
» ab 


2543 dP, 243 = 
={P. ; =I du” any 


214+1 
SIO Pte. ; 
an d | _____ ott grits ‘dd, [D = Chas 1 hale é: )e 
0 Op ( 
It can be shown also that 
ie S17 a at ie 
____28 rd = qs 1 a e . 
| 0G: (1—e") 


Cor. 3. By equating powers of e” in (4) and e”™ in (5), 
which may be written 





Pda (1-2, 
iG erg ls ml eee 
1 t-1 
pPidu € sie 
and ; (— ye = ae 9 (1 = e’) 2( is ) odd, 


1 
we obtain the values of | pw" Pjdu, given by Ferrers, in 


Spherical Harmonics, p. 26, Art. 16. 


2 From the potential of an oblate spheroid at a point 
on the axis we obtain 


; 2443 2 ab 2% 
[Bat dp = (I 5 (ae) 


i 
2 





3. The integral | P.7""*dw may be obtained by taking 
a shell bounded by confocal prolate spheroids. 

At a point in the axis whose abscissa is x the potential 
is SV, where 


sds 


ae 2 es hanks ERE lee i. # = 079 Soe 
V = prrab Gta) lai te— 5 and $a°=60"=m; 
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therefore, if 274+ s=u", 


dV = 2mm (5 +a) ie amine cf, 


» L-aeu 
2a" +O AI Pe ene, 
te fe & help ene +. 


: +1 pptor re 
Also, directly, 8V= | | Somdudr * , 





& 2 Zz = 2 
where — = (S iF a) da’ 5 


mr mr ‘ 
Bee aqign(t tO 1) 5 


therefore or = 
2p 


and 6V= {. mpd pe ars Mr (ah tr" (14-25 +...) 





2emm f(a’ +b°)r°—97° a 
= ab cee 1+ fy ate du 5 


therefore 

F ais i ab* 2% (2 2 ab* 2/2) 7.2 

| Pr op = oF (ae)" (a? + 6°) — (iti) esas) (2a"+ 6°) 
ab" {ae} 

~ (2¢4+1) (2743) 





{(2¢-+ 1) a + (2¢+ 2) b*}. 
4, The potential of a shell bounded by similar prolate 
spheroids at a point (@,, ,, 7,) is by (1), 
2 (ae)" (ae)" 
4mprab Ge (cos Yr.) ar’ +++ P; (cosy) (27 i+ 1) tee 
and, by direct calculation, 


apr [| rdpag (= +P,(cosy) she +L; (cosy) - Tat +), 


where cosp=pp,+ V/(1— p’) me — 4°) cos($ — $,) 5 
therefore 


[7 [, Baloosy) rdudg = 7 Py (cosy) (a) 
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5. I shall now obtain corresponding results for the general 


case of an ellipsoid. 
The potential of a shell bound by similar ellipsoids 


—ee ampaber | ee 


at an external point (a, y, 2), where 


D = (a, +3) (67 +s) (¢’ +s), da=4a, &e. 














‘and St + ft 7 =1. 
Let a7 +s=- “ ; therefore ds=— ae ; 
I arpaton | i (GPa asroF 
= 4orpabcn | ” CF 
= Ampaben iz 342 (F st es ee 
ed re (20 a te} 


But by direct calculation 


v=["f fo" pddbdp.r'dr 
ot at ae (r'— 27,7 cosy +7")? 





ar ptt r+vxr 2i+2 
= ae pd du f : =" +o. +P, (cosp) a + +. 


=2pr [ "[ apap | + P, (eos) 7. 


Palomy) Sea}. 
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If y=0, 2=0, then 7,=x, p=0, cosyr=p; and equating 


coefficients of — 


gn »] 


if i dp du. Pg Brae», (7) ayy, 


6. To test this result by obtaining the definite integral 
directly in the particular case where 7=1 and 2, we have 
to evaluate 








Dar pl cipal 2 
i Gidps ea eae 
a | | ddd (35u* — 30u? + 8) 7, 
gu duadh 
J, dae?= [| op TPES 
rou )t 
= f= date oecvcccecce (1). 


cosh sin’d 
rae 


d 


Performing the operation a® es + 5° it O° a on both sides, 
3f sii dp dor’ = hrabe (a’ +b? + c’)......(2), 
the operation a on (1) gives 
a 
3 | ai dude wir? = kre. sessseee (3); 


2a pf} 
whence | | dudpP,r* = ra°be — frrabc (a? + 0? + c’) 








_ mabe gee eee TA0e B+9? 
=F G+y)a 8 ey 
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Similarly by (2), 
3.5 [ a dudér? =4m (Sa'be+ akbo (Bc) +...} 
= harabe {2 (a*+ b'+c")+ (a°+.b°+ c’)*}, 
and 3. 5 i ddd p’r' = 47 {8a°bc + a’bc (b* + c’)} ; 


also by (3), 3. 5 fae = 47 3a°be3 


therefore i : I dudd P.r' = 42abc [7a* — 2 {3a*+ a? (b°+ c*)} | 
4 ri {2 (at -+ 4+ c') +(a?+ b?+ c*)}] 
= gymabe {8a* + 3 (b* + c*) — 8a" (b? +c") + 20°c"} 
2Qarabe 


= > (3 (Oct)? +8 (a 2") (a —c'} 





2Q7rabe 


= Re 5 {3 (B° + ¥")* — 4B*y"} 


7. For a shell bounded by confocal ellipsoids 
2m pt rtor 2dr 
sv=/ fi pduds |’ D 


27r pl r-dr ar 
=| [ pdudp” (14+ P, 5+...) 


1 8a" cos’ 657 — sin’h dc’ 
5 =- Ke -a-n) (Ho + SE), 











das Ob? = oc’, 
Sr Vs » (cos . sin’d 
nada lh + (wt) (ee 4 PN, 


C 


27 pl ; 5 2 
sv =| | dap didd ba (1+P,5 +...) 
avo wz zw 


os es (1 —p’) (5 ah =) ? 


KK 
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and 8V=4mpda (0 + © + 2 ss “) 


I BP+y 
rene ees ‘one re) 


therefore [ up dudgre SE + ( a) (See sin 7 


Qcrabe (a+ i es (Ce 7 (89) 
(20+ 1) (2¢+ 3) 2By 
This may also be obtained from (1) of Art. 4, by per- 


lpd sia 
2 





1 : 
forming the operation - ae on both sides, 


b db‘ c db 
° i: ais )& a. cosh | sin’ 
(ais) | | dudg Pap \e+(1 x) ( Bb ap C )t 


3 2m (By)" P, (Ae) (- a +...) abe, 











2¢+1 2By a da 
; (- d +e aes Livd 8 0; 
since ame ep =) or y= 


27 pl 283 
therefore | | dwdoP,, se 
0 Yo ie 


- arn erey (et et a) ® (Ga) On 





8. To find | | ddd Pp, 





: Be na __ 27rabe 1, (B+ ¥ 
Since J [ dud Pr = (= oe 
performing the operation 

d d 


. d 
D= Sa7 tha t+eT, 


a* — b* : 
va — 8) —B =(a’ + 0°) B, 
D (By) = (2a* + 0° + c’) By, 


p (2) = C=Er op m8 


.) (By)’; 


since D (8) = 
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By AE By __ (v-8"), 
therefore D 2By =4(y a) (- 4) = eaercrarays 





27 nl 
therefore (2¢+3) | | dud Pr 


mi Qrrabe 
Seal 





{(a* + 0° +c’) P,(v) (By) +7 (2a* + 0° + c') PB, (v) (By) 


—4 (7-8 LP 0) (81); 


ote sig ee eae 
therefore [ [ Chad Celie = (4c 1) oad) 


x {(26-4 1) a+ (+1) 4c) B(v) (By)'-4 "8 & P87)" 


Cor. From the results of Arts. 5 and 7, 


Qrrabe 


J, |, @adbu Pas = Gray are (eH2)P(O(Gn)” 


+ {(26-41) a+ (141) B,(0) (By)! 4 (y— BY & Ps (0) (69), 


Qrra°h* 
27+ 3 





which reduces to (ae)* when b=c and B=y¥=ae. 


9. The potential of a homogeneous prolate spheroid at 
a point on the axis, whose distance from the focus is x 
being V, 





roe) {1 - (x = on ds 
V = mpab? | 1 SS See RS 
0 (a,° i; s)? (6," 1: s) : 





where e-ae=a, ve'=a,—),’, 
peooet T ab’ [ Rpg SSIS OAs ° 
TN CQ GTS)? 
, 1 2du 
and if a +s= 4, ds = — 7? 
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1— a, 27 
1— aout du 


V = 27rpab* e 








2%. 8 


=9 ab® "ae? — a? + a? (1 —a’e’u’) d 
™P Oe 1-—aeu : 





= =e ( ee unt lo ane) 
1 





ave 2ae a,— ae 
2arpab* x” — 2aex x 
= —>;- ©—ace—- ——— lo 
ae 2ae x — 2ae 





2 b° 2 2ae\" 
ay eae | eae (a — 2ae) {1 + + 4(=) +4] 


ae 
2ae)” 
= 8 ‘(= 2a¢ ( #) s 
mpab \oa> + aana tant ob 


Hence the potential of a shell bounded by similar spheroids 
having one focus common and the axes in the same directions, 
the lengths of which are as 1: 1+A, is 


1 2ae — (2ae)" a ) 
PBs bere gist bre barns 

2ae . 2(2ae)? 3 (2ae)§ fi ) 
Aa. - 4,50" 5 .6ac* 


2a¢e (2ae)" 2 “adr ) 
32° 32° Re Sep 








8V= 8:rpab’.3r err 








+ 8mrpab*.r ( 








= Spal (<— + —, 


Working directly, 


+1 r+Ar ___ 2apr'du 
Vm l ef (e —2Qeru+r)P 


Qrrpr’.Ar r r* 
“ae ct fy SANE Aes) 
Y x 2x 


4 


therefore, equating coefficients of <a : 





Ne Prd id - (200), 


+2 
or if mee = = : é (1 _ e ) es, 
, (l-e cos 6) i+2° 
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10. If S be a point within a sphere whose centre is C, 
and SC be produced to X external to the sphere, and 


SX=a2, SC=c, the potential of the sphere at X is aS é) } 





} ee oe, fee eer pT ard, 
and, calculated directly, it is | | ee . 
=-1" 0 
when JR? =2°—2ray+r7", and r’- 2cru+c' =a’; 


») 3 2 +1 py F 3 
therefore os (1 ads - +...) = | | ui (v4 =P: +...) dr 
ax Dain Pet ee a 


Adu (rr 
=| gig tas es) 
and, equating coefficients of — 
+1 
[du P,((at— c+ 8x) + ou} = § (i+ 8) ate 
: -1 
e | dp P;{V (at — 8 + 2p") + op}? — fo — (a? —c! + cht)". 
A) 
+1 
Opie vi ac | dp P, (2ap)"* = ¥% (t+ 3) a®, 


which gives a curious transformation of the expression given 


1 
by Ferrers of | pe’ Pd when m=7+ 3, 


: 5.7...(0 + 2) - 
V1Z. (27+ 4) (274 2)...(@ +8) when 21S odd, 
5.7...(¢+8) ne 
and @i+4) (26 +2).044 when 7 is even, 
are both reducible to as : 


I may observe that | P.u"du may be put into the forms 


1 4(m—7+4 2)...(m—1)m Ri 

one) M30 EAL), when m+213 even, 

1 $(m+7+4+3)...(m—1)m 
gun) 3.5...(m—1) 


of which the above is a particular case, viz. m=¢ + 3. 


when m +17 is odd, 
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Cor. 2 If we write /(a?- 7? + cy’) =u, 


A dp, (648) op) u + LEHI og.) S48 age 


the last terms in the series being 


e ° 9 : ; 
a Cwu + u si: , when 7 7 is even 5 


(¢+ 8) (¢+ 2) (¢+1) uty 


and an cpu +(¢+3)cuu'™, when ¢ is odd. 
a” n $ n- 
Now [ pu Ah = Soe iT pri} | Cu a) “dp, 
1 n-2 2 
he ends AY oe a ete ae 2, 84 m4 
[ ue dp P pao sees Cu ua, 


1 
stn-3, 3 es a a 3 2, 8in-} 
n odd, |» Cs ea nm as | ee udu; 


therefore, omitting the terms of lower powers than c™”, 


< yey n (n— 2)...5.3 aC oe 
[ wwdu = Sd goes! ar als 


Let P= Ap + A, pw t.. 
therefore, when 7 is even, 


iE dp(A ip 4A, pm ge Le .)(u t+3 eee “og Thy) Ae =4(7+3)a°c'. 


The terms in the coefficient of A, involving powers above 
c are 


Ie 1)3#) (¢+ 38) (¢+1)...3 {1 .: (¢+ 8) (¢+2) s+1 


(s+ 1) (s+38)...(s +¢+1) 6+3 


2 a+3 
4, +3) (¢42) (041) (s+ 1) (s +3) 


1 
at (¢+8)(¢+1) af budge 


1 
eat C at | Taba) ad. [7 : 
0 
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therefore, for all values of c, 


1 
| (AC + A, Cp +...) udu = 0, 


pre ee) El) eee es ES) 
2 4} : 
for all even values of 7 and s, s not greater than 7. 
Similarly, when ¢ and s are both odd, 
(¢+1)(s+2)  (¢+1)(¢- 1) (s +2) (s+ 4) 
MN (Marea Ge uk Glee A ae i 


therefore for all integral values when s is not greater than n, 
(n +1) (2s + 1) (n +1) n (2s +1) (2s +8) 


— 2 anaes 
: REN a1 asthe 
and when s is not greater than n+ 1, 
vig (n +1) (2s+ 1), . (n+1)2(2s+4 1) (2958) ee oe, 


3! 51 


These series are respectively the values, when 2 =1, of 


2° d\* 
Port $(28-1) (q _ pa\ 41 
1.3...(28—1) a oe Oa} 
9-1 d s-1 
ee, 3(238-1) an n+1 
Aas 3.5...(2s —1) te) od eke Ay 
which are obviously zero, with the restrictions given. 


Cor. 3. If we equate the lower powers up to c’, we have 
equations sufficient to determine 4,4, .... 
Thus, when 7=2, 


1 
| | (A,u? + A,) (u’ + 10c*p?u? + Sctptu) Ba%e?, 
0 


vd a 5 33-3 108,32 
4, (5 Fave tate) 


@e.o 25 
1 Ges 
A,+34,=0, A,+4A,=1; | 7 

therefore A,= 3, A,=-}. 


0 


32 8 
a’c’ + 9a c') = $a’c’, 
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Also, when 7=8, 


: 5.4 
| (Aw? + Ayn) (cua? + oF clu'u’ + cu'u) = Za'e’, 


0 


5 5 10 3 2 
therefore A, (= - iN ton ) 





5 5.7 3.67 
G25 3 OTE Cae cae 
+ A, Biehn pee actin 5 = gaCcC, 


84,+44,=0 and A,+A,=1; 


therefore A,=§, 4,=-2. 


11. To show, by the methods employed in this paper, that 
27 pt+l 
| | dudd Y;P,{cos@ cos6'+ sin@ sin8’ (cosh — ¢')} = 
0“ —1 


4or 7 
2741 
where Y; is a surface harmonic of degree 7, and Y;' is its 
value at a point (fh, @, ¢’). 

Let a spherical shell, whose internal and external radii 
are a and a+ 6a, have a density at every point which is a 
surface harmonic pY;, then, as shown in Ferrers’ General 


Spherical Harmonics, Art. 3, the potential at an external 
point P(Lh, 6’, ¢’) 


Arra’da 


on OAKS ey, ae 


But, by direct calculation, the potential at P 
eis at+éa r'dr 
=| ip dud$pY, |’ (RF — bak cosytay 


-{f dpdgp fae: {1 tse P, (cosy) (3) ae 


therefore, equating coefficients of powers *Ofae 


R ? 
| iE dud YP; (cosy) =0, if ¢ andj are unequal, 
0 =~ 


Dac lale dudd Vib (os) ae ee 
P i 6 214+ 1 pee 


( 257.) 


ON THE SOLUTION OF THE GENERAL EQUATION 
OF THE FOURTH DEGREE. 


By A. Lopeg, St. John’s College, Oxford. 
EFERRING to the paper by M. Legoux, which appeared 


in this Journal in October last, on an application of 
the special form of determinant, previously discussed by 
Mr. Glaisher and Mr. Scott in this Journal in 1879 and 1880, 
I have, by means of this form of determinant, been led to 
an extremely simple solution of the general equation of the 
fourth degree, which appears to have been previously over- 
looked. 

Transforming the equation 


as’ + 4bx* + 6x? + dda + e=0 ..cscssereeee (1) 
so as to lose its second term, by putting y =ax+ 0, we obtain 
yf + 6 Ay? +4. Gy + F=O..cccscssceseoees (2). 
Let us now identify this expression with the determinant 
nae Te 
Ie tase or 
Dewan ee 
Vg ew bie AUS | 


Splitting this determinant into factors in the manner 
shown by Mr. Scott, it reduces to 











i ees Ay Oe poh hg (rah 

PITY hI T—Pr ¥-4 

= gy (ptr) iy se) ipa) 

Se Pay, — BIT) — (2G — Dim TF.) ccceecsssatasensiioenes cvdes (3) 


= yf — 2y" (q+ 2pr) + 4qy (pitr") + (g'— 2pr)'— (pi+r")’...(4). 
Comparing coefficients in (4) and (2), we obtain 


g +2pr=—3i 
q(pt+r)= a Bae tia ee (5), 

| Wee On pet) a ote 
whence 4q° + 12H9* + (9° - F) q?—G?=0......... (6). 
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By making use of the values 
F=¢1-3H", G=a(HI-aJ)-42, 
where J, J are the two invariants of the quartic, this equation 
may be written in either of the forms 


4¢° + 12Hq* + (12H? — a®T) q? — GG =0.. 00000 (6’) 
2 3 2 H cS 
or 4(2+=) -ji== pei) eee geanees (6"). 


Again, substituting from (5) in (3), we obtain 


G a 
(y° + 814 2q°)* — (24y fe =) = Up 
therefore 


; raty ‘ tea! 
{tytayssteg—“N(y—9 +34 P+ =| =0; 
that is Pacth 


{cc +b+9)°+3H+¢ -<I 


a |(ax +3 —9)4 s+ q'+ “| <0 


On finding any value of g’ from (6) and substituting it 
in any of the equations (7), we thus split the biquadratic 
into two quadratic factors, each of which can be at once 
solved for the roots. 

I have given the above method of arriving at equations (7) 
and the reducing cubic (6), as it was the way in which I was 
myself led to them; but the first of equations (7) is so simple, 
and, when once arrived at, so self-evident, that it might have 
been sufficient to have written it down immediately after (2). 

On expanding it, and subtracting (2) from it, we arrive 
at once at the reducing cubic (6). 


The roots of the biquadratic are most intimately connected 
with those of the reducing cubic. Of these latter, one is 
positive, and the other two are either both positive, both 
negative, or both imaginary. Moreover, in the first case two 
or all of the roots may be equal, and in the second case 
the two negative roots may be equal. Also any one or more 
of the roots may be zero. ‘T'o each of these cases corresponds 
some special peculiarity in the roots of the biquadratic. 

To investigate the general conditions for real or imaginary 
roots of the biquadratic, let a, 8 be the roots corresponding 
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to the first factor of (7), and y, 6 the roots corresponding to 
the second factor. 


Then 4a’ (a—8)’= c —(g°+ 3f) 
and 7 4a? (y— 6)? = —- c= (¢+3H) 
Hence all the roots will be real, or all imaginary, if 
(g°+ 3H)’ — 2 18 positive 5 
and two of the roots will be real and two imaginary, if 
(7° +3) 5 is negative. 


Taking the first case, and substituting from equation (6), 
we have 
(7° + 8H)’ > 4q* + 12H¢’ + 12H" — a’l; 


therefore al>3(¢+H)’; 
therefore I> 3’, where af=q’+ ZH. 
But (from 6”) 4¢°—-Ip+J=0; 
therefore ¢’ (4¢’— 1)? = J"; 
therefore Ue 2 Cedi IS OSHULVO eaetcnetcceseseass .(8). 


Similarly, in the second case, that is, when there are two 
real and two imaginary roots, 
TE = 21 JENS MEPALLVE, .2ac¢ seedy sh sveeso) 5 


and if two of the roots are equal, 
LO 21d" = Oreee.0s satceurseerect (10). 


(The equal roots must of course be real, unless the quartic is 
a perfect square, when they can be either real or imaginary.) 

But J*—27J? is the discriminant (with its sign changed) 
of the reducing cubic; therefore, if it is positive, all the roots 
of the cubic are real; if it is negative, two roots are 
imaginary ; and if it is zero, two roots are equal. 

Hence, if all the roots of the reducing cubic are real, the 
roots of the biquadratic are either all real or all imaginary ; 
if the cubic has two imaginary roots, the biquadratic has two 
roots real and two imaginary; and if the reducing cubic has 
two equal roots, so also has the biquadratic. 

Further, if all the values of q’ are not only real, but 
positive, all the roots of the biquadratic must be real, for 
all its quadratic factors will have real coefficients, which can 
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only happen when the linear factors involve only real 
quantities. There will be no negative root of (6) if its 
coefficients are alternately positive and negative; and there- 
fore the necessary and sufficient conditions for all the roots 
of the biquadratic to be real are 


Hf negative...... (1) 
12H’ — a’ positive ...... (i1) clatues panei (11), 
[* —27J” positive ...... (ii1) 


these conditions simply expressing that the roots of the 
reducing cubic (6) are all real and positive. 

Now the conditions for all the roots of the biquadratie 
to be real are found, by applying Sturm’s theorem, to be 


Hf negative...... (i) } 
2HI - 3aJ negative...... (ii) ceqhaeras were (12) 5 
L*—27J” positive ...... (ii1) 


and it is important to reconcile the apparent discrepancy 
between these two sets of conditions. 
We have the identity 


H(12H* —- @I)+3G =a’ (2HI- 3a), 
since G’+4H*% =a (HI-aJ); 
therefore {12 (ii)} expresses not only that 12H’=a’I must be 


positive, but also that it must be greater than : 7 

And it is readily proveable that this condition must be 
fulfilled if the roots of the cubic (6) are all positive; for, 
let /, m, n be these roots, then 


P+ m+n? —3lmn = (1+ m+n) (P +m +n? -mn—nl— In); 
therefore (2+ m+n) (mn +nl+ lm) —9lmn 
= (04+ m+n) (P+ m’ +n’) — (2 + m* + n*) — 6lnn 
=l(m—-n)+m(n—- 1? +n(l—-my, 
- which is positive if 7, m, are all positive; therefore 
— H (12H? — a’I) - 3G? must be positive ; 
that is, 2HI—3aJ must be negative. 


But this condition is implicitly contained in those of (11) 
as can be seen from inspection of the easily verified identity 


 a@(I*—27J") | 
= 12HI(2HI-3aJ)-3 (2HI- 3a) — I? (12H? — a"). 





,] 


General Equation of the Fourth Degree. 261 


Hence either series of conditions (11) or (12) may be 
employed at pleasure, but in practice those of (11) would 
generally, if not always, be most easy of application. 


If any of the values of g’ are negative, there will in general 
be no real root of the biquadratic, as can at once be scen 
by writing (7) in the form 


: nates GV 
(y° + 3H + 2q°7 — g¢ (27-3) 


which, for a negative value of g’, is the sum of two squares, 
and cannot therefore vanish for a real value of y, except in 
the special case in which both squares vanish simultaneously. 

This special case is that of equal roots, for, eliminating ¢ 
from the two equations 


G 
ay aes Sad 
y + 8H + 2q’ =0, 
we obtain y +3Hy+ G=0. 


But this is the first derived function from (2), and can 
only vanish with it when (2) has equal roots. 

(In this case we know that (6) will also have equal roots, 
a fact which can also be established by eliminating y from 
the above simultaneous equations.) 


If the cubic has all its roots equal, the biquadratic will 
have three equal roots, For in this case =0 and J=0, 
and (6) reduces to 


(q+ H)"=0. 
Hence G’+ 4H* =0, and the quartic (7) reduces to 
{(aa+ b+ 9)'— 49°} (aw +6— g)!=0; 


that is, (ax + b —q)* (ax + b+ 3q)=0, 
where g=+ /(—H) if G is positive, 
and q=—N(- Hf) if G is negative. 


When one of the roots of the cubic is zero, that is, when 
G=0, the equation is reducible at once to a quadratic in 
(ax+ 6). In fact we have 


(aw + b+ 6H (ax+b)’+a°l- 3H’ =0; 
therefore  {(ax+6)’?+ 3H}? — (12H’-a°I) =0. 
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Also, in this case, 
; H (12H? - a®I) =2HTI- 3aJ, 
and a’ (1° —27J*) = (12H* —a’l)’ (aI —- 3H"), 
since 4H* =a’ (HI-—aJ/). 


When two of the roots of the cubic are zero (a particular 
case of equal roots), the quartic becomes a perfect square ; 
for in this case 

G=0, 12HM’-a’l=0, 
and (6) reduces to q (¢°+ 8H) =0, 
whence (7) becomes {(ax+0)’+ 3H}? =0. 


Lastly, when all the roots of the cubic vanish, the biquad< 
ratic reduces to 
(ax+b)*=0; 
for in this case all the coefficients H, G, F vanish: a condition 
which may also be written 


t= <b 


Oe 
ty coil ter tae 
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A METHOD OF EXPRESSING ANY PARTICULAR 
ARBITRARY CONSTANT IN THE SOLUTION OF 
LINEAR DIFFERENTIAL EQUATIONS IN 
TERMS OF THE INITIAL CONDITIONS. 


Part I. 
By E, J. Rouru. 


(yee object of the following paper may be very briefly 

stated. Given any number of simultaneous differential 
equations with constant coefficients, it is known that the 
dependent variables a, y, 2, &c. can be expressed in terms 
of the independent variable ¢, by means of a series of expo- 
nentials real or imaginary. Let one of these exponentials be 
w= Pe", then P is a function of the initial values of the 
variables x, y, &c. and of their differential coefficients. It is 
here proposed to exhibit this function. ‘Thus, without solving 
the equations, any one term of the solution can be separated 
from the others and its value written down, without finding 
those other terms. The rule is given with some examples 
in Art. 7, and to this the reader may at once. proceed. 
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When the differential equations are not of a high order 
we can generally solve the determinantal equation and find 
all the possible values of p. In such a case it is merely a 
question of Algebra to find the constants in terms of the 
initial values of the variables. We may, however, effect this 
more briefly and simply by using the rule here given. Some- 
times it is impossible to solve the determinantal equation. 
We may find one or more roots, but the rest remain unknown. 
In such a case we could not proceed by the processes of 
common Algebra, for the equations cannot be written down. 
Our object is to find the constants which accompany these 
known terms without the knowledge of the remaining ones. 

This method is very simple and easy of application when 
the exponential to be separated from the others is connected 
with a solitary root of the fundamental determinant. But it 
may be used even though the root is repeated several times. 
The complication arises from the fact that the exponential 
is then accompanied by as many constants as there are equal 
roots. Hach of these requires a separate operation to find 
its value. 

The method is generally applicable whatever be the order 
of the equations, but there is considerable simplification when 
the order is not higher than the second. This is of course 
the most interesting case, as the equations may then be such 
as occur in Dynamics. 

In some cases the rule can be put into another form, which 
may possibly be thought simpler. In these cases it takes the 
form of the Method of Multipliers. ‘The case in which the 
fundamental determinant is symmetrical has been chosen as 
an example. ‘This occurs when we use Lagrange’s equations 
for the oscillations of a system about a position of equilibrium, 
even when these oscillations are complicated by resistances 
which vary as the first power of the velocities. When the 
number of dependent variables is infinite, we have an example 
in Fourier’s rule to expand any function in a series of sines 
or cosines, 


One Dependent Variable. 


1. Before considering the general problem in which we 
have several dependent variables to be found from as many 
equations, let us take the simpler case in which we have 
a single equation of the n order to find x as a function of ¢. 

Let this equation be 


(A8°4+ A, 8"? 4+...+ 4,6+ A,)x=0, 
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where the symbol 5 represents differentiation with regard 
tot. We shall write this eae more briefly 
| Fix) x2= 
Suppose the solution to be 
x = Pe? + Qe™ + 
where of course f(p) =0, f(g) = 9, ean 
We notice that 


F(8)—S(p) —f(p) = _KD-tFP) I (p) et = 0, 
se Sp q-P 
except when g=p. If qg=>p the result is evidently /'(p)e”. 
It immediately follows that 
i 2) ake F(0) Mp) 


Pf p)e* = = 


This is of course equivalent to a first integral of the dif- 
ferential equation, P being the constant introduced by 
integration. 

Putting ¢=0, and supposing a, 6x, &c. to have their 
known initial os we find 


eee 
Since f(p)=0 and ue is sien by 6—p without 


remainders, we may write this in the form 


Pr p-foe n, 


or writing the operator at length, 


Pf'(p)={A,+ A, (6+p) + A, (8+ 6p +p’) +...} a 


2. Hxample. Let the given equation be 
(0 —26°—8+2)x2=03 
we notice that this equation is satisfied by a=Pe. The 
initial values of x, Ox, dx being given respectively equal 
to a, a, a’, it is required to write down the value of the 
constant P without inquiring into the other solutions. 
By the rule we have 


: 6 —20°- 642 
GASP Ap aN) aoe ets 
therefore —2P=(8'—6-2)zx 


=q'—a —2a. 
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If the equation f(8)=0 have two roots equal to p, both 
F(p)=0 and f'(p)=0. Thus our expression for P becomes 
inapplicable. In the case of two equal roots the solution is 
known to take the form 


wa (2. +B) et QM toe : 
If we operate with « Le ©) pb before, and remember that 


Be 


” 


FO)=S p)+F' (PE 


FO). FDP) py 
we find Ree ore; [2 Da. 











If we also operate with F(8) we find 


6—p) 
Ox 0- LM, + 2p LDP) ot 


Putting ¢=0 and supposing «w, dz, &c. to have their 
initial values, we have the following equations to find P, 


and P,: 
Pek £05) 
1.2  O-p ot 
Op Fp _ fO., 
ot" 72:3 ts (Ge py 











= >= i—". 


dp 8—p 


4, In the same way, if we have three roots each equal 
to 8, we write the solution 


a=(P, + Pit Pt) et 
we then find, if Ln be written for 1.2.3...n, 
I" (p) eas 

Sy gee f= 

FP) p  F'(?) ( 

Oe Fishes Tats 4 eG —p 

EP FCP ul Si CB) 1 a f(8) 
Brigette tag eo Ls 3 Lavan 3 ert 
VOL. XIX MM 


=p. 
ven 
dp =p’ 
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where we suppose that a, 5x, &c. on the right hand side have 
their initial values. 

The same rule may evidently be extended to any number 
of roots. 


5. Inmany dynamical investigations the equation / (d)x=0 
contains only even powers of 8, so that the roots enter in pairs. 
Thus we have 


o= Pe + Pe? + &e. 


If also the motion indicated be oscillatory, p will be 
imaginary and of the form p= (—1). We thus have 


x= F coskt+ G4 sinkt+ &c., 
where F=P+P ‘and G=(P—=P) Ged). 
Now by Art. (1) we have 


Pf'(p)= fa 
" 
wre grog 


Hence, by addition and subtraction, we find 


EI AD) SSI 
2. Sp aS 








6. In most dynamical problems the roots of the equation 
f(p)=9 are either negative or have the real parts of the 
imaginary roots negative. It may also not be convenient to 
solve the equation /( »)=0 so as to find the values of the real 
roots, and therefore of course we cannot apply the rules given 
above to find the actual magnitude of the coefficient corre- 
sponding to any root. But we may yet find a superior limit 
to the magnitude of the coefficient of any real exponent. 

Let «=e be any real exponential in the solution, then 
we may write 


Pf'(p)=(4,+4,p+4,p'+...)e+(A,+ A, pt...) dx 
+(A,+ A,p +...) Out... 
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Now when the real parts of the roots of an equation are 
all negative, the coefficients of that equation must be all 
positive. But the roots of the equation 


2 oe (A, + &e.) + (A, + &e.)2 tut Aye" =0 


possess this peculiarity. Hence the coefficients are all posi- 
tive. But these are the same as the coefficients of x, dx, Kc. 
in the expression for Pf'’(p). It immediately follows that 
any one of these coefficients is less than its first term. Tor 
take any coefficient (say the first) and write it in the form 


A, +p(A,+ A,p +...) 
Here p is negative and the quantity in brackets is positive. 


Hence the whole expression is less than A,. 

It appears therefore that if we take the expression 

A,x+ A,ba4+...4- Ao" x 
S'(P) 

and omit those terms in the numerator which have an opposite 
sign to f’(p), we have a superior limit to the value of the 
coefficient of the exponential e” in the solution. Here of 
course «x, ox, &c. are all supposed to have their known 
initial values. 

To apply the rule we must have an inferior limit to the 
value of f’(). If we know the value of p approximately we 
may find an inferior limit by using the approximate formula 


p(pyfOLO, 





where a and 8 are any quantities nearly equal to p. 


Any Number of Dependent Variables. 


7. Let us now examine the more general case in which 
we have m equations to find a, y, 2, u, v, &c., which we 
may write 


FiC)at+f,, (8) y +F5(8) 2 +...= 0, 
Fa )e+ Lay Ia O)2 toe Of 
ESI Perel Pe itad cue looatwenet nae = (), 


In dynamical applications these functions of 5 are all of the 


second degree, but at present we make no restriction of 
that kind. 
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‘To solve these we form the determinant 


A(p)= FCP); Fia(D) t(D) : 
Ja (P); Tog Pre das Py 


If we equate this determinant to zero, we have an equation 
to find p. Let its roots be p, g, &. Then we know that 

a= Pe + Qev +... 

It is our present object to find any one of these coefficients, 
say P, without finding any of the others. It may be that 
the equation A(p)=0 cannot be completely solved, so that 
the form of the terms which depend on the roots other than p 
cannot be found. Our object, therefore, is to find P without 
using the remaining terms of this series. 


To effect this, we deduce from the determinant A(p) 
another determinant, which we write 


1° Ju F8 12 
n(p)=| 7 = Yat Bae yt&e, fil p), AP) Xe 


Fn.8 mee Foo Sey! 
(Sap, & 5 Dp yt&e., fil P), Fil P), ee» 


We form this determinant by the following rule: Zrase 
any column of the determinant A(p), say the first column. 
To replace it we divide the first equation by 5— p, and, rejecting 
the remainder, place the quotient in the first row of the erased 
column. We divide the second equation by 5—p, and place 
the quotient in the second row, and so on. 

if we erase the second column of the determinant A( 7), 
we obtain a slightly different determinant, which we may 


write I],(p), the suffix indicating which column of A(p) 
we erase. 


We may now write the required value of P in the form 
Pa'(p)=U(p). 
In the same way, if Pe” be any term in the value of y, 


we have 
P,A'(p) = U, (p). 
Here, of course, A’(p) is the differential coefficient of A(p). 
8. Before proceeding to the demonstration of this theorem 
let us consider an example. Taking the equations 
(d°—48)a—-(6 —1)y=0 
(6 +6 )x+(0?-58)y=0f’ 
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we see that the fundamental determinant 


ACp)=|-p — 4p; -Cp- J) 
p +6, p-—p 
= p*— 5p’ + 5p" + 5p — 6. 
Equating this to zero, we find that one value of p is 
p=-—l1. Let us find the coefficient of e“ in the value of a. 


Dividing the equations by 6+ 1 and rejecting the remainders, 
we form at once the second determinant, viz. 


II(p)=| (0—5)a-y, 2 |, 
x+(d—2)y, 2 


the second column being obtained by putting p=—1 in the 
second column. of A(p). Expanding, and noticing that 
A'(p)=— 24 when p=— 1, we find 


—12P=dx- dy—6x+y, 


where P is the required coefficient. Here x, y, dx, dy are 
supposed to have their known initial values. 


Example 2. Let us take another example, in which the 
differential coefficients rise to a higher order, but let us still 
restrict ourselves to two dependent variables to save space. 
Taking the equations 


(0°+20°+641)x4+(0'+254+1)y¥=0 
(O°+25 +42)xa+(8'+ 64+2)y=0)? 


we see by inspection that the determinantal equation is satisfied 
by p=1. Thus x=Ffe' is a part of the solution. Let it 
be required to find P, when the initial values of dz, d°x, dy, 
’y, o’y are all zero, and the initial values of « and y unity. 
Constructing the function [I by dividing each equation by 
5—1, and putting 6=0 as we proceed, we have 


Bee gue = P.A'(p). 
da+2y, 4 





But, differentiating the determinant without expanding it, 
and putting p=1, we have A’(p)=16. Hence, putting 
x and y each equal to unity, we immediately find P= 4. 


9, There is another form in which the operator II (p) 
may be written. If we notice that the determinant A (p) 
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is zero, we see by a simple reduction that 
(p= gh | %u Beth (8) 9 + &ey Fu (P) f.(p), &e. 
S—p | f, (S)at+f, (y+ &e, fy (Pp) te (p), Ke 


@oeeeeceeoeeeeeeoseeeeeeoeeeeseeeeeeeeseeseeeseeeeeeseeeeeod 


In this form the first column is occupied by the functions 
which constitute the equations. 

We may now obtain the determinant II(p) in a simpler 
form by a slight modification of the rule in Art. 7. 
Before dividing the equations of motion by 5—p we may 
divide each equation by 6. We then form II(p) by the 
former rule from these modified equations, and finally multiply 
the constituents of the first column by 6. Of course, we may 
also modify the equations by division by 6” instead of 6. 

Thus, let the equations be 


(A,,04+B,64+ C,)x+(4,0°+ Bi8+C,)y=0 
(4,,0° + B,,6 55 C,,) a + (A,,o° cr B,,8 ne C1) a 0 ‘ 


taking only two variables to shorten the results. We divide 
each by 6, and then to form II(p) by 6- p. We thus have 


C,.2+0 ! 
N(p)=| 4,,8a + 4,,6y— =e » A, pt+B,pt Gy 
C,,0 + C; 
A, ox + A,,Oy Es tee aad ’] A,, p “is Bp + Gs 


In this form the constituents of the first column (when the 
equations are of the second degree) may be written down 
by copying them from the equations. 


10. We now proceed to the proof of the rule given 
era ahy 7 

Let us represent the minors of the determinant A(p) by 
the functional symbol M@. Thus JZ,(p) is the minor of f,,( p), 
M,,( p) of f,,( p), and so on. 

It ¢ be any root of the equation A()=0, we know that 
a partial solution of the equations to be solved is 


c= GM, (g)e", y= GM, (ge, &e., 


where G is an arbitrary constant. 

Let us, however, suppose that g is unrestricted in value, 
so that it is not necessarily a root of A(p)=0. If we 
substitute these values of a, y, &c. in the expression for II(), 
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we obtain 





eG DASA PD yf, (g) tT PaIP Mg) Ge (0), &e. 


a p 11 ter 
Be Ss (Z)+ ae ea =p M,,(q) &e., foo(p) &e 


PeeeeeeceeeeeeeeeeeeeeeeseeeseeeSeSeeeeeoseeeseeaoseoe eee eoeoeeeeusesesd 


This is equivalent to two determinants, the first rows of 
each which may be written as follows: 


11 (2) Ah (9) + Fea (Q) Ah, (g) Key Ze (p), &e. 


e@ 





? 








= e 





FilP) M,, (7) a Sb (p) M,, () &e., ts (Pp); Ke, 


Consider the first of these two determinants. ‘The con- 
stituent in the first row of the first column is clearly A (q); 
the constituents in the second and following rows are all zero. 
The first determinant is therefore A (q) IZ, (7). 

Consider the second of these two determinants. It may 
clearly be made into the sum of as many determinants as 
there are terms in the leading constituent. All these deter- 
minants have two columns the same except the first. The 
first is clearly equal to ApJ/,, (q). 

We therefore have the following proposition : 

Lf we substitute «= GM,, (q) e", &e., in the determinant 
11 (p), we find 

t (p) = Get AD) Mi (P) A(p) MQ) | 


A 








11. As we may have frequently to substitute for the 
x, y, &c. which occur in II(p) certain values, it will be 
convenient to represent the result by a special symbol. We 
shall represent the substitution just made by the symbol 


IT (p) [GMZ,, (9) e*], 


enclosing in square brackets the quantity to be substituted 
for x as a specimen. 


12. Referring to the proposition just proved, we see that 
uf p and q be unequal roots of A(p)=9, 
IT ( p) [GM,, (gq) e"] =0 


If g=p and each be a root of A(p)=0, the expression 
on the right-hand side takes an indeterminate form. Dif- 
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ferentiating numerator and denominator in the usual manner, 
we find that fp be any root of A( p)=0, 


TI (p) (GI, (p) ec] = GM, (p) eA’ (p). 


It follows, therefore, that if we operate with I] () on any 
exponential of the solution except e”, the result is zero. If 
there be several roots equal to q, these may be regarded 
as the limiting case of unequal roots, g, g+h, &c., where 
h, &c. is indefinitely small. Hence, whatever the other 
exponentials may be, we can separate an exponential which 
depends on a solitary root p by using the operator II (7). 
If the term to be separated be a = Pe”, the result is 


IT (p) = Le?A' (7p). 


Hence, putting ¢=0, and giving a, dx, &c. as they occur 
in II ( 7) their initial values, we have 


PA'(p) = (p); 
which is the result to be proved. 


13. Before proceeding further it will be convenient to 
examine another mode of proof, which has the advantage 
of leading us to the proper form for II, which appears to be 
rather arbitrarily introduced in Art. 7. 

Let us multiply each of the equations in Art. 7 by e*, 
and then integrate each by parts. Here p is a quantity at 
our disposal, and is not necessarily a root of the deter- 
minant A (p). 

The following theorem admits of easy verification, and 
enables us to effect the integration at once. We have 


ees 
jen f(9) adr = = DP co +f(p) forede 
Applying this theorem, the unintegrated portion from the 


first equation is 


Fis (p) e+ Fig (p)y ++..} erat, 
and the integrated portion is 


FOF P Fin0 me ety ’ —pt 
a a+ te FaP y+...) ° 


We have similar results from the other equations. 

It is clear that if we multiply the unintegrated portions 
of the several equations by the minors of the constituents 
in the first column of the determinant A(p) and add the 
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youl the sum will be 


A (p) fae dt. 
At the same time the sum of the integrated portions will 


be I] (p)e”, where II (p) stands for the determinant given 
in Art. 7. On the right-hand side of the equation we shall 
have some constant C, which is a function of p, and also of 
any constants which may enter into the values of x, y, Ke. 
Multiplying both sides by e”, we thus obtain the equation 


IT (p)+A(p)e” fae "dt = Ce”, 


14. If A(p)=0, we see from the equation just proved 
that whatever solution we write for x, 7, the operator [I (p) 
will produce zero unless the solution be such as to produce ~ 
an exponential e”; also if A(p)=0 have m roots equal 





to p, we see, by differentiation, that the operator di ae 
where a is less than m, will produce zero or terms of the form 


(Co+ Ctt...+ Cut*) e™. 


Hence, whatever form the rest of the values of x, y, &c. 
may assume, if A (p)=0 have m roots equal to p, the con- 
stants in 
| = (P+ Ptt..+ Pt?) e 


may be found by the use of the operators 


dit Gal 
II (p), af pos, Brie 


By performing these operations we separate the solution 
depending on the root p from all other solutions. 

Taking for example [1 (p), tts value is known in terms of 
the initial conditions. But substituting for x, y, ke. le parts 
of their values which depend on the root p, we find T1(p) in 
terms of the constants connected with that root. This therefore 
supplies one equation to find these constants. 





15. Example. Let the equations be 
(o°— 364 2)x+(d-1)y=0 
—(d—1)x+(0'—56+4 4) y=0 
Supposing it to be known that the fundamental determinant 


has two roots equal to 3, it is required to find the terms in 
both x and y which depend on this root. 
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Let the value of x be taken as 
c= (3 Pt) e", 
then, by substitution, we find 
y=—(P,+ P+ Pie 
We now form the operator [I (p) by Art. 9, copying the 
columns from the equations given above. 











I (p) = 2a - y 
6x2 — a 
? » P 
4 
eae p—Spt+4 
2p—9 
= {(p—4) da— dy — 2 x + y} (p—1). 


This gives, when p=8, 
IT (p) =— 2 (8a + 8y-—a—y) 
dll (p) 
dp 
Substituting for x and y the values written above, we find 
—2(dx+ dy-a—y)=4Pe" 
da—dy—aty =4(P4+P4+P ie)’ 
putting ¢=0, and giving a, y, dx, dy their initial values, we 
have two equations to find P, and P.. 





= dx — by—a+y 


16. Application to the method of multipliers. We shall 
now make an application of the operator I(p) which will 
put the method in a new light. 

Let us suppose that the given differential equations are 
such that their fundamental determinant is symmetrical about 
the leading diagonal. In this case the minors of the con- 
stituents in any column are equal to the minors of the consti- 
tuents in the corresponding row. 

Let the solution be written in the form 


c= PeM+ Qemt..., 
y= Pe + Oe 4.00 





2= Ke. 
7 BP. 
Then we have Wp) = Wp aes 7s 
Q q 
Nh lt eee ee eh ee 
M,,(q) ,.(9) 


where G, H, &c. are the arbitrary constants. 
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To shorten the explanation, let us suppose that the equa- 
tions of motion are of the second order. Let us first choose 
the second form of [I(p) given in Art. 9. In this case we 
see that if we expand [I(p), we obtain 

GII(p) =(A,,dxu + &e.) P, + (A,,dx + &e.) P, + Ke. 
This may be written 
=(A,,P 4+ A,,P, + &c.) 8x + (AP, + A,,P, + &e.) dy + &e. 


15 ie | 12° 2 


111 12°°2 


—(C,P,+ C,P + &e) = PCO Pet CaP +&e) 5 — &e. 


Let us use A and C as functional symbols, thus 
A (P) oa pe: Bad ate m5 Yad ip ag ay &e. 
C(P) =3C,,P,’ ae Cale i. + &e.) 


Then we have, writing A for A (P), &e. 
dA dA 


GG) ap On + op OY +e. 
_d aw dy 
dP, p dP, p een eo 


This result gives a theorem in what we may call the method 
of multipliers. 


17. Suppose we have a set of equations of motion such 
as Lagrange’s equations with any number of coordinates, or 
even an infinite number of coordinates, as in the case of 
vibrating strings. ‘hese equations may contain the forces 
of resistance, i.e. the forces which vary as - a , &c. The 
sole restriction here made is, that the fundamental deter- 
minant of the motion should be symmetrical. 

These equations being solved, we can write the solution 
in the form of oscillations, or arranged according to expo- 
nentials with real or imaginary exponents. The relations 
between the coefficients which belong to any one exponential 
are known by the method of solution. But each expo- 
nential is accompanied by one unknown constant (called G or 
H, &c. above). The value of this constant depends on the 
initial conditions. 

To determine this constant we use the method of multi- 
pliers. We multiply the expressions a, y, &c.; dx, dy, Ke. 
by certain multipliers, and add the results together. ‘These 
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multipliers are to be such that all the exponentials, except 
the one we wish to retain, shall disappear from the sum. 
Then the initial values of dx &c., x &c. being known, the 
value of the constant becomes apparent. 

The difficulty is to find these multipliers. By Fourier’s 
theorem they are known for such cases as strings, &c., when 
the vis viva takes the form of the sum of the squares of the 
differential coefficients of the coordinates. But this value 
of [I(p) gives these multipliers in every case in which the 
fundamental determinant is symmetrical. 


‘Rep . aA dA 
The proper multiplier for dz is aP 3 for dy, TP} and 


s0 on, as indicated in the expression for II (7). Applying 
this rule, we find 


dA aCe CVSS 
kia ae ~ aP, p — &c.=2 (pA-—)e ° 
Putting ¢=0 and giving w, dx, &c. their initial values, we 
have an equation to find G. 
We may remark that by Art. 7 we must have the 


coefficient of the exponential on the right-hand side 


= GM, (p) 4'(p), 
a result which may be easily verified. 


18. Zo use the method in this form with convenience we 
must have a rule to write down the functions A and C, whence 
the multipliers can be found by differentiation. 

To find A and C multiply the given equations by 
x, y, 2, &c., and add the results. Half the coefficient of 6° 
is the function A with a, y, &c. replacing P, P,, &. Half 
the term independent of 6 is the function C with a, y, &c. 
replacing P,, P,, &c. The proper multipliers for dx, dy, &e. 5 


dA dC 


ZY AcCr, ATC To? de? Ge &c., when we 


| pda? pay” 
have written 42.03. oss forays ic. 
19. Example. The differential equations 


(8° —26+4+2)x4+/5 dy=0 
V5 da + (0° + 2642) y¥=0 


admit of a solution of the form 


ie 
se t one AN et fee ¢ 
c= Pe, yo- —e= Pe. 


V5 
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_ The initial values of a, y, 5x, 6y being known, find the 
constant P, without finding the rest of the solution. 

We first find the functions A (x ) and C(x) by multiplying 
the equations by x and y, and adding the results (Art. 18). 
The terms with 6” give at once 


2A (z) =a? +y’. 
The terms without 6 give 
2G (a) = 22% + 27/7. 
The proper multipliers for dx, dy, x, and y respectively are 
(Art. 17) 


dA dA dO dC 
ap=?s pute ~pap 7722s — Zap — 
Hence we find 


1 2 
Pda + Pdy—2P.02@—-2P.y=— $Piet. 
Substituting for P, in terms of & we find 


ck pan ay BON 
ox = by - Dat Ty 6 Pe 
If we now put ¢=0, and give a, dx, &c. their initial 
values, the constant P, has been found. 


20. When the forces of resistance are absent we have 
the ordinary case of Lagrange’s equations. ‘The function A 
is then analogous to the kinetic energy and C to the potential 
energy. In this case, since the terms £6, B,,6, &c. are 
absent from the equations, it is more convenient to deduce 
the function [1 (p) from the form in Art. 7. We then find 

dA, dA , 

If we divide each es by 9 before forming the 

operator [I (p) as explained in Art. 9, we find 


; dC _d0 
AGEN BD 5 yeti saree ie 


Thus in Lagrange’s equations we have a choice of two sets 
of multipliers, either of which will enable us to separate any 
oscillation from all the others. We may use either the multi- 


pliers 
dA. da 


7p? gp» 
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obtained from the kinetic energy, or the multipliers 
dC dC 
dP? dP.’ 


obtained from the potential energy. 


&0., 


21. If either the kinetic energy or the potential energy 
can be written in the form 


% (dx)? +4 (dy)* +... or $a°+4y'4+..., 
we fall back on the old rule usually called Fourier’s rule, 
which may be briefly expressed thus:—To separate the 
exponential e” from the others, we multiply the values of 


x, y, 2, &e. by the coefficient of the exponential in that 
equation and add the results. ‘Thus we find 


Pat Poy +.50= (Pi + Be +...) eo” 


22. When the determinant of the motion is not symmetrical 
about the leading diagonal, the function [1 () will still enable 
us to find the proper multipliers whenever such multipliers 
exist. But this we pass over for the moment and reserve for 
another communication. We shall next proceed to complete 
the theory of the operator [1 (p) by considering its application 
to the case of equal roots. 


Part I, 
TREATMENT OF EQUAL ROOTS. 


Minors not Zero. 


23. When equal roots occur in the determinant A{p), 
the rule to find any single coefficient in terms of the initial 
conditions is not so simple. ‘Two cases occur which may be 
considered separately. 


Case 1. These equal roots are not supposed to make all the 
jirst minors of the determinant A(p) equal to zero. In this 
case the values of x, y, &c. will contain terms of the form 
t"e as wells as terms of the form &”. 


Case 2. These equal roots are supposed to make all the 
jirst minors equal to zero. _ Perhaps all the second or third 
minors may also vanish. In this case the terms containing 
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the higher powers of ¢ which should otherwise enter into the 
values of a, y, &c. do not appear. ‘Their place is occupied 
by an increased number of unknown constants accompanying 
the remaining exponentials. 


24. ‘Taking these cases in order, let us suppose that the 
determinantal equation A(p)=0 has m roots p, q, 7, &e., 
which we shall presently take equal to each other. The part 
of the solution which depends on these roots is 


a= GM, (p)e" + HM, (g) e+ KM, (r) e"+..., 
y = GIL, (p) e+ HM, (g) "+ KM,,(r) et +... 
2=&e. 


where G, H, &c. are the arbitrary constants, and the functional 
symbol / represents a minor of A. 

If we now put g=p+h,r=p+hk, &c., and take the limit 
when h, k, &c. are zero, these solutions take the following 
forms analogous to those usually given for one dependent 
variable. 


c= QM, (p) ea Q, 5 [M,, (p) e a Os [M,, (p) e”'| Tesey 


pt d t d* pt 
y = QM, (p) e+ Q Gp ee (p) e+ Q. Ge Ah (p) oP] eee, 
z= &e. 
where 9. =G+H+é&e., Q=Gh+Hk+&e, Q,=&e., 


so that Q,, Q,.--Q,,, are the m arbitrary constants required 
to give a complete solution. 


25. We have now to investigate a method of finding 
these constants Q,, Q,...Q,,., when the initial values of 2, y, 
&e., dx, &c. are known. 

To effect this we use the equation proved in Art. 10, 


qt PANG M,, )-A( )M,, ) 
TI (p) [f, (¢) e“] =e ee ee 
v Ee 
where p and g are unrestricted in value. Differentiating this 
with regard to p and g by Leibnitz’s theorem, we see that 


d*\1(p) [ dé Ae 
Te | qa ta De =9, 
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provided p and g are unequal, and 
A(p)=0, A'(p)=0, &., 

so that there are at least a+ 1 roots equal to p, and also 
A (gq) =0, -A’(g) =0, &e., 


so that there are at least 8+ 1 roots equal to g. 

Suppose then that the determinantal equation A (p)=0 
has m roots equal to p. ‘Then we see that if we perform on 
x, y, &c., the operations indicated by 

du(p) d@'(p)  a™*(p) 
| IT (p), dp ° dp“ dp™? ? 
then all the terms in a, y, &c. which depend on the roots of 
the determinantal equation other than p will disappear from 
the results. ‘These results will contain only the m constants 
Q,) V,.--Q,_, [See Art. 14 for another proof. ] 

In practice we may find these results in each separate 
problem by actually substituting these particular terms of 
x, y in the operators. Or we may use a rule which will be 
presently given to write down the result at once. — 

Whichever method we adopt, we have sufficient equations 
toning £) oo. f 


26. If we wish to find the coefficients of the terms in the 
expression for x, without knowing the corresponding terms in 
the expressions for y, 2, &c., we may use a rule which we now 
proceed to investigate. 

Referring to Art. 25, we see that we must find the value 
when p=gq of 


1 d*II(p) [ dé é, 
La Lg ~ dp Ee Ma Qe | 
Referring to Art. 10, we notice, by Taylor’s theorem, that 
this is the coefficient of h*k* in the expansion of 
A (g+h) My (pth)—A(p+h) My (G+4) parmye 
qtk—p—h | ; 
We shall neglect the exponential, as only the initial value 
is required, and omit the suffix of J/,, for brevity. 


Since we have q=7, this is the same as the coefficient 
of Ak? in the expansion of 


A(p+k)M(p+h)—A( pth) M(prh) | 


—_—_ 


k—h 
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We shall represent this required coefficient by X. 
Let Ch”k" be any term in the expansion of 


A(pt+h)M(p +h). 
Then, interchanging / and k, Ch"h" occurs in the expansion of 
A(pt+k)M(pt+h). 
Taking these two terms, we obtain 
ke" },” ied hk” 
See bak 
If then any of the terms in the brackets coincide with hk, 
C will be the required coefficient. 

It follows that X is the sum of the coefficients of h***, 
h*’k, he*®*k*, &c., in the expansion of A(p+h) M(p+t+A&). 
That is, putting h=k, X is the coefficient of f**** in the 
expansion of A(p+h) M(p+h). 

The required result is therefore 
Xx Ae u A@B+t i dM Az*8 ss ‘ty a°M A267 i. 

~~ L(at8+1) © dp Lat) ° 1.2 dp* L(at+8—-1) °°"? 
where the indices of A represent differentiation with regard 
to p, and Lin) = 1.2.3...n. 


= C (h” Riles | + hae ee aye ek). 





28. Let us now apply the Lemma just proved to find the 


1 d*I1(p) 
value of TA ay 


expressions given in Art. 24, viz. 





, when we substitute for a, y, &c. the 


m=1 


d 
ie QM, (p) Gr ceee ech Qnet ap ha (2) e"; 


with similar expressions for y, 2, &c. Omitting the suffix 
for brevity, we find 

1 dll Amante de. 4 Agee: 
lage L(m=1)}M icone > mes td 


fe Oo Lm-2)| Ma +. ; 


But if we expand the differential coefficients in the value 
of x by Leibnitz’s theorem, and obtain 
phe 


oo 1P +Pit.+ We act é*, 
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we see that 





uN -1 
Lom=t) 7 een 

Ee, dM 
L(m- -2) MO n,-2 at (m —1) dp Qn 





ae. dM (m—1)(m—2) d?M 
TGs) a MQ,,-3 + (m — 2) dp Eee oem dp? ems" 


Hence it immediately follows that 
1 d* Act aver 
Le dpt =s L(a+m) Ft Tama) yee y/ 


where the indices of A represent differentiation with regard 
to p, and La=1.2.3...a. 


29. To illustrate this general formula let us consider the 
ease in which the fundamental determinant A (p) has three 
roots equal to p. Let the resulting value of x be 


v= {2.4 Ptt+ Pf, | en 


Then A(p)=0, A'(p)=0, A"(p)=0; and the values of 
Pes in ane of the initial values of a, y, &c. are 
given ‘by 


rag 

La 2? ee IT (p), 
At A” ee dil ( p) 
Teta eaee = dp 
Bibione sp, 1 sips a Seely) 





L3 Lit L5 12Gb ee 


i 


30. Asa verification, take the example already discussed 
in Art. 15. We have 


A(p)=| p’-3p+2, p-1 =(p—1)'(p—3/. 
—p-1, p —5p4+4 


Hence when p=3, A(p)=0, A’(p)=0, A"(p)=8, and 
A’ (p)= 24, Let the ‘value of be 


e=(P + Pi) e, 
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that of y not being required. Then, by the rule given in 
the last article, 


4A” P =—2 (8x + dy —a%—-y)) 
PAE LAY Di Sc—S8y—at+y)s? 


which are the same results as before. 


Minors zero. 


31. We shall now examine the second case in which the 
determinantal equation A(p)=0 has equal roots, which at 
the same time make all the first minors zero. ‘This case 
occurs frequently in Dynamics, and therefore possesses con- 
siderable interest. Taking the case of two equal roots, we 
see by Art. 24 that, since M7, (p)=0, all the terms with ¢ 
as a factor are absent. ‘The solution which remains, viz. 

ex Q. Sues 
lacks generality, as we have only one constant, the other Q, 
having disappeared. 

To complete the solution it will be convenient to have 
recourse to the second minors of the fundamental determinant. 
This forms a contrast between the two cases mentioned in 
Art. 23. In Case 1 it is convenient to complete our solution 
by differentiating the first minors; in Case 2 we complete 
our solution by the aid of the second minors. 


32. We shall first show that this second case of equal 
roots may be treated like the first case as a limit of the 
general solution with unequal roots, though it may not be 
convenient always to do so. 

To simplify matters, we shall suppose that the equation 
has two roots each equal to a, which make all the first minors 
zero. Let us alter the equations by adding on two small 
arbitrary quantities ax and Py to the constituents of an 
equation, say the second. Let p=a+h, g=a+k be the 


roots of the determinant A() thus modified. Let the solution 
of the equations be 


c= GM, p)e"+ HM, (q) e +..., 


y= GM,,(p) e+ HM, (¢) e+. 
z= &. 


“9 


284 Mr. Routh, A Method of expressing any 


Taking any minor M(p), we see that 


dM (a) dM (a) 
Ae +B a8 ae 
Now J, is not altered by the introduction of a, nor M,, 


by B, while M,, is altered by both. Hence, neglecting the 
squares of small. quantities in the limit, we find 








U(p)>M(a) +a 


pm PME ot 
dM. 
ji Q eae D ee ? 
| a= [Pe 4 Qh ew 


where P=(@'+ H) 8, Q=(G@+H) a, and therefore are two 
arbitrary constants. 

These differential coefficients of the minors with respect 
to a or @ are really the second minors formed by omitting 
the row and column in which a or 8 occurs. But the results 
written in the form of second minors may be found more 
conveniently by the following course of reasoning. 


33. Let us suppose that the fundamental determinant has 
m roots equal to », and that all the first minors have n of 
these roots, but not all of thera have n+ 1 of these roots. We 
shall suppose in the first instance that all the second minors 
do not vanish. Then it may be shown that m is greater than 2n. 
We must first write down the form of the solution depending 
on these roots in order to discover what the constants are whose 
values have to be found in terms of the initial conditions. 

Resuming the equations given in Art. 7, let us reject for 
a moment any two, say the two first equations. Solving the 
remaining equations to find any variable, say z in terms of 
x and y, we have 


| F,(6 leFust©) lean | Far (9) “| aw — | f,.(8 )» J; mC) Jers | ¥ 

The hah minors ee We the coefficients of this 
equation, may be written as differential coefficients of the first 
minors in the form 


M,,(8) ,_7M,,(8) __ aM, aMto) 


& : 49 ed 
a 22 df 22 df, al 








Particular Arbitrary Constant &e. 285 


We notice, in passing, that since 
dM, (8) _ _ ¢M,,(8) 
Pro 87 ed 
these coefficients may be written in several different forms. 
Let now & and 7 be two functions of ¢, such that if 1£(8) 
be any first minor of the fundamental determinant 


M(8)&=0, M(d)n=0; 
therefore (G,+ G tte G {*-*) =| 








n—1 
7 =(H,+ Hyt+...+ At") 


u—l 


If then we choose 





aM,(8) 
as ee 
_ dM, (8) __ dM,,(8) 
Boaticg wads? 


it follows that 
nee dIL_,(8) £4 adM,,(8) 
wpe dfigee? 


and so on through all the variables. 

We have yet to consider the two equations rejected in 
this solution. But since € and 7 make all the first minors 
zero, these equations are not independent of the rest. It 
therefore follows that these values of x, y, &c. satisfy all the 
differential equations. 








34. The solution just found has 2n constants, viz. the 
n G’s and the n H’s. But since m is greater than 2n, the 
solution is still incomplete. 

This remaining part of the solution depends on the re- 
maining m—2n roots, and will come from that method of 
solution which does not require the vanishing of the minors. 
But this has been already found in Art. 24. We have 

—- 


t a” pt 
a= QM, (p)e tet Qs dp M,,(p)e"; 


with similar expressions for y, 2, Kc. 
Since the first minors have m roots equal to yp, all the 
terms in this series from Q, to @,_, are zero. 


Consider next the solution supplied by any Q, between 
Q, and Q,,. It is an expression of the form 


(Ava bcp h chiA oe tao) ne 


k-n-1 
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These may evidently be included in the terms which are 
derived from & ‘The corresponding terms in y may be in- 
cluded in the 7. ‘Thus these terms may be entirely removed 
from the expressions for « and y. Since the corresponding 
terms in z (as defined by any coefficient Q,) must satisfy the 
equation proved above in (Art. 33), to find 2 in terms of a 
and y, it is clear that these terms also are therefore removed 
from the expression for z In the same way the corres- 
ponding terms are removed from the other variables. 

Lastly, consider the solution supplied by the terms from 
Q,, to @,, both inclusive. These terms satisfy the dif- 
ferential equations, and are not included in-the solution found 
above. They also contain the remaining m — 2n constants. 

The complete solution is therefore found by adding to the 
terms derived from & and 7 the following 

2 


Be ‘ 
ss Con Tom Mul pe Feet A He 


TL es 
Ops 
with similar expression for y and z, as in Art. 24. 

We notice that the terms which are derived from & and 7 
supply terms which contain powers of ¢ up to ¢”~ inclusive. 
The terms which are derived from the differentials of the 
minor with regard to p, contain powers of t up to ¢””*. The 
powers of ¢ from ¢’”” to ¢”™ are absent. 

For the sake of brevity, we shall distinguish the terms 
which are derived from & and 7 as those which contain 
second minors, while those which contain differentials with 
regard to p, will be referred to containing first minors. 


M, (pe, 


35. We have secondly to determine how the operator I1(p) 
must be modified that we may be able to separate the terms. 
which depend on these m equal roots from the rest. 

We have already seen that we may use the operators 


dtl dave tl 


dp °°? dp” * 


Since the differential coefficients of the minors up to the 
(n — 1)" all vanish, the first x of these operators are absolutely 
zero. ‘The next m—2n operators will determine by the use 
of the rule in Art. 29, the coefficients of the powers of ¢ from 
t’ to t””*, since these powers do not occur in the terms which 
are derived from & and 7. 

The remaining n operators will act both on the terms 
which are derived from the second minors, and on those 


? 


Particular Arbitrary Constant &c. 287 


derived from the first minors. They will give n additional 
equations to determine the constants. We therefore require 
at least m additional operators. 


36. These additional operators may be found from the 
equation 


TI (p)+ A (p) e” fe*adt = Ce”, 


proved in Art. 13. Since we may alter our equations by 
adding any small arbitrary quantities, such as az or By to 
any equation [\rt. 32], it is evident that we may differentiate 
the equation just written down with regard to any one of 
the symbols f,,,.7,,, &c. Hence, when A (p)=0, we have 


ail Tay reel ea eee 
Gf + Me” fe ei ee : 
where f stands for any one of the symbols f,, &c., and M 
is its minor in the determinant A (7). 

Since every minor has 7 roots equal to p, the differential 
coefficients of JZ up to the (n— 1)" are zero. Hence we have 


apt of dpi df’ 
where & is less than n. 
It follows from this equation that 


dit ddl ed") dit 
df’ dp df’ ** dp” df 


are the operators sought for. They will produce zero when 
performed on any term except those which depend on the 
root p. ‘They may therefore be used in the manner explained 
in Art. 14 to determine the constants which depend on 
this root. 


37. Example. Given the initial conditions, find the values 
of the constants which enter into that part .of the solution of 
the following equations which contains e’ as a factor: 


—x+(d-2)y—- z2=05. 


(8° - 38+2)a—(8-1)y—(8—1)2=0 
—-2— rg trol 
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We see that the fundamental determinant is 


Ap=| (p-1) (p—2), —(p—-1), —(p—-1) | =(p—-1)"(p-4) 
—1 ip a of at 
—1 ; —-l , p-2 


This has three roots equal to unity, and each minor has 
one of these. 
Then, by Arts. 33 and 34, 


d? 
c= Ge’ + 7.2 Me?! +606 
es 
= Ge'+2Q(1—2t) e, 
dae 
= He’ + Qd— M Peak Spies 
y dpe te 


= He’ + 2 Qie'; 
thence 2 follows from the equations 
z2=— (G+ H)e+2 Qte+.... 
To find the three constants G, H, and Q@ we shall use the 
three operators Al sea and —— 
op dp ? dp* ? df. : 
We have, as in Art. 7, 
II (p)=| (8+p—3)e-y-2, —(p—1), —(p-1) 
wie aes p-2, —1 
Z, -l , p-2 
=(p—1)i(p— 38) (8+ p—3) a+ 2y +22}. 
Thence we find, when p=1, 
dil 
ip’ =—2{(6-2)x—y-— 2}. 
Substituting the values of x, y, 2, written down above, 
this becomes, when ¢ is put zero, 6.2Q. ‘Thence we have 


12Q =—2 (du —2x-—y-—2), 
where dz, x, y, 2 have their initial values. 
Taking the next operator, we have, when p=1, 


@*II 
Ww 6—4 e 
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Substituting for w and putting ¢=0, we find 
-3G-10Q = du—4a. 
Taking the last ‘eae we have 











dll y, —1 y, —1 
df, % p-2 zy —1 ‘ 
Substituting we find 
— G-2H=2-y. 


Thus we have three equations from which we may readily 
find the three constants G, H, and Q. It will be noticed 
that they have thus been found without making any use of 
the parts of x, y, 2, which depend on the other root of the 
equation A (p) =0. 


38. If the values of all the variables x, y, 2, &c. be not 
required to be found in terms of t, we must have some method 
of finding the constants in those required without writing down 
the others. 

Let us suppose that the constants which occur in a and y, 
and are in the terms which arise from the m roots equal to 
p, are required alone. 

Let us consider the terms which depend on the second 
minors. Referring to Art. 33, we notice that all the terms 
which are derived from & may be found just as if 7 =0, pro- 
vided we replaced the fundamental determinant A (p) by the 
minor of f,,. ‘To find these terms, we therefore use the operator 
Ti (p) with the column and row containing J,, removed. We 
may retain the terms in the first column which operate on y, 
because y is zero when we operate on & alone. In the same 
way when we operate on 7 alone we have a similar operator 
with the row and column containing f,, removed. The two 
operators may be written as one, viz. 


5 6 - | 
untae ~SuP aeael: aha? yt Ge, fisP) ep, &e. 


ae 
5 ic 
Sa ate plete laP cha Pee Wf Ge: 
This operator may be written either ae — or — aus where 
i, Ly 


II and IJ, have the meanings given in Art, 7 
VOL. XIX. PP 
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For example, suppose that the first minors have only one 
root equal to p. ‘Then taking & only, we have 


nner, yay ange 
which we abbreviate into - 
Seen aaa) =). ha Eke 
Then by the result given in Art. 7, 
dda_du 
“dp Try ia 
Next, taking 7 only, we have _ 
x=0, y = H, a ea gael a 
which we abbreviate into 
e=te" y=0, z= Ties 
and again, by Art. 7, 





er 








@ da_an 
dp tf, Ga 
When we operate on both the quantities & and 7, we have 
@da_ yd da _ any) 
dp Ug dp Yn Hag 
In the same way by removing some other row, say the 
third from the determinants, we obtain another equation 
dda_ 7a da _ ally) 
dp Uf, ~ dp dfy - Un — 
Taking the general case in which the first minors have 


n roots equal to », the terms in Art. 33, which depend on the 
second minors, may be written 
e=(Pi+ Pitt... bP ye, 
y=(Q,+ Ot+-+ O07) en 
Then by the rule in Art. 29, 
ies, COR ag age aera 
Lana df sos san (ar Co ees 


and so on through all the other equations. 


K 
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39. ‘The terms which arise from the m roots equal to p 
have been separated in Art. (34) into two classes, (1) those 
which involve the second minors, and (2) those which depend on 
first minors alone. The effect of the operators of and 
and their differentials with regard to p on the terms of the 
first class have just been found. We must now find their 
effect on those of the second class, and finally add the results 
together. 

To effect this we have recourse to the identity established 
in Art. 10, 


,A(q) M, (p)-—A(p) 1, 
II (p) [IM (q) ee] =e (7) (p) 2 (p) M,, (9) , 
TL 
where p and ¢ are any quantities not necessarily roots of the 
equation Ap=0. Let us now add on to any constituent f of 
A(p),a small quantity df whose square may be neglected. 
In this way both the operator [1 and the subject JZ are 
altered. Subtracting the original equation, we have 


van [Mg e"] + HI (p) are 


adMp  ddAq 
wha silane rs auf 2 
— g-p|_,, aig _ ddp 
Ap if oes 


We shall now take the a differential coefficient with - 
regard to p and §" differential with regard to g, and then 
make p=q and regard each as a root of Ap=0, which is m 
times repeated. Since the minors of Ap contain this root n 
times, the operations indicated by IT and its differential coeffi- 
cients up to the (m— 1)" are absolutely zero whatever be the 
subject of operation. Again, considering the right-hand side, 
we may obtain its value by the same reasoning as in Art. 27. 
Hence, we find, 


1 d« dil (p) Boy Pe 
LaLlB dpe df | dpb° »® 
is equal to the coefficient of 4«+#+1 in the expansion of 


A (p+) FM, (v +l) +I, (p +h) ZA (p43) 
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This may be easily expressed, as in Art. 27, in terms of the 
differential coefficients of Ap and M(p), but the result is 
rather long. The lowest power of A which occurs in A (p+ h) 
is h”, and the lowest power in the second term is h”. Unless 
therefore a+ +1 is greater than 2n, this result is zero. 
We may therefore in general calculate the required coefficient 
more simply from this form than when expressed in a series 
of differential coefficients of A (p) and M(p). 

The rule to predict the result of performing the operator 
when we have a complicated case of equal roots has been 
made to depend on the two results given in Arts. 38 and 39, 
which have to be added together. As it will generally be 
simpler to follow the method indicated in Art. 36 and illus- 
trated in the example of Art. 37, it seems unnecessary to 
examine this result more minutely. 


&t. Peter’s College, 
April 4, 1883. 


ON LINEAR DIFFERENTIAL EQUATIONS: IN 
PARTICULAR THAT SATISFIED BY THE SERIES 
1428 2 MATTER +1 0 te 
ye 1.2.y.y + l.e.e+] 
By A. R. Forsyrn, B,A., Fellow of Trinity College, Cambridge, 
and Professor of Mathematics in University College, Liverpool. 





Ve the present paper I have attempted the solution of 
several questions relating to the higher hypergeometri¢ 
series [ given by 


py SEF GTN BH LOO +1 gs 
yé 1.2.y.yt+l.<¢e6+1 
which are analogous to some of those arising in connection 
with the hypergeometric series of Gauss, and dealt with in 
the following papers :— 
GAUSS —Gesammelte Werke, bd. U1., pp. 123-162, and 
207-229, (1812). | 
KumMMER — Crelle, t. Xv. (1836), pp. 89-88, and 127-172. 
SCHWARZ— Crelle, t. LXXV. (1873), pp. 292-335. 
CayLey —Camb. Phil. Trans. t. x1. (1880), “On the 
Schwarzian derivative and the Polyhedral 
Functions ” (Part I). 
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But the analytical properties alone have been kept in view 
and no attempt has been made to generalize the applications 
to geometry which occur in the above memoirs of Schwarz 
and Cayley and in others by Klein and Brioschi*; and there 
is no discussion of such relations as may arise when the 
elements a, 8, 9, y, ¢ are connected by one or more equations. 

In this paper the following will be found to be the chief 


points :— 


§§ 1-2: 


§§ 3-5; 


86; 


§§ 7-10: 


§§ 11-15: 


§$ 16 ; 


§ 17: 


§§ 18-28: 


§ 29: 


The series, its differential equation and two other 
particular integrals of the latter. 


Two sets of relations (containing 34 in all) 
between / and contiguous functions, z.e. functions 
in which one element alone differs by unity from 
the corresponding element in 


An important transcendental series which is a 
particular case of the hypergeometric series. 


Some summation-formule for the hypergeometric — 
series of both the first and the second order. 


An expression for the general integral of a linear 
differential equation of the n™ order when (n—1) 
integrals are given; in particular for the cubic 
when two integrals are given. 


A particular equation of the third order treated by 
Lommel (Math. Ann. 1.). 


Application to the general linear cubic of Kummer’s 
method (l.c.) adopted for the general linear 
equation of the second order. 


Deduction of twelve particular integrals (of a 
certain general form) of the differential equation 
of §15; and 


The differential equation satisfied by the quotient 
of two particular integrals of the linear equation 
of the third order. 





* For a list of the memoirs relating to these applications cf. the above 
memoir of Cayley’s. 
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The Sertes. 


1. Consider the function F 1( B, Ay, oh as defined by 
Yous 
the equation 


aBO aatlP:B+1004+1 , 
ae gO eee oe eeo eee 1 
Meine? too A ete (1), 


the law of formation of the coefficients being similar to that 
which holds in the case of Gauss’s hypergeometric series. 
The coefficient of a being denoted by A,, we have 


(L+7)(@+7) (y+7) 4,,=(4+7)(8+7) (047) 4, 


Let D denote the operation oe and consider the diffe- 


rential equation 
[ (D+a)(D+8)(D+0)-~ D(D+4-1)(D+e—1)]y=0.. (2). 


A solution of this can be obtained in a series; say, 
y= Bat t+ Boel + Bae +... 5 
then to determine » we have 
—B(M+y-1)(w+e—1)=0, 
while the successive coefficients are connected by the relation 
(@trtl(wtrty)(wtrt+s By 
—(u+r+a)(we+r+ 8) (H+r+4)B=0. 


Choosing »#=0 as one solution, and taking B.=1, we 
have as the series 


aBe aa+1.8.84+1.6.0+1 
J oes meas Sr a we eee Ta ee Te es . eee 
g ye eat: 1.2.y.y + l.e.e+1 oe 


or the series (1) is a solution of the equation (2). Now the 
latter is 


(l-ax) P+ f{yt+te-2-x(at+ B+ 0)} D 
+ ty—le-1.- «(48+ 80+ 0a)}| D-aB0x =0, 
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or, if d stand for iy 
dic 
J Reo F 
De See er 
DP = 23d? + 827d’ + xd, 
(1 —a) wd? + {(yt+et1)2- (a+ 84043) 038 
+ {yea — x’ (a8 + BO+ Oat+at+ 8+0+41)}d- aB6x=0, 
so that / satisfies the differential equation 


(1—a)at S54 (ytet+1—(at B+0+8) aha 5y 





+ fye—a2 (48+ 80+ Oat+a+8+4+6+41)} o — oBOF =0...(8). 


2. But another solution of the equation which deter- 
mines p is 
w=l-y, 
and the relation between the successive coefficients becomes 
(r+1)(2-y4+7)(1+e-y+7) B,,, 
—(l+a-y+r)(1+8-y+7r)(1+@-y+7r) B=0; 
so that, choosing B, = 1, we have as another solution of (3) 
Bee Bei, 0nd a | : 
2—y, e+1-—¥ 


Similarly, choosing 4 =1-—e, a third solution is 


oR pee Bt+1-s, eae) pAL 
ytl—s, 2-—é : 


Calling the two latter solutions - 
Gitbe and oo i, 


respectively, we have three particular solutions, viz., 7, 2" F,, 
and a *f, while the general solution is 


y=AP+ BaF, + Calf, 
A, B, and C being arbitrary constants. 
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It may be noticed that the more general equation 


(y-a) (ya) (y-2) 554 (Ay +B) 7 


diz 
oy: alas. "Da 
+(C+ Gy) te + EP=0 
can be reduced to the form (3) by means of the substi- 
tution 


y—a=x(b-a) 


and a corresponding determination of the elements a, 8, 0, y, e 
in terms of the constants in the equation. 


The linear relations between F' and the contiquous series. 


a+1, B, @ 


3. Let the function F 1( ik x be denoted 


ve 
by Fu+ and the function F {(* 5 ss an 2} by as 
? 

Such functions as these we may, after Gauss, call ‘ contiguous ’s 
and there are obviously ten functions contiguous to a given 
one. Relations between these and the given one are separ- 
able into two sets; first, those in which only two functions 
besides the primary / (supposed present in every relation) 
occur; second, those in which three functions besides the 
primary occur. It will be noticed that, as written, the latter 
set is the only one into which the variable a enters as a 
coefficient. 


Set I. 

(e-—y)F+(y-1) F,-- (8-1) F-=0 

(8 —a) F'+ ai BF ee =0\ ry 
(a —0) f+ OF 4 — alee =O , 
(0-8) F+ BF ei OF), =0 

(y- a1) F+ aFae—(y-1) Fy-=0 

(y— 8-1) F+ BFe,—-(y-1) #-=0 

(y— 0-1) F+ 6f)+-—(y-1) #,- =0 


G [5], [12]. 


(e—-8-1)F' + BFe.=(e—1) Fe =0 


) 
) ) 
(¢ —a —1) f+ afa,—(e —1) Fe =0 
) 
(s —0 —1) F+ OF oy (e -1) F- =0 
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‘fot] ‘[1]p 


0 CUD=p ing aae* 


“a7 (9 —2)(9-h)— tog (@-T)(9-No tT e@-o)(o-9) +(o-Ha-@-2(9-4)] 
o= Cr +A) SS 
-a7 (9-2) (9-4) -— te (@-1)(9-%) 9 +7 [2% (9-9) (9 -%) +(9 —%) 9 —(9 -2)(9 —4)] 
@—2 
+ 


O= CI +H) ay honenn 


-d7 (g—2)(g-4) - #4 (@- D(9-) +4 [2 (9-S9-») + (9-2) 91 -(9-2( -4)] 


OCU Dag gany 
-dz (g—-3)(g — 4) -— +47 (@- (9-9) d t+ [@( -9)(9-9) + (-)d—-(P—2)(d -4)] 
@-g 


| O=(UtH) oa hogs : 


7 (0 —2)(9—h)— yz (@ - 1) (9-g) 9 +,7[e(9 -2)@—-gG) + @-g)? -(—2)(0—A)] 
OL ee F 


“2g (0 —3)(0— 4) — #2g (@— 1)(0— 9) 9 +7 [@(g — 2) (@—9) + —- 9)2-(—8) (2 —4)] 
IT #9 


oS 
oe 
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Ep 


‘stp 


‘Lit] ‘Lyla 


0 = eg (0 — g) (9-2) (9 —*) + “47 (9 —) (gf - 2) ( — 4) + 
-> 7 (gf — 9) (0 —8) (2 —4) +7 (w— 1) (2 - g) (FP -6) (9 -¥) | 


9 = Hye (2 ~ 9) (2— 9) (@ —2)&— Hye (bg) (bg) (2) 2+ 
— 7 («— 1) (1-2) (A—s)%h—g[e(l-g—G9 —- 29-4424) — t—2](4— 2) 2h 


o=tye (2—¢) (2-9) (2-2) 4+ t4qa (h— 9) (hg) (6-2) 8- 
kg (@ — 1) (1 —A) (2-4) eh — yg [a (I-g—G —9 —2 +h) -1-4] (2-4) 2h 


0 = +a (3-9) (2g) (2) h + ga (4-9) (bg) (b 2) 2 
+07 (% — 1) (b—2)heg +7 [@(2—-h—g +0) h8 +9] (2-4) 


0 = ya (2— 9) (2-9) (2-2) A+ +4 ya (h— 9) (b—g) (6-0) 2 — 
toy (w — 1) (h— 2) hag tq [2 (8—-h—9 +2) de + g/](2 -4) 


o= Pyx(e—9)(e-g)(2—v) A+ Mya (h—-g)(h—g)(h—2)3— 
ig (ew -T)(h—-2)hen tg [@(@-h—-9 +9) he + 2] (2-4) 


O= He (2 = g) (2- v) A+ Me (h— g) (b— 0) 3—~O7 (& 2) ah — 7 (@ — T) (6-3) 2h 
Ter] ‘Ts]o | o= Hage (2-») (2-9) b+ Mga (h—n) (4 — 9) 2-—dy (4-3) 2h — 7 (@ — 1) (b - 28) 2h 
o= hyn (3-9) (2g) b+ ge (h—g)(b— g)3——2g (bh —2) 2h — 1 (@ — T) (h— 2) 3h 
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O=— (7-8) (0 —4)— 97 (9 -2)(9 —h) + +97 (@—-1) > -p)dt+7e-4-gGFt++9)(O —*) 
‘Tol felo ( o=-87 (9-2) (9 -4)—-—g (0-2) (0-4) + Haz (@—-1)(F -—v)Q tg (2—-h-F¥++9)(2-) 
0= 79-2) (9-*)—“8r (F -2) (9 -—h) + (@-DO-g2t+Z@e-h-gJ +9 +9) —4) 


Q=—°g (9-3) (0—h)+-07 (9-8) (9h) +2 (@- 1X12 0-9) — [@(1 +3-g) +1 -4—-9 +9 (9 - 9) 
0 =a (9-2)(9—-4)+-8q (9-2-4) + 772-1 1-3)(9-9) —7 [e@ +3-%)+ 1-4-9 +8 (9-8) 
o=—d7(g—-sXg—h) +g (0-3 (v-h) +2 (@—1)(1-2X -”) — J [VL + 2-9) +1 -4—-g +” |(F — 2) 
0 =~ (0—3)(0—h) +9, (9—-8)(Q—h) +g (@—-1 T-4) (0-9) —7 [@ +4—-g)+ 1-3-9 +9] - 9) 
0 = az (9—2g—h)+-4g (9-2 gh) +g (1 1-4) (9-8) - [et +4— 0) + 1-3-9 + 99-9) 
9.=-dgl—aXgl—-h)+ yg (0-2)(0—h) + <q @-1XI-AX gl -») — 7 [w+ h— 9) + 1-3-9 + 2 ](g -2) 


‘Lrt) ‘Le] o 
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In the above the letter G followed by numbers implies 
that the bracketed group corresponds with the equations 
belonging to those numbers in the set relating to the hyper- 
geometric series given by Gauss, Ges. Werke, t. iil. p. 130. 


4. The method by which the ne were obtained was 
as follows. ‘The coefficient in /' of a” 
a(a+1)...(a+m) B(B+1)...(8 +m) en 1)...(8 +m) 
1.2.3 ...1 +m) y(y 4 1)...(y +) e (€ +1)...(e +m)? 
or, say, WM. ‘Then the coefficient of the same power of the 
variable 





in fy 18 ua— ; in Fy4 is ymtst’; 
se Fe MERE oe Fon ME TE; 
Bh ng MASE Soa, Foch eee 
J glee eee woe Fy oe MO 3 
te Be one WEE 5 oe Fee oe Ma 
in vFo4 it is S are 5 
vee TL By ose 3 eS 
SONOS. toes 2 we ene, 
Fos Dll. eow ltty ete eee 


m +1) (m+-¥) 
Serpe els 2 (meat tee eee 
_M (m+1)(m+e)(m+y)(mty—-1)_ 


is CECE Ce a 
oF .., 2 (mtd (m+ y) (mt mt eye 





—1  (m+a)(m+B) (m+ 0)? 


(m + 1) (m+) (m+) 
and ...7if Pere wl’ & (m+ a) (m-+B) (m+ 0)” 


@ 
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Then if we take any one of the relations, say the first of the 
bracket corresponding to G[8], [13], it 1s of the form 


(4A — Ba) F— Ch, + Ex ky+—- Gael =0. 


If the term in 2” disappears its coefficient is zero and 
we have | 


A (m+ a) (m+ £) (m+ 0) —- B(m +1) (m+) (m+ e) 
—C (a+1) (m+ 8) (m+0)+Ey (m+1) (m+e)— Ge (m+1) (m+y)=0. 


It is not difficult to prove that this is satisfied for all 
values of m provided 


A=B=(, 
A (8 — +) (9—¥y) + By (e-y) =0, 
A (8B — 8) (0— e) — Ge (y—)=0, 


so that taking A=ye(e—y) we obtain the coefficients as 
given. When any one relation has been obtained the others 
of the set to which it belongs are written down by permuting 
the parameters, a, 8 and @ being permutable and likewise v 
and ¢. 

Numerous formule can be obtained connecting the 
functions /’,, £, used in the above sets, either by eliminating /” 
or by proceeding ad znitio; but the functions, though all 
contiguous to /, are never contiguous one to another, and the 
resulting relations are those which subsist between functions, 
two of whose parameters differ by +1 or —1 from those of 
others. Thus it is easy to prove that 


(y — a) (¢—a«) Ha-+ (y— 8) (¢—8) Fe-+ (y—9) (¢ - 0) Fo_-=0, 


and by means of this each equation of the set G[9], [14] 
can be transformed into one in which only three functions will 
enter. Again 


y (2-2) (8 — @) Ha +4 (8-8) (9—a) Hp- + y (@—€) (2-8) Fo 
+ (a— 8) (8—8@) (@—a) aF,4=0. 
5. The above formule can be generalised to the case of 


the hypergeometric series of the n order. Denoting the 
parameters by 4, G5 -++) 2) Ba) Bg) -+-) 8,, 80 that 


fle Croke tok vp OF Se I 


i 1 oe 9b x in 
SST ae RN EO GIT gt ORRIN MO FS 
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and writing, after Sylvester, 

cs (a,, a,» ed a.) me (a, aa a.) (4, ea a.) ri (a, ie a.) (a, ‘ie a,) . okGae Soh a. )y 
we can easily obtain 

C2(a,, Oy 4, )(L—a) # 


+ Dic 1y Se (4 009 be usy being ong a.) T (a, tk Bs) Fi,-} 
r=l 


which corresponds to G([7]. 


6. Particular cases of the hypergeometric series occur in 
transcendent series which have already been discussed in 
various papers. ‘Ihe general term in the preceding series /* 
may be put into the form 


| Ape Opt a oe 
eo Br-Brt 1...Br +s d 
in which B,=1. 

Let a, =§.= Ls =B6,—-1=0-1 Say, where @ is the 
same for all; then the general term in fis 


G—1\""* stl 
Cea), p53 


or in the hypergeometric series of the (m + 1)™ order denoted, 


with the above suppositions, by /’, ‘? we have 


n 


1 acpi + (=) 2+ (5-4) +. Aes ;) rile ee 








6+1 O+s 
Writing @=2 and multiplying throughout by « we have 
7=00 
Lees es a - . 
il 


The series on the right-hand side has been discussed, for. 
the case of n= 2, by Abel, Giwvres, t. 11, p. 189; see also for. 
other references a paper by Mr. Glaisher, in The Messenger of 
Mathematics (1872). 
then 


nt1 } 


Let D= ae and denote the general series by / 


the differential equation satisfied by it is 
r=n+1 r=n+1 


[TT o+a-5 [Io B,- | ye 
p= r=2 


the other integrals of which are of the form 
at -P CE By. 
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As a particular case we have 
+a 2D D+] F.=05 


or, what is the same thing, 
[(1 — a) (D+ 1)" - (D+1)"] F,,,%=0. 


Again, |p +0-—1)""— - (D+0- "| 1h AS 


ie. [(1—a) (D+0-1)"-(0-1)(D+0-1)"]F,.%=0. 


In the case when @ is an integer other than 2, we have 
as an obvious relation, 


-1 2 8 6-2 
pret Sy Rees 
18 & + on + on Teeet 


a 
(2) 
ah (= 2)" 


ntl (@—1)" n+l 
Again, if 0, @ be both integers and 6’ > 0, 


a 2 a 9 *2 
Ge) ees no eae eee) oJ at pee 
ae (= iy Amn ears TO ~ By? 
and therefore 
ap} As a? : op} on? 9-2 
LS se CUS Goto Radice Riad Beet Wratten 
aif" —@ ai aap t wt Gap? 


so that the series for & ,,° can be separated into parts, each 


of which is the difference of two expressions connected with 
series of the form J” ,,. 
Some Summation-Formule. 


7. Let u be a function of two variables z and x expansible 
in ascending powers of both; and let v, be the coefficient 
of x” in such expansion, so that 


u=>2"0.. 


Then, considering the n™ term alone, 


du au 
BT = Nevers. (a), Z ge = (m= 1) Ursees(B)s 
Let v, be a solution of the differential equation 
d Ce ae P dv, + Qu,, — 0, 








dix” da 
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so that our single term satisfies the equation 


d*u du 
ag tha + Qua0 Je precede nc aeeaee (ry). 

' Now Q will, and P may, involve m3 if between (a), (8), 
and (ry) 7 can be eliminated so as to leave the equation linear 
in uw, then this resulting equation will be satisfied, not only 
by the single term, but also by the general value of w. 

We may take two well-known examples. 








Fix. 1. Let gan ead) P=—- ae. then the final 
equation is La ae ee 
» 27 du du dh 
(l— a’) 7a —2u7 +2 dat + 2% 7 = 95 
: d », du d’” 
that is 5 {2 Gh + er (eu) =0, 


which is the differential equation for a solid zonal harmonic, 
while the subsidiary equation is that for the surface zonal 
harmonic. 


Ex. 2. Let Q=1- - and P= - ; then the final equation is 





dlu 1 du | ee a ek ee 
ats cs hose cht aS ota ead 
ee d du 8 aty/eduye 
that is ce (wo) + atu eS (25); 
or, writing 2 =e", z=e, 

ee. d’u du , og 
this is de + ag + = 0. 


Now the subsidiary equation is that satisfied by Bessel’s 
functions; and J, (~) we know to be the coefficient of 2” in 


1 

del ei) 
so that a solution of the foregoing partial differential equation is 
log u=te® 


or, as the real and imaginary parts of w must separately 
satisfy the equation, a more general solution is given 


w= A cos (e* sin 0+ 8). 


sin 0; 
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8. The above can obviously be extended to the case of 
several variables, one arising for each parameter in the 
function defined by the subsidiary equation. Consider now the 
differential equation to the hypergeometric series £'(a, 8, y, x) 
as treated by Gauss; it is 


dy  Y-(a+B+ Ue dy a 





dx® x(1—2) EEN 
Let S= F(a, 8, y, x) u*v%x, 
so that we may substitute S for y in the above. Now 
dS dS dS 
ua, = On; vz, = BB, #7 = 98; 
a’s 
and UE i ae aBSs. 
Eliminating a, 8 and y we have 
: d*S d’*s dS 
ghee) da *"dede ” dx 
d’s d’s d’sS 


“dude dudv dvdx 
and therefore the equation 
Gy O\ IE dd Cai Bi d’o 
(23 2s) de" da” de” “” dudx'”” dadv' *” dudu 
is satisfied by 
a=-0 PB=00 y=0 
c= >; Pa > uv’ F(a, B, y, 2), 
a=l>s Beieay—t 
and we shall suppose uw, v, 2, # so small as to render the 
quadruply-infinite series convergent. 
In o take a term of the form f,, (m)x"v%2", where f(m) 


is a function of uw and m; substituting in the differential 
equation (which will be satistied by this single term), we have 


(m +1) (m+r) fp (m+ 1)—mFf,,, (m) 


= mu oa + pu ae + mpf (m), 


___ m+p a 
oe Fi» Ler 1) + (m +1) (m+r) (m 4) uz Jnp (m) 5 
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and therefore 


mtp iad 


uf. (m+1)= acacia ay tM ioe (m)} 


oe mtplr—1i Baa 
Sreerarcir 


Now /,,,, (0) = coefficient of vz’ in 
=UtU +...= : 1 
of Se] mia oS 


and we have therefore to find 


owt. M+ 1 ss 
(w =) ee i} = U say. 





Ls 
Let u=-=-; therefore eu =—dt and 

t U 

1 t 1 
[2 eee 1 
so that 
| 7 hike 1 
Hed pe m+1 Bewtis-< pe a a 
pacientes fo 
a m+-1i wo 
=(- 1) 


Cage 8 


and therefore 
M+2 


u m+plr—1! u 
wn fry (M+ 1) = aie aa Gow? 


_ptm—i1tr-1! U 
ee Srp (m) —r+m—1lp—1! (l—u)"™" 


Similarly, if we take in o aterm of the form ¢,,,,(m) x"u"2’, 
we can prove that 


ee aan —ntm—-Alr—-1! v 
ye ~~ r+m—1!n—-1! (l—v)""" 
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Now take in o a term of the form ¥,,,,(m) x"w"v’, where 
is a function of z. Then, substituting, we obtain 


(m-+1) (m+ #5) Yop m+ 1) — mrp lm) 


=(mn+np + pm) ,,,(m), 
and therefore ; 
d m+p.m+n 
(m+2=) Wap (an + 1) a Ser nee Wn, p (mm) } 


M+D.M+EN we 
ny p (m ate 1)} ms £ & "Way p (1), 


: 2 gaps 
that is, 7 {ear el 


so that 
m+1 


a m+pimt+tni 9. 
qt 2" Vay (m + 1)} hag Perea Wap (0). 


Now vp (0) = coefficient of u"v’x° in ¢ 


pag ne es Sy 





ars, 


~ and therefore 


ee ae aed m+pim+n! 1 
qn CC recent an ee ) ens 


or 


rhe Sapo m+tp—1l!m+n—-1!} of 

PN erate yas ih te BE ol: 
Integrate each side m times; from the nature of the 

coefficients and from the fact that z° does not occur in o 

no constants will be necessary, and therefore 

2b (m).p—1!n—1!m!— 2” Es a 

ny 


~ mit m+il m+2l 


2!+... 
mtp—llim+n—-1! m\ 


™ 


Z 
al F(i, 1, m+1, 2), 
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and therefore 


m+n—-1!m+n-1! 
9 (m) = uk 


ott il tue! zi (1,1, m+ 1), 2). 


9. Combining our results we therefore have the equations 


a=0 PB=00 y=00 


eS 33 be ey urvP2" EF (a, B, y, x) 


a=1 BH=l ey=l 

<I 1 Page eS ana u 
=>, Y Se r+m—i1!p—1! (l—w)™ 

m=) p=l r=l 


mo N=-—O T= 


Ty Seve" n+m—1!r—-1! v 
== xHvVe r+m—1!p—1! (L—v)"" 
m=O ake TL 


m=o0 N=—CO P= 
+m—-1!n+m-l1! 
= Ra en EPA Ts 2f(1,1,m+1,2). 
> > Seu p MD 
m—V. n=l. ‘p=l 
It is obvious that — contains only integral powers of u, v 


and 2; so that if this factor wez common to every term be 
removed from the equations formed by the right-hand side 
we have the relations slightly simplified as follows :— 


N=O pH=o T=0 


=>) > D> wee R (ntl, pti,rt 1, x) 


t—U Sp) pag —O 


M0 p-=O T=0 


bi 
- SS Sitar 


mV > p= . 70 


MO N=CO T=0O 


oo mtn trl 1 
= > > >To" m+rin! (1—v)"" 


m=) ) =U S70. 


m=O N=O pwn 


Regia Bae 
-S > Yer ae met rr 2, 1 m+, 2). 


m=VU n=VU- p=v 





k=oo 


m=—co 


m=V 


m—cC 


apap 


m=V 


m—o 


a2 2 2 


m—V 


m=O 


m=V 


M—O 


aS >> 


m—UV 
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10. Treating the hypergeometric series of the second 
order in an exactly similar manner we obtain the relations 


po g=o r=n, Eo 


Sy yy eee (2), al 


eee —0. 70 


po g=O: -7=00 [=o 


mye corp Mtplm+giriit 1 
Dy eeu m+trimt+lipl@! (le s\a0 


pS e=0 -3=0  =0 


k=00 ga = | =00 


=, e ,m+kim+g'tr! 1! 1 
> xe" sut2’w ——_—____—. 


ys a 
Seed m+trimt+llk!iq! (1-v) 


k=0 p=o r=0 [=a 


xv"s*yPe"w ,m+kim+pirtill 1 
A=U 7 j Pa m+ri!m+ lik! p ee 
ead r= =U 


k=om p=0o n=0 [=o 





A m! ! ! ! 
Peep r=) “20 kt mt Es m+ Ul nt 


KaS P= n=O T= 

1h! ene ! ! 
Ms sms - ™m Teas tt 
Cas en =U de e 


where, in the last two expressions, / denotes the hyper- 
geometric series of the first order. 

The generalisation to the case of a hypergeometric series 
of higher order is obvious. 


Expression for the general integral of a linear differential 
equation of then“ order, when n—1 particular integrals are given. 


11. If one solution, say y,, of the differential equation 


d” ay dy 
Taek +p es Qy =0 
be known, then the general solution is given by 


Pi gies 
ie Cy, + Ay, [a dx. 
wh 


Similarly, if two solutions y,, y, of a linear differential 
equation of the third oe: 
CAEN 
a ole + oe + Hy =0 


! ! at 
>: meh P uty ,m+k! ge m+n} 1! EQ ite 


! ! ! 
YS ostowe net RI ear 5 
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be known an expression can be found for the general solution. 
For 
































ay, d*y, dy, 
i te ae + OG, t fy, =% 
d*y, d*y, dy, 
if teat es, + Ry, = 0. 
Between these three equations eliminate Q, 2, then 
Ye Ys 9 AAP Py ee 
YPC iY Gis, Sel ee 
Yess Gare da Yor Yay Bs 
the integral of which is 
" ] = Pdz 
ys oy y [= Ae = T say; 
User emo 
URS Ys YX, 
that is, 
ay (, an, dy , ay (, Vy _, Vy, 
oe lng a get elas ae) 





SN ee 


Moreover, we have identically 


BY, (1, Wy Gs) 2 Gs (4, THe EY 
dst (y, dx 7 aot + dx (y, dat ~ 72 a 











d*y, dy, _ a°y, dy, 
+y (5% dx dx" L)= 05 
and therefore 
d*y dy, dy, dy, 
Giada) (v, da 7 -) 





dy UW (,, EI _ 4, TY 
— (9, 2 -y H) (¥, dat Side ) = LY, 3 
and the integration of this gives 

dy Wy, 
Is dee 4 de Ty, 
= - 0 [en 

dy, dy, ( dy, cts 

Sede dae Ie de I} da 


ays | 
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or 
dy as _ dy, _, dy, 
i sro ia Bet -C(y,% 9,2) 


dy, dy, Ty dx 
+ (9, 2 dx shige, re dy, dy, 
Js 2 dx ! es) 
Sunilarly, taking the identical relation obtained by putting 


y=y, and 7’=0, and treating it just as above, we obtain 
the result 


dy dy = B(y,¥ iy) 





ek bee dx. v fege 
( dy, _ dy, Ty,dx 
Io do aA eC dy.\* 
2 dx y, 2) 


Multiplying the former of these by y, and Taos from 


the latter multiplied by y,, the factor y, a = 


and we have de  “"'de “2 disappears, 


Ty da Ty dx 
y = By, + Oy, + 9, [a “mer pe 
gate) (¥. 2 dx = 98) 


or, restoring the value of 7, we have the theorem: 
Tf ¥,) y, be two different a integrals of the equation 


d*y d*y 
mee oh tog J 4 Ry=0, 


da 
then the general solution of the equation is 
gfPde o[Pde, 
a yaa y da 
y= Bye Cys] ies i, 4 hy te ayy ay 7 
2 ihe Nae da 7" de 


12. We are also able to solve, under these conditions, 
the equation 
ay 


da’ f+ P5t+ QF Bg Re 
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For, proceeding as in the former case, the first integral is 








y" y! 5 Y 3 Anse ae 5 1 Pae [8.7 “da, 
Ws Ys a 
Yo Yo 4, 

where S,= 8 (YY. — Yo Ws) 


and the only difference will be that we must substitute for 7, 
instead of Ae /?™, the right-hand side of the last equation. 


13. As a particular example, take the equation satisfied 
by the higher hypergeometric series; in this case 


yte+1—(a+8+043)a 


ea x (1-2) 
ytet+l yte-a—B-O-2 
= 4 
x 1-2 
and therefore 
~|Pde_ A ae 
Ae erterl(y + Py ae I oT = 1. 
Now take pay ie 
tie 
Y, =e bo 
Y, =o aches 


and to obtain the value of A, consider the lowest power of x 
on the left-hand side; it arises from the term 
(54 dy, _ TY, ae 


de dz dx dz 





and is 
a*-Y-1 (1 —y.- y. 1-2) - (l-—e.—2.1—y)], 
that is go 711 —y.1—ele—y, 
and therefore A=1-y.1-¢.e—y¥. 
We thus have 
op) ttB Hiya F. dx 
F=Hal—-y.1—-c.ce-y¥ E re i |p rite .V? 


ple —et2 Fy dx 
ple F. 
x _ eerte _V? Co | ? 
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where 





a 1—e-y dil —e-y dFy dF, 
Vax (s—y) Fy +x (z. xT Y De ‘). 


14. If only one solution be given, say y,, it is easy to 
depress the equation to the second degree. If we write 
y =y, foda, 
then the differential equation for v is 
d*y _ dv (3 dy, 3 d*y, , 2 dy, % 
da" ay da +P) +o oF dx® or 7) dic +Q)= 
Or it may be depressed thus :—Since 


d*y, d*y, dy, ie 
73 t Pos Or + hy = 0 

















we have 
d® d*y, d’* d*y, dy, 
Ig - aa (4. 53-9 ve) + O(n. -y Fh) =0. 
dy 
EOS Vis i oe 


dU Dyin i ay. 
eee dati argh 18 iad 








@U_ dy ay, andy _ dy ty, 

dat 9 das 4 da? * dx dat daz da 
d*y d*y, dy, aU d*y, 
~ St G8 AU Gla = is 7); 


and therefore the equation for U is 


aU 1 dy,\ dU laca Nae 
da ae 7, Srl ne tol lies Zt) U=0. 








Each of these is of the form 
d*y a 
Te meee z+ Vy =0, 
but with the general oe of P' and Q’ the integration 
cannot proceed further. 
VOL, XIXe 





SS: 
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15. The theorem enunciated for the linear differential 
equation of the third order can be generalized to the case 
of the linear differential equation of the n™ order, say 


d"y d™'y d"*y 
cp t Pyare t Py as 


Let there be given n—1 different particular integrals 
Yi Yo) +++) Yn Of this; then we have 


Dyn a 
athe Se 


for fp =159). 3% — 1) 
Eliminating P,, P,, .... P., we have 


a” ane da 7 lage a4 
an} aoe Tae ayer ae soe sy =0; 


@eeeeoeeooneseeeseeeeneeeseseeeoeeee ij ee jj eee@e@eeeee eee eeeeeeeoeeee 


tee 


n—| 


4 Py= 0. 


fr +..+P +P y=, 


@aeoeeeeveeeoeeeeeeeteoeeeeeveeeee0020@ {( = | @e@e@e8@e@ee@eeeeeeeR8e8eee008 


@eececeeeeeeeeeeeeeeeeeceseesesesecees 


eceoreeseeeeeveseeseeeseeseeeeeeerneoe 








dx" 39 di” 7442 *9 Yass 


while the determinant vanishes if y= ¥,, Y,) «++) Y _; 
Call this equation in y 


d"*y d"*y ad eA 





A, 0 soe 17g +...$ A, ag, t Any = 4 bpp 6 
Then we have 
Oe a= dyn 
A. dx pit, dix Jae +A, 2 dx = + A, _Yu=%.. . (2) /) 


for #=1, 2, ...,.2—1. 
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d : 
For shortness, let D =— , and write 


da 
DY?! TLIO caves) |) ss 0b eee (IIt), 
18 iy 2 Dey. b) y) Y, 


SPeeeeveeseeoeveeseeeeeeeeoeeeseee see 


ny n—-3 
D 2-1) D Inv PA) cont 


then DY, ? Dy, b pole be | yy dQ, 
LL ? Tp past iy Yo dsc 


eeceeseeeeesreeeeeeeeeereeeeeeseeene 


Sooo eee See HHO TOEH SESH LETH EESEH EES 


IS ep a Lee a Grr 
while, if o£. D'?y ,. Dy soy | =, 
Dy, ? Dy, p Lae D Y; 


eceteeeeeeeoeeveeseeeseeeeseeeseses 


then ah Ds ed ates ty ee Y aR 
eg, ? ay r ERS y; dat 


@eoeeeeeeeeeeeeeeteeeee eee eeo0088 


n-1 n—-3 
D Gr D m1)? °°°9 Yur 


Consider the expression 


df, dQ 
- dx Q —¥ fi. ye COOvereesceseseeecede (I) 
In this the coefficient of Dy is 
, ad 
B= Qanyr — Ainge Tg teense (If), 
where A,,, 18 the minor of D"’y in oe : 


, 
AE Roe, Toe nan, aR 


m ° 
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Take the series of equations (2) omitting the mt‘, write 
them in the form 
A ly 1 ayaa p beeet Ay; mais AD = AD"; 
A ay: oh AD ay, Teeeb ALY, eo Alin ae A,D'"Y. 


Then solving, we have 
ANAS (AA, AA 
Further, writing the same m equations (2) in the form 
A Day tT Ag Yate =—A Dy, 


and solving, we have 


nid 


d 
A os == Ads 
therefore 5 =a = =i = V say. 
de 


Thus ASA =2V(Qd,,.-' ) 


ry. m1 mr dx 


=+VB_. 
: ad” *y . 
Moreover, A, = coefficient of gra in (1) 
=@Q 
and therefore V=-1. 


Hence the coefficients in (I) are Bee to those in (1) ; 
and ee ee 


dh,  Q— R, Ae left-hand side of (1) 


nd dx 
multiplied 3 a factor which, from the comparison of the 
coefficients of ie ay , 1s at once seen to be A,,,,, that is 
Nere ? Day 9 9 Y, eoeee eesce (IIT)’. 


@eeeeeeoeeereeeceec eee eeeeeeeeeeeseees 


@eeeeesceeesteoeeeseeeeceeeeeeeeeeeoeee 


n— M—4 
D oes D In-1) te Pe 
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Thus S'= Q-R,S2= TA, 
= Ag lity. 
Hence 
—f{P,dx 
a= C'+ A [Am de 
gf Pide a 
or f= C'Q+AQ BEL lphas fiatiheere tn (IV) 


Now m may have any one of the values 1, 2,...,.n—1, 
thus we have, in all, n—1 equations to give ‘the n—1 
d qd" 
quantities y, = yey 7 a which occur in the f’s. 
It is easy to see that the coefficient of y in is is (— 1)” 


in £, 





times the coefficient of Yn in Q; while that of 
is (— 1)” times that of Te Ym “in Q; thus 


m=n—1 
) = 1)"y,,f,, cae Q 
m=1 


Multiply the equation (IV) by (—1)"y,,5 write 
(- bin ay a Ge, 
and add for all the values of m; then the factor Q will occur 
on each side; and on division we obtain 


m=n—1 m=n—1 
Pe Ae Ae’ dex 
go Sag) + 4S far, fe 


where the Fide of A, , and are defined by the equations IIT 
and obviously are functions of the particular solutions supposed 
given. ‘lhis expression for y contains 7 arbitrary constants, 
the (n—1) C’s and A; and therefore it is the general solu- 
tion of the proposed equation. 


aie — 





A particular equation of the third order. 


16. We proceed now to consider a particular equation of 
the third order. By substituting 


4 as Be 


in the equation 


we pee 
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the equation becomes of the form 


dy = ay 
ya St q ae tty = 0. 


Let 2=2"" and y=vz" where m and 7 are constants yet 
to be determined. Substitute these values; in order that the 


term involving eS may be absent we shall find that 


3m (m + 1)*2"2""* + 8n (m + 1)a"2"" =0, 
and this is satisfied by 
m+n(m+1)=0, 
so that 





is) Sand: 
Again, in order that the term in Pe may be absent, we 


must have 
3n (n—1) 2"? (m+1)° 2"+ 6mnz"™ (m+ 1)?0?" + m (m?—1)2"a"" 
+q(m+1) a"z"=0, 
or, substituting for n, z, we have 
— gt= (m + 1)i— 1 neceschcauncenceneee 
The coefficient of v 
=n(n—1)(n —2) 2° (m+ 1) .0°"4+ n(n —1) 2°" 8m (m+ 1)" 


+m (m* —1) nz" *a"* + qn2"" (m +1) a" + 72", 
and by the use of (I) and (II), this is easily reduced to 


the form 
r m +2m 


7 me mM+3 
aw 


The coefficient of oo = (m +1)°2"x 


Hence the differential equation for v is 


mav r m+ 2m. 
(m+ 1) x = oat? | — a" | <0. 


a 
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Let r= Cae 
a 





Ae Aad ely osc castse nee (III), 


then v satisfies the equation 





d’v A 0 
PE ra 7 Sea 
gmt 


Let p= 3 (m-—1); then the equation becomes 
d°v 
zt 78 + Av=0, 
or, without loss of generality, 
dy 


stem sea? 


This equation can be integrated by means of Bessel’s 
Functions (cf. Lommel, “ Integration der Gleichung 





2m+1 


Te pee (eet 
a2 one 1G fm 0, 





Math. Ann. Il. p. 624). If, 0, ¢ be the three roots of 
| : P=—%4, ¢=A/(-1), 
then the general solution of 


“a —v=0- 
18 vzt= OL J (20 Jz) + 07? (27 /2)] 
+ Bld #e V2) + 0F? (20 »/z) ] 
4+ A[J (26 Vz) +0? (26 /z)].....(IV). 


Obviously 
6@=4(-t+3), $= 3(-7t- V8). 
Moreover, if —7, 0’, ¢' be the three roots of 
=+4, 
then the general solution of 


3 


d 
zis, +0=0 
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ig vet= O[J 4 (- 2¢ fz) +0? (- 27 /2)] 
+ BLJ* (26 fz) +¢7*(26' V/z)] 
+ A[ JF ( 2p’ Vz) + 1T? (2G! 1/2) ]eceeeens (V). 
Write m+1=a; we have therefore 


1—a’ 
Ios  saaeete 


x 





aa | 
a 





~3432 
we + Aaa "2, 


Then the equation 
Py 1nd! dy 


dx® 2 a’ dx 


is, by the substitutions 








ae Ji | Aca? = | = Orval Vie 


1-a 
a 


Csictiqiand:: 4G 


transformed into 
sd*v 
a 
According as A is positive or negative, put it equal to 
pt or —pi; then, if z=, the two forms of the equation 
are respectively 


+ Av=0. 





d’v 
ad? 


Of the former of these (V) is the solution; of the latter, 
(IV); and substituting in these 


z= Aly, 
and writing a) Sova 
we obtain the general solution of (VI). 

The expressions multiplied by the arbitrary constants in 
(IV) and (V) are obviously particular integrals of the differential 
equations to which they respectively belong; and a relation 
giving any one in terms of the other two might, by what 
has been already proved, be written down, but it would 
require considerable simplification before proving of use. 
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It is known that the ordinary hypergeometric series cannot 
be made to represent the Bessel’s equation ; it might therefore 
be expected (and in fact it is not difficult to prove) that the 
differential equation for the higher hypergeometric series 
cannot be made to represent the foregoing equation. 


Application of Kummer’s method to the general linear cubic. 


17. Returning now to the differential equation 











CT a ENON! ane 
Pe ga 1 pected lots seaeemeaes tse (1). 
Let y=y,e */?”; then the equation becomes 
BI. oo W % 
dx? + Gas + hy, — VU eescce eoececce (2), 
where . 
Q=9-t-F 
Ser (3). 
k= fp Le rao 87 
Write is, Se A Ope OL EES areca (4), 
w, being a function of x; let v, be given by the equation 
dv, ! dv, fees Te 
dz 3F en + L'v, =0 @oecccser,ecccs SHO). 


where z is a function of z, and Q’ and #’ are functions of z. 
It is required to find under what conditions the equations (2), 
(4), (5) can co-exist. Differentiating (4) we have 

dy, dv, dz dw 


dx ‘de dx “dx? 


d*y, d*v, & ) dv, d’z | . dv, dz du, d*w, 


= (i. | mine Neral See 
ds. '-d2’ 





Tah ane seen tat ia eioeee ee 


diy, = "8, ie : 5 d*v, dz d*z dy & dw, 
da ~ "de te) dz \dx) dx 





Ode dx da? dz” 
5 EOS ee Rs PAE IL NG i ME 

‘dz da’ de dz de '° dz de de § "de 
VOL. XIX. silk 


4. 


322. Prof. Forsyth, On Linear Differential Equations. 


Substituting these in (2) the resulting equation is linear 
in v,, and must therefore be the same as (5); hence comparing 
the coefficients, we have 


dz d’z (Z) dw, 


0 8 ae dat +? \ da) da? 
(Ze) Omg +2e ga 8 ae dot gen) 
»,(F) ee ae ioe see 2 Peer ee (7), 
and from the first of these 
w= a 41 ie CUVEE Ae gins: eee ee (8). 


Can these three equations be satisfied by the same values 
of w, and z? 


: dz oes tae 
Denoting — by 2 we have, on the elimination of w, 


dx 
between (6) and (8), 


nt 


ge"=-27 +3(E) +9, 


or, aihiine Cayley’s notation (Camb. Phil. Trans. t. Xu1., 
*On the Polyhedral Functions’) 


aor 2g" 2 
= - (2) = {2 al, 


the above is 
»fazer* 
(2, e} +4 (=) 1 Q'= 0. eee (9), 


an equation identical in form with that obtained by Kummer 
(Crelle, t. xv. p. 46). 
~ Eliminating w, between (7) and (8) we have 


vot pee "3 " 


z Z'"% z z Yaa 
ets ne tear a tees ae a Hes 

d | 2" z Re 4 

Les dn \% x} — 2 {ey a} + Lan Ope reas OS 
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~The two equations (9) and (10) must be satisfied by the 
same value of z Now from (9) 
d agers. 129 _ , dQ gee Oa"s' 
dix 2 dic 3 dz 


and from (9), (10 (10) 

¢ {z, ec} = R— Re" — Qa'2'; 

129 : dQ’ eas 
therefore dis. =} Ty (=) Henrich: (11), 


and we may consider (9) and (11) as the equations to be 
satisfied by the value of z. 
It we have obtained (5) from 


d*v av ,dv . : 
Tet? He va fie aides tec ace ee (1), , 


_by writing v, te? =o, then Q' and fF’ will be the same 
function of p’, g', and r’ as those which occur in (8) are of 
P,qgand 7. Suppose 


Y¥=WV; 
—kfpdx+ fp'd 
then w= WwW,e mee het ” 
and therefore we > CR Aaa ao (S} a5 


an equation which will give the value of w when a suitable 
value of z, should any exist, has been found. 


Deduction of the particular integrals of the differential 
equation to the hypergeometric serves. 


18. Applying the foregoing to the particular case of the 
hypergeometric series of the order 2, then we find 
Ax’+ Be+C 
so- a? 
so that (9) is 
A's’ + Bat C (=) _ Aat+ Bet C_ 
2 (1— 2)? dx Sih soe) ae hae 
where A, B, C are functions of the elements a, 8, y, 0, ¢ and 
Ai. Bt C' of a’, B, A, y,e 


{% x} + 
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If with Kummer (/.c.) we consider z to be a function of x 
alone and not to depend on these elements, then there are six 
values of z suitable, viz. :— 





? 


(1) #22, (2) e=2, (8) e=1-a, (4) a= pe 


xz—l 
(6) z= PALS, 





(5) z= 





0 
x—1? 
and for each of these 

125chy — 0e 
Taking the first of these the conditions to be satisfied are 
obviously 
Q'= Q and f= R, 
or as £2 is of the form 
Dz? + Ex’ + Fa + G4 
x” (1 — 2x)” 
the conditions are that each of the functions A, B, C, D, £, 
F, G of a, B, @,y, ¢ shall be equal to the corresponding 
functions of a’, 6’, 0’, y’, respectively. 
For shortness, write 


a=a8+60+ 0at+a+B8+04+1, b=a+P+6+83, 


c=ye, d=y+tet+l, e=a80; 
then 
2A= a-tb’+b, 2B=a+c—Zbd+ 2d, 


20= c-4d'+d, G=2 — gd—Jor, 
=— 3 b’+ b+ Zab-e, 

E= %db’—2d—-4(ch+ba+ad) + 2e, 
F=- 3d’b + 2d + 3 (ad + de + cb) —e. 


There will be only five of these quantities independent ; 
the other two must be expressible in terms of them. Let the 
five independent quantities be taken to be A, B, C, G, D; 
then our conditions will be satisfied if 


A=4', B=B, C=C, D=D, G=@. 
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It will be noticed that C, @ involve y and « alone; in fact 
6C=yet+ytet+2—-y'—e, 
27 G = Qry* + 2e° — Bye — Be*y + Gy? + Ge? + Bye 
— 12y— 12s— 16. 
19. We proceed to find the values of y' and e’ which will 
satisfy the conditions, and shall retain only those which are 


linear functions of y and «. Hence the values will be of 
the form 


e =a-+ be + cy, 


y =dt+ get fy. 
Substituting in the relation 
COO; 


and equating the coefficients of corresponding terms we 
obtain 
ad—a’'—d’+a+d=0, 
ag + bd —2dg —2ab+b+g9=1, 
de + af —2df —2ac +e+f=1, 


Ba gu bg ct L-cssscceetsns “Feeebeed i. 
Orr Jaa Ofer Livees te ecusescasiccss se(IL}s 
Of + 6g — 249 + 200=T vercvcosserecesse (ili) 


Writing a=1+a', d=1+d’, the first three of these 
equations become 


Wt a Goad ok le decse, (iv), 
b (d' — 2a’) +g (a — 2d’) = Licsscccecenees (v), 
c(d' — 2a’) + f(a’ — 2d’) = Loe... .ceeeeees (vi). 
By (v), (vi) 
d'—2a' | Go ods poeta! 
g-f  c-—b c-dUf 
— 3a — 3d = 87 say. 


~e-b+2(g-f) g—f+2(c—4) 
Substituting in (iv) for a’, d’ and using (i), (ii), (iii) we find 
T=+, 
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Hence CG Of = Heddnndectar tee’ é.+.(Vil), 
while ERE SOR 
d-1=—$(g—/)—# (c—8)}” 

or 0g — Of = — 1. acsenesieessnessens (vil)’, 
while a—-1= (ce Bes 
d-1= 2(-f)+4(c-8)}" 


Taking the equations (i), (ii), (iii), (vil) it is not difficult to 
prove that they are all satisfied by 
6+f=0 
g+fz=ec | 
SoG THis (I). 
(these including all the solutions) and then 
at+g=1 
c+d=1 
Taking next (i), (ii), (iii) and (vu)’ these are all satisfied 


completely by j 
c+g= 


gt+f=b 

FENG ARIEL nt backeus chee (II). 
a+f=1 
b6+d=1 


20. Substituting now the values of y' and e’ in the 
condition 
GG, 


and equating the coefficients of coevotaine terms we obtain 
the following equations :— 


2= 2f°+4+2c°—3cf(ct+f), 
2= 29°+2b°—3b9 (b+ 9), 
1 =— 2f%9 - 2c'b + fe (b+ 9) + (Bf + cq) (c +S), 
1 = — 2fg’ — 2cb’ + bg (c +f) + (bf + cg) (5 +49), 
2= f'd+2c’a+2f*? + 2c + fe(1—a—d) —(c +f) (cd+af), 
2= 29d + 2b'a + 29° + 20’ + bg (1—a—d)—(b+g)(bd+ aq), 
l= 4fgd+4cba+4fg + 4bce + (1—a—d) (bf + cg) 
— (b+) (cd + af) — (c +f) (bd + ag), 
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—4=2fd" + 2ca’+ 4fd + 4ca— 4f - 4c—ad(c+f) 
| +(1—a—d) (ed-+ df), 
—4= 29d" + 2ba’ + 4gd + 4ba — 49g — 4b — ad (b+ 9) 
+ (1—a-—d) (bd + a9), 
0 = 2a’ + 2d° + 38ad (1 —a—d) + 6a* + 6d" — 12a — 12d. 


Combining set I with the second of the above equations 
and solving we find that the following values are the only 
ones obtainable, and they satisfy all the remaining equations:— 


eer el a) > ok a = On d= 0:::(A), 
Sig Oyo, them — ll. ale d= 2...(B), 
Peet lO 1 c=) Oh aad, d= 1, 60). 


Similarly treat set II with the first of the above: only 
three solutions are obtained and they satisfy all the equations ; 
they are 


f= 0, g=-l1, 6=-1, c= 1, a=], d=2...(D), 
feinng= 0, $= 1, ¢= 0, a=0, -d=0...(4), 
foie g— 1). b=. 0, c=—1,, a=2, d=1...(£). 
Now 
(A) gives y’=e (Z) gives y'=y¥ 
ments e =¥ ! itn ee rs S ; 
(B) cseiee Y=2-¥ IO )Its.. es y=l-yte 
e =l—-y+e)’ e =2-¥ 2 
BOF coves y=l-et+y Dyer ve.. y =2—¢e 
e =2-—¢e : e =l—e+y} 


These are obviously, so far as the hypergeometric series 
are concerned, identical in the horizontal pairs. 


21. We proceed now to solve for @’, 6’, 6; and for this 
purpose we have the relations 


Ae Be The TY. 


In the second (and the second alone) of these y and «¢ 
enter, and they enter symmetrically in the forms ye and y+¢, 
so that the above pairs are equivalent, as they ought to be; 
and three cases, corresponding to the three pairs, will arise. 
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We have 
— 124 =(a- B)?+(B-6)’+(6-a)?-6, 
6B = 3 (48+ 80+ 0a+ye)—-2(a+8+6)(yt+e)+a+8+043, 
—27D=2 (4+ 8+0+43)? +2780 
—9(a+B+0+43)(¢8+ 804+ datat+B8+6+8). 
Retaining those values of the desired elements «’§’6' which 
are linear in terms of the others, let 
a =aa+bB+c0+d+fyt+g, 
B=hat+jB+k@+de+fy+g, 
GO =la+mB+n0+det+fyt+g, 
the parts independent of a, 8, 0 being assumed the same, 
since we are to have 
Ai As. 

Substitute and equate coefficients; then writing 
a—h=L, 6-7 =, c—k=N, 
ht Ay = 1D k—-n=C, 

it will be found (after some merely algebraical work) that the 
only solutions of the equations are given by 

(1) A=N, Ga: M*+MN+ N’=1, 

—-B=-L=M+N. 
(2) A= i, ey: M*+ MN+ N*=1, 
—-C=-L=M+N. 


22. Case ye’ =ye and y +e =y+e. 


Using the condition B= 5’, substituting the values of 
a’, 8’ and @' on the right-hand side and equating coefficients, we 
obtain a series of twenty-one equations; and these, after 
considerable reductions, are equivalent to 


ah+hl+ la =0, 
bj +jm+ mb=0, 
ck +kn+ nce =0, 
ab + hj + lm =0, 
be +k + mn=0, 
ca +kh + nl =0, 
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and one of the two sets 


d=f=0=9, 
ath+l=b4+j4+m=ct+kt+n=1, 
eee T= =a 
ath+l=b+j+m=c+kt+n=-—1. 
Let at+h+l=yp, so that w=+1. 


Then, using the relation D=D"’ and proceeding as before, 
we obtain a series of equations to be satisfied by the quantities. 
Among these we find 


Qu + 2Tahl = 2. 
First, let w=1; then 
ahl=0, 
from which, with the other relations, we obtain the result 
that two of the quantities a, h, / are zero and the remaining 
one unity. Sumilarly for 0, 7, m and for ¢, h, n. 


The other equations are not satisfied unless one only out 
of each of the sets a, b,c; h, 7,3 1, m,n; be not zero, and 


thus we have 
a=a y= 
2-1, e' =e}? 
6’ =0@ 


the quantities bracketed being permutable. 
Second, let ~=—1; then 


27ahl = 4, 
Thus a, h, / are the roots of the equation 
P+ — y= 05 
that is, are 4, -%, -#2. 
The same results hold with regard to 0, 7, m and to c, k, n3 
and all the equations are satisfied provided 


8a = aa —- 2B —20422+4+2y-1 y =¥ 
8B'=—-2a+ B-204+22+2y-1/, e’ =e}? 
30 =—2a-—28+ 042¢+4+2y-1 

the bracketed quantities being permutable. 
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23. Case ID, y's’ =(2-y)(l-yt+e), yte=8—-2yt+e 


One solution we already know to be 


pO tLe y Ay 
B'=B+1-y7, e =1l—y+e}’ 
= 0+41-y¥ 


and from the foregoing we infer that there is only one other, 
given by 

Ba = aa — 28 —-20—-y +2242 y=2-¥ 

8B’ =—-2a+ B-20—y4+2e42/, e =1l—y+e) 
380 =— 24-28 + 6 ary panna) 


24, Case TIT, y's’ =(2—¢) (1 +y—6), y +e =3-2e+y. 


The two solutions in this case are 


a =a+1l—-se y =1—e+y¥ | | 
= 8414 e =2—e i, ; 
6=O0+1-¢ 
and 
8a = a - 2B—20—e4 242 y =l-et+ty 
388’ =— 2a+ emereels 6 =2-—¢e 
380° =—2a-28+ O@-e4+2y42 


The multipliers w in the six solutions in order are 


W=C, 


L (24+2e—2a—28—26)—1 
w=e(1—x)s Ors ee ; 


A 
1 C0 
1- % (Qy+2e—-2a—28—26)—1 
Poe V (1 — gt Pris ae as 
l-e 
Diet es e 


12 1 (2y4+2e—2a—238-20)— 
WwW = Cx ‘(ayers biplane 


1 
25. Take now the value z=-. 
| x 


E d ad 
Hence, if D'= a and D=a-, 


D=- Dd. 
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Let imate 
then Dy = x" (D+ p) v, 
and therefore (D+rA)y=a"(—-D'+rA+4+p) v, 


so that the equation 
| (D+4) (D + 8)(D+)-= D(D+y- 1) (D+e- 1) |y=0 
transforms into 
[(-D'+a+p)(-D'+8+p)(-D'+ 6+ 4) 

—2(- D+p)(-Dt+y-lt+u)(-D+e-1t+p)]v=0, 
or, writing | b= 4, 
| (D+) (D+a+1—9) (D' tats 

- {DI (D'+a-8)(D'+a~0)| v= 0, 


from which it is obvious that 
a,at+ti-y, at+l—e 
Ae tenn 
i | ey as Brea ag aa, 
or one solution of the original equation is given by 
ei Me y=a-B+1 
Bi=atl—-yr, e =a—0+1)? 
G=a+1-¢@ 


and the factor w is Gree 


26. The remaining five solutions belonging to this case 
can now be written down from a comparison with the last. 
They are: 

8a = a—28-—2042e42y-1 y =a-B4+1 
38’ =—2a+ 2024 27-1 ae 
36’ =—24-284+ 0422¢+2y-1 


and the factor w is 


—ath(Qy+2e-2a—28—20)—1 A(2y+2e—2a—28-20)—-1 | 
Clie (1 — a) ; 
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g-8 | 1 ae 
? 
? 


Ss=8 e =B—60+1 
#’=B+1—-e 
and the factor w is Cat: 
8a’ = a —28—2042¢4+2y-1 y =B-atl 
30’ =—2a+ g—20420437—1), e =B-O+4 Ae 
36° =—2¢4—-28+ 042¢+4+2y-1 


and the factor w is 


—B+4(2y+2e—-2a—28—26)—1 1(2y+2e—2a—28—20)—1 , 
Cx B+3(2y+ B—26) (1— a)? B-20) : 


a =04+1-y¥ y =0-at+l1 
B'=0+1-¢4, e =@—-B+4+1)’ 
GY =6 
and the factor w is Cx’; while, lastly, 
Ba = a—-28—-2042242y -1 y=O0-—a+1 
8B’ =—-2a+ B-2042¢42y-1}, e =9@—6+4+1)’ 


30° =—2a—-28+ 042e+2y—-1 
and the factor w is 


—04-1(: —2a—28-20)— 1(2 —2a—28—20)—1 
Go: 043 (2y+2e—2a—28—26)—1 (1 — x)*! y+2e—2a—2B—26) : 


27. Consider now the value z=1—2. 


d. 
In this case “ =-1 , and therefore 


da 
Ax’ + Be+ C= A'e’ + Bet, 
and therefore AA 2A De 
A+B+ C=C". 


Take the last of these as involving only y’ and ¢’ of the 
new elements and write 


y =patqR+ 76+ se+ ty+u, 
e =eat+vB+w0+ae+yy+2. 


Substitute and equate the terms which are independent of 
all combinations of the old elements, and we have 


uzetut+e4+2—ue—2= 8, 
i.€. (w— 1)°+ (2-1)*+(w—2z)’=- 10, 


an impossible equation. ‘There are therefore no solutions of 
the form required, in the case of the substitution 2 =1—a. 
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28. From the form of Kummer’s three remaining substitu- 
tions which are all derived from a combination of z =< and 


a=1-2 it follows that there are no sets of values of 
a’, 8’, @, y', ¢ suitable to the conditions laid down; and we 
have therefore twelve particular integrals of the differential 
equation. Let 


— (2a +28 +20) +2y74+2e=3u+4+1. 
Then these integrals are 


y oe doth 

(i) Bi dee eae set 

Fis oka? 2a Le Rac aaa een 
( 


(iv) ee (l-x)\"F ee” B+p+1-y, ar) , | ; 


a—ty, 6 l=ty 


(v) a 


yy 


ati—e, 6@+1l—e, d+1—e 
y+1l—e, 2-¢ ).2 ; 


(vi) a O-a)F (Cae B+pu+1-s, EE rd « 


y+1—é, 2-¢ 


—a 


(vil) x 


ait 


Cree. ase mks 1 
a—-B+1, 4-041 : 


(eat B+ p, Heals 3 
? 


(viii) @ CDae Beet ttn Os — 


B 
Ry 


(ix) a 


x 


B+1—y, 8, B+1—-e) 1 
B-at+1, B-—@+1 ), : 


Spe tag 14) i 1 
—a+1,8-6@4 ; 
: O+1—y, 0+1-¢, #6) 1 
—6 ’ ) fee 
sae tale tes eae) 3H 
et BA ra 2 
\atoceind 2 Goal 


_(0+n) 
(xii)a | (1-a)tF 


a 
Cc 
(x) OM —aytF 
\ 
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Let these be denoted respectively by 
Vin Viiy Witty Vivy vee) Wain Wri 


Then among these there subsist the relations 
Vi = Vii, Pi= Vin Yr = Wriy 
Wri =(—) rity Vis = (—) Vy si = (—) rae 


If x be real, then for values numerically less than unity 
the first six particular integrals are converging series while 
the last six diverge; and for values of x numerically greater 
than unity the last six converge while the first six diverge. 
This is of course on the assumption that the series are con- 
vergent for the value unity of w«; the condition to be 
satisfied in order to ensure this convergency is in the case 
of yi that y+e>a+6+4@;3 and then Wii, Wy, Wri, Wis, Wxi 
are convergent. Again Wi, Wiv, Wi are convergent if. 
yte<a+8+4+0+41; while for the convergency of Wy 
38a4+3>2y+2c, for that of Wy. 8384+3>2y+ 22, and for that 
Of Wrsii 3804+3> 2 + 2e. 


Differential equation satisfied by the quotient of two particular 
integrals of the linear cubic. 


29. Of the questions analogous to those treated in the 
theory of the hypergeometric series of the first order the only - 
remaining one which I propose to investigate is the deduction 
of the differential equation which is satisfied by the quotient 
of two particular solutions of the equation representing the 
hypergeometric series of the second order. Since this quotient 
is of the form | 


AW, + Bit CW 
Alp; + Bryyt Oy’ 
the differential equation required will obviously be of the 
fifth order. 
d*y 


Let the second term—involving Tat —be removed from 





the differential equation of the series, so that it becomes 
of the form 
d’y 


dx’ 


+ QF + By= 0, 
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and let y, and y, be two particular solutions, so that 


a* da 
Paes ela dae + hy, = 0, 


dx 


oe ee + Ga ste + hy, =°(); _— ~ - mat ee . 


See oa: AY, | 
Let Sh Pret Fr es 








d 
then = = 


he Ve d*y, d*y, _1dy,dV Vd'y, 


dat? da’ — 7 da? y,d2 dx y, du” BES 


av 1 dy, dV. V d’y, 
so that da ~ y, dx de * y, dx 








=-— QV. 


Let sah; then (dashes denoting differentials of s with - 


regard to 2) 


By (e) ree ar a Cee 1 (s) - 2 d’y a(- dy,\* 
abe ls a V? \ dx y, dac® ue 


Loy alee (Se) bode dal (= 
1 (=) iV 23\ dio ware Vp eee y, de 


For brevity let 


then 
ba°V aye S22due tal een 
aerial rapet sear a 
Veda: V dx y, dx Vad y, de 
S2a°V Le dhVor3 
“vary s +2Q wee eee eee eee eee ee ee ey (B") 
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It is convenient to reduce the order of this equation; write 


1 dV 
Vie 7? Wavtewte. =~ sd ecneenee (C), 
and the equation becomes 
dw » o-2Q 
TE PREE +W*= — eheacuessecaeetes (D). 





Differentiating (DB) we obtain 


das 3170 eV es Vs Voie (S) 


ea 5V. dt AV ae ae ee 





phd [1eV 1 (ary_1ay ray, rey 
OF as| GV Be ae OME y, dx V da’) yy daes 
2M 4a Ve ae eis 


~L2Y_ 6, ara, 8 (ary 
Vd Vide de ty ae) = 
after a slight reduction obtained by means of (B), (B’) and 
the equation satisfied by y,. 
But also by differentiating (b’) 
dc_3aV_6 aVa'V, 8 (avy, 4g 
Oe De V tdi <V X0e alee Ve (ze) da * 
Multiplying the former by 3 and subtracting the latter 
we have 
o__4av[3ay_ 8 (any* 
a ae V dx | V dx® 2V? ae) 


= —8W[o-43Q]+6R— yo 


2Q d 
+ 2h - T 


+ 10] +6R— 1 


Woh i 
- te-40)~a[en-20-2) jit (E). 


Eliminating W between (D) and (£) we have a differential 
equation of the second order in o, and one therefore of the 
fifth order in s. This agrees with the result obtained by 
Prof. Malet (Phil. Trans. 1882, p. 759, “On a class of 
Invariants ”’).* 


* In the function 7 (1. c.) there is a mistake; it should be 


a a G e f° nen a hikes 


ahs JS tenes 
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As a special example we may put Q=0, R=0, in which 
case 
 A+Bat+Ce' 
° A+ Bat Ox 


(the quotient of two solutions of a =0)3 and the differential 


equation satisfied by s is 
Com eon (acy. ae 
ore ae ee 
where, it will be remembered, 


on si g 
G13, aie =~ —8(5). 


S 
Note.—In addition to the authorities already quoted, 
there are two papers on the generalised form of the hyper- 
geometric series which may be consulted. ‘They are: 
PocKHAMMER—“ Ueber hypergeometrische Functionen n‘* 
Ordnung,” Crelle, t. 71 (1870), pp. 316-352. 


THoma—‘ Ueber die héheren hypergeometrischen Reihen, 
insbesondere iiber die Reihe 


Gy. Gy «My (a, + 1) a, (a, + 1) a, (a, + 1) 
Perera Magia le Oh) (bec) b! (bel) 
Math. Ann. 1. (1870), pp. 427-444. 
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ON PROFESSOR CAYLEY’S CANONICAL FORM. 
By Captain P. A. MacManon, R.A. 


§1. POE. CAYLEY has recently shown in the Quart. 
Math. Journ., Feb. 1883, that his canonical form 
for the binary quintic belongs to one of a series. I purpose 
here to show the law of formation of the canonical coefficients 
in terms of the fundamental seminvariants, and to deduce 
therefrom some theorems relating to seminvariants generally, 
and to the theory of the irreducible covariants of binary 
quantics. 
The source of the canonical form is 


1 n 
r (a, b, c, d,... fa — by, ay) 
VOU XIX Or 
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for the n'®; or, putting a=y=1 for convenience, 
(1, Dy .C, deat bya). sretocrerene (1), 
and this is written 
(120.20, -17 eee tok 
where C=c-b’, 
D=4d-—38be + 20°, 
H=e-4bd+ 6b’c— 3b’, 
f' =f — 5be + 10b"d — 10b’c + 4b’, 
&e. Ke. 


Now it is to be observed that the canonical quantie (1) 
has its roots simply each less by b than the quantic 


(1,.b; ocd) eas) sce ee (2), 


since it is obtained from the latter by the substitution a —b. 
for x; consequently, since seminvariants are functions of the 
differences of the roots, the seminvariants of the canonical 
quantic (1) must be identical with those of the quantic (2); 
following Prof. Cayley, and representing the fundamental, 
seminvariants of the quantic (2) (viz. those of alternately two 
and three degrees respectively) by the small italic letters 
Ch Bs Pe ate ce 


and, for convenience, putting a=1, and at the same time 
forming the fundamental seminvariants of the canonical 


quantic 
(1-0 CSD hal 
we arrive at the following system of equations, viz. 
1=1, 
C=c¢=c—h. 
D=d=4d- 8be+ 2b’, 
£+3C’=e=e—Abd+ 3c’, 
F+2C0D=f=f -5dbe+ 2cd + 8b*d— 6be’, 
@+15CH-10D*=9 =g— 6bf + lice — 10d’, 
H+ 9CF-bDE=h=h-— Tbg + 9ef — 5de + 12b°f 
— 30bce + 20bd’, 
I+28CG — 56DP+ 35H" = 7 =1 —8bh + 28cg — 56df + 35e’, 
&e. &e., 


E= 





e+1 
oe —3 





: Capt. Mac Mahon, Prof. Cayley’s Canonical Form. 339 


H=e-3¢, 
F=f —2cd, 


G =g — lic (e - 3c’) + 10d? 
=g —15ce + 10d* + 45c’°" 


H=h—9c( f—2cd) + 5d (e - 3c’) 


=h —9cf + 5de + 307d, 


so that the capital forms are simply the small roman ones 
with b =0, and the letters changed inte capitals. 
Hence we derive at once: 


IT=%—28c(g —15be + 10d"+ 45c’) + 56d (f—2cd) — 35 (e-38c’)? 
= 1 — 28cg + 56df — 35e” + 630c’e — 392cd* — 1575c*" 


results which agree with those already calculated by Prof. 


Cayley. 


It will be seen that the number of terms in the expression 
of the weight w coefficient is the number of non-unitary 


partitions of wi. 


We obtain in lke manner the values of 


J, K, L, M, and, presenting all the results in a tabular form, 








we have 
F= G= H= i= 
S+1]g4+1 h+1l| t+1 
ed—2 | ce—15| ef—9| eg — 28 
d7+10| de+5|df+56 
c8+45)| ed+3)] e? —35 
ce + 630 
ca? — 392 
c4— 1575 








by es 


pti 

ch —20 
dg +28 

ef —14 
o#f + 222 
cde —492 

d3 + 280 
cd+1116 


k+1 


I = 


ct—45 

dh + 120 
eg —210 
Sf? +126 
c?g + 1890 
cdf — 4104 
ce? + 4725 
d*e— 1500 
ce — 47250 

c?d 2+ 24804 
65 + 99225 


Es 


I+1 
oj — 35 
di+75 
eh — 90 
Sg +42 
c?h + 970 
cdg — 3164 
cef +670 
a*f +4620 
de® —3075 
of — 8310 
c?de + 66810 
ed? — 40040 
c4d — 160155 





M= 
m+1 
ck — 66 
dj + 220 
et —495 
FA+792 
g? — 462 
c74 +4455 
cdh — 13904. 
ceg + 41580 
dg +6160 
cf ?—15444 
def — 26840 
e? + 17325 
e3g — 20790 
c?df + 41949 
c?e” — 77962 
cde + 31548 
d4+.15400 
cte + 48336 
c?d2— 23942 
c§ — 98232’ 





§2. From the above it is clear that if ¢(c, d,e, ...) be 
that portion of a seminvariant, the partitions of whose terms 
are non-unitary, then the complete expression of the semin- 


p (C, D, & ve) 


variant is 
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the capital letters being the canonical coefficients; ex. gr. given 
d (c, d, e, ...) =ce—d’—c’, 
g (C, D, £) = (c—b’)(e—4bd+6b*e—3b*)—(d—3be+2b*)’*—(e—b*)® 
=ce — d’— b’e + 2bed - c’, 
which, of course, is the invariant 7’ of the quartic, and so 


on in every case a seminvariant is completely given by its 
non-unitary portion. 

I have shown elsewhere (wide Amer. Journ. of Math.) that 
every seminvariant is expressible in terms of non-unitary 
symmetric functions, and now we find that it is only necessary 
to know the non-unitary terms of a seminvariant to obtain 
its complete expression ; the theory is thus brought to depend 
merely on non-unitary partitions both of symmetric functions 
and of products and powers of coefficients. | 

Hence we arrive immediately at the point of being able 
to express any given seminvariant at once in terms of the 
fundamental forms, for we have seen above how thus to 
express the canonical coefficients. 

This theory involves therefore that of the syzygies, and, 
in the case of a given system of seminvariants, contains 


potentially its complete solution. 
As an example, consider the seminvariant which, in 


Mr. Hammond’s notation, is HR, viz. . 
2c’h — 7cdg + 5cef— 4b’ch + 7bh*dg + The’g — 5b’ef + 22bedf 
— 27c°f — 25bce’ + 45c’de — 20cd* + 2b*h — 7b*eg — 22b*df 
+ 27b’c*f + 25b*e? — 45b’ede + 20b7d*. 
Here 
h(c, d, e, f, g, h) =2c*h — 7cedg + Scef — 27c°f + 45c7de — 20cd* 
The seminvariant is therefore 
(0, D, B, F, G, H) 
=2C°H—-7CDG+5CEF—27C°F + 450°DE —20CD*, 


or 
HR = 2c (h — 9ef + 5de + 30°d) — Ted (g — 15ce + 10d? + 45c*) 


+ 5e(e—3c’)( f—2cd)—27¢"( f—2cd)+45c*d(e—3c*)—20cd* 
= ¢ {2ch — 7dq + 5ef — 30¢ (2cf — 5de) — 90d (d’ + 4c*)}, 


which agrees with Mr. Hammond’s result (vide Amer. Journ., 
vol, v. No. 3, p. 223). 
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The above example of a composite seminvariant has been 
chosen, because it demonstrates that any canonical-coefficient- 
seminvariant factor, which a form may contain, is at once 
discovered from a mere inspection of the non-unitary portion ; 
thus, c being a factor of the non-unitary portion, we saw at 
once that C and therefore c must be a factor of the complete 
seminvariant. 

Generally if /(c, d, e, f, ...) be a factor of the non-unitary 
portion of a seminvariant, then TOD. 2k... ss-ithataps 


F(¢) a, e¢— se’, f—2cd, ...) 


must be a factor of the whole seminvariant. 
This theorem is very useful in the theory of syzygies. 


§3. If we regard the small italic letters as the funda- 
mental seminvariants of the quantic 


(1, 0, c, d, e, f, ... La, 1)", 
then this latter quantic may be written 
(1, 0, ¢,-d, e—3c°, f—2cd,....fa, 1)", 


which is identical in expression with the canonical form, and 
in no simpler way can a quantic be written, so that its 
coefficients may be functions of its own fundamental semin- 
variants. 

It may be also noted that, considering the canonical form 
of the cubic, viz. 


x + 3cx + d, 


and considering therein c, d as denoting not the sources but 
the covariants themselves, so that c is the Hessian H, and d 
is the cubic covariant J, then the form is 


a +3Hx+ J, 


which has been shown by Prof. Cayley to be the form 
assumed by the cubic when the T’schirnhausen transformation, 
is applied to it (vide Salmon’s Higher Algebra, third edition 
p. 800). 
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THE “TRIPLICATE-RATIO” CIRCLE. 
By R. Tucker, M.A. 
pes a, B, y be the coordinates of a point (P) taken within 
the triangle ABC, so that if parallels HPF’ (to BC), 
DPE' to (AB), and FPD' (to CA) be drawn, the six points 
D, D; £, HE’; #, fF” shall lie on a circumference (fig. 19). 
We have the following equalities : 


tay OP aaa Ak =8 eet CH =a ae (i) 





BD =ycosecB)’? AH'=y cosecA}’? CD'=8 cosecC})"” : 
Also the following: 
Bites DA et chi te CE wee 
BD Oe RO a une Cie 
BF BD: A AT SAC eee = 
whence —— = ——— i  eaeeeoeee (i1). 
C a C b b a 


By the hypothesis, 
BI. BD = a.p.¥ cosec B 
BE". BF = c.p.acosec B 
whence = =7 = z ms eee = “2 oligos (iii). 
Let AP, BP, CP produced meet the sides in K, L, M 
respectively, then 


Cee sin PCB _ BM b 


be Sete sinPCA a‘ AM? 





one BM ia oe ae. BOK nee 
erefore AMF? CL" @ BET (iv). 
We get also the equalities 
2cA ac’ eRe _ bc 
PD Tam eK 1 UES de teaser 
Anu: sop uel Rey ae a 
Mig Geka dG reve 


BF=—(¢+¢), AF = +e), CE'= 5 (at +B 


BD'=— (a +c), AB=7(U +e), CD= 
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Also 
 BFD =a’ +.¢ (a? + 0’)? — 2ac’.c (a? +c) cos B 
=¢ (ab? + be’ 4+ ca’) =n 5 
therefore FD= ue =cu, HF=bu, Dh=aup. sah 
Similarly Tide Oren elge= Cie) ie IL. ) 
“Hence the triangles DEF, D'E'F" are similar to ABC 
and equal to one another, having 
24—=0rh= DEE, £BaEBDIFAaEE D, 
£0 =f) DF >DEF. 





Again, 
K’. DF" =a’¢' + a*c’ — 2a°c’ cos B=a'b'e 
tae DF’ = es 2 Pa Hae toed oe beiiie 
and 
D P= aoe Ie ie ee. eee _ ee ig ae 
also pp =<, EE’ =<, FF’ =<* Praveraee (x). 


ee cuts, Ua. ein ing, -¢ > EF cuts, DE OP 
in h, h'; and FD’ cuts LE’ FF", DE ink, k', then 
Takers ro He came gt Bhs ged 
Pienel Pas Cie i et Fg ie TA DE es 
Similarly, 
Tem lalecc opel ler pears fog ont Bt ig 
By > Dh Try =.3 renGeed ible 
From (viii) we have 


1 BED = FDE' =1 D'FE=&c. =a, 


“o 


then cosw= aU a nase Hat geet cies eect XIIt) 
2c* (a* +c") Xr 2, ‘ 
feta ein is 2 2070? +...—a' —b*— Ec 16A° 
An? An? Are 


* It is this property which has suggested the title of “ Triplicate-Ratio” 
Circle. It is obvious to remark that the sides are cut in duplicate ratio by the 
lines 4P, BP, CP produced, and are also cut by the circle into three segments. 
which are in the duplicate ratio of the sides, 
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veo K . 
therefore SIND =~ vreseeeenseseeeeessens (xiv) 5 
: Ak 
hence sin2w =o) 
and cotw= KK  a@+b'+e _ becosA +...+... 
i i ae bc sin. A ven (Vs 


= cot A + cot B+ cot C 
We can also readily prove that, if 
LAFEH=o, and LAE'F'=o', 
then O,=a', 
and similarly for the other angles; therefore 
wo,=o,=B+C-o 
o,= 0, = 4 A~ of, 
o,=0,=A+B-o 
whence 0,+0,+0,=0',+0,+0',=27—- 3a. 
Alsoate A A ATL Ae AAP ee 


4 Ses O79 209 2 2 
gion. GA CA: fa) = Oat Bech caste oor 


K’* 
a A’ Ae tsAn 
and A EPF= E'PF= E'PF' = AFE’' coeee beset (xvi), 


and so on. 


By (viii) and (x) we get 
3 8 3 
perimeter of DD'EE'FF' = oe ee ; 


and its area = 2 (a* + b* + ch + ab’ + bc? + ca’) 


=A-A'=A(1-p); 

but area also= A — (ALPE'+ BDF" + CED’); 
therefore A AFPE'+BDF'+ CED =A, 
where A’ is A DEF (or A D'E’F’). 
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Let p,, &c., »’,, &c., be the perpendiculars from P on the 
sides of DEF, D'E'F’, then 





: QUAN , ac’ sinew 
p.=PEsne=F. >) Pi=—¥ ; 


therefore 
a’b’c? sin’ 


PP = a gee = 0,)',=P,P,=4p sin w 


bc sin’w 


and PiP2P3 = ay gna ce Opes Ve 7 8p" sin’ 


.».(XVI11). 


Since 
\ pba abs farbic® 
PF, PD = AL’. Ch =~ = RE 
therefore minimum chord through P= 2DF", 
By (vii) »«R=p, where p is the radius of the triplicate- 
ratio circle. 
By (xiii) and (xiv), since 


= DF", 


2 
cos DFD' = cos (A — ) = cos A +sin A ae bc+a* cos A 


NE 
therefore 
; , abe be+a’cosA 
ordinate of centre = p cosD/'D' = TR 
; 7420 
abscissa of centre = a ; 
and abscissa of P= Ee : 
therefore 
abc? 
re = O,P? =...— 16A°K? (a* + b* + c = b°¢? _ Ca? — a’b’) 
a A(t BA f 
= F (A — 16A’) = ere ee (xvill) 


If we denote 2 BAK, &c., by 0,, &., and 2 CAK, &e., 
by 6’, &c., we have 
sin(#,+B) U+c'. 
sin Oph Se aoe, 
VOL, XIX. YY 
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b? + be cos A 
therefore cot 6, = Soa ee 
pe , ¢+becosA 
similarly COnp— me are 

hence 


3 ’ ’ ? 
cot 0, + cot 8,4 cot 0, = ae 3 cot m = cot 6’, + cot 6,4 cot @,. 


By means of (v), or otherwise, it is easily seen that 
BCE'F"', ACDF', ABD'E are circumscriptible. 
The trilinear equation to the triplicate-ratio circle can 
be put into the following shapes: 
_abe 


abc (a + 6 + ¥’) 7 (aat+ bB+cy)+a°By+byat+caB 
and Sot Paes ee neice See eee (xix), 
(0? + c’) ot (c? +a’) oh oe (a’ ais 6’) 9’ 


= (@ +0) (e+e) +50) 


+E +a) (e+ 0) 4a) S. 


I had got so far when Mr. Glaisher put at my disposal 
his copy of the “ Etude d’un nouveau cercle du plan du 
triangle,” par M. H. Brocard (Association Frangaise pour 
l’ Avancement des Sciences—Congrés d’ Alger, 1881). On first 
looking at the results given in this pamphlet I was much 
surprised to find some of the results given above, but was 
glad to see that the two circles were distinct. A reference 
to fig. 19 will show how it is the circles are so intimately 
connected. M. Brocard’s circle has the following properties: 
through A, BL, C draw straight lines parallel to the sides 
of the two triangles DEF, D'E'F’, these intersect in two ’ 
points O, O', which have been called Srocard points, and 
these lines intersect again in three points (4,, B, C, not 
figured), then the Brocard circle is that circle on whose 
circumference the seven points O, O', P, A,, B, C, and H 
(centre of circle ABC) lie. 

I get its trilinear equation in the form 
abe(a' + 8° +") 


16 A? j 
7a (aby + bya + caP)+ a°Py + b’yat c'aB...Cxx) 3 


+{(O4E) (+a) + cat} 





— 


this, by (xix), shows that the two circles are concentric, as 
can be shown geometrically. 
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The equation (xx) can be put into the simpler form 
aBy + bya + caB + aC + B+y¥)(aa+b8 + cy) =0...(xxi). 
It is easily verified that this circle passes through P 


and H. If p’ be the radius of the “ Brocard”’ circle, then 
(p. 7 lc.) 


sin 2a 


p =200 Te Sano sccoecseccees (XX11) ; 
this will be found to agree with the result of (xviii). 
We have 
_asin(C—@) ac’. 
aie: SION Meas 


hence coordinates of O are 


























ac’ sin w ba’ sinw ab’ sinw 
J ra x ? B, = oY ? Y; oa Xr 
, . , ees 

Similarly, for O', we get ..(XXIll), 

, ab’sina , 6c’ sinw , ca sinw 

a fa xr ? B 1 = Xr ? oy. tm xr ? 
S72) 26 = foe g 
, ab’ sin’ . , : 

whence a0,= x2 SID A= ys ccte es (xxiv). 


The equation to HOP is 
asin(B— C)+ 6 sin(C—A)+y sin(A- B)=0...(xxy), 
and to OO' is 


= (a* — b’c*) + Fu —c'a’)+ Gs — ab’) =0 wsseee (xxvi). 


I have found the following results bearing upon the 
“Ty. R.” circle. In the Leprint from the ELducational Times 
(vol. 1x. p.79) Mr. 8S. Roberts finds the equation to the ellipse 
through the points D, D', ...#": when the coordinates of P 
are substituted for his point O I get a circle whose equation 
is that given in (xix); and in the Reprint (vol. XXII. p. 58) 
Prof. Wolstenholme has a question on an inscribed ellipse, 
and a comparison of results obtained in his and my solutions 
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(p. 60) with results obtained in this paper will suggest many 
further properties.* 

From Question V. (with its solution) in the Lady’s and 
Gentleman’s Diary for 1859 (1933) it appears that if perpen- 
diculars are let fall on the sides from O, O', the two triangles 
formed by joining their feet are the minimum inscribed tri- 
angles “such that their sides respectively make the same 
angle (@) with the sides of the given triangle” are equal 
to each other and have the same circumscribing circle, whose 
centre is the mid-point of OO'. In this question @=}7—-o. 

[The result at foot of p. 344 readily comes thus: 


A AFE'= AFP=EPF and so on. 


I have received elegant geometrical solutions of some of the 
above properties, which have been set as Question 7414 in 
the Educational Times for July, 1883, from Miss C. A. Scott. 
She proposes to call O (got by the cyclic order OAB= 
OBC= OCA) the first Brocard point, O' the second point, 
and w the Brocard angle. rom (xi) and (xii) it follows that 
P is the second Brocard point for DEF and the first Brocard 
point for D'E'F". The points 4,, B, C, can be most readily 
found by letting fall perpendiculars from H on DE’, &e. 
M. Neuberg has added to (xv) the useful equality 


cosec’w = cosec”A + cosec?B + cosec’ C, 


The sides D'H, E'F, F'D are clearly parallel to the sides 
of the pedal triangle of ABC, and, if 7’ be the orthocentre, 
it may be shown at once that a circle, centre O,, and radius 
equal 4f, touches D'H, H’P, FD at their mid-points, and 
that the line joining the centres of the “'T. R.” circle and 
the nine-point circle is parallel to, and equal half of, PZ. 
We hence derive 


_ 





* See especially results (xxiii), (xxiv). Numerous other results may be obtained, 
and those which are given in the paper admit of being proved in more ways 
than one; the method which first occurred to me is in most instances that 
which I have given, From (viii) and (x) we get 

ah3¢3 
VIED oe Be Yo Ye — <a DF". ED', FE’, &. 
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ON CERTAIN PHYSICAL PROBLEMS CONNECTED 
WITH SURFACES WHICH ARE THE INVERSES 
OF ELLIPSOIDS OF REVOLUTION. 


By A. B. Basset, M.A. 


af ea a paper which was published in the present volume 
of this Journal, I discussed certain hydrodynamical 
and electro-statical problems connected with cylinders whose 
transverse sections are the inverses of ellipses; the object 
of the present paper is to consider certain problems of a 
similar character connected with the surfaces formed by the 
revolution of these curves about their axes. In the paper 
alluded to the form and singularities of these curves are fully 
discussed, and expressions obtained for various quantities 
which occur in terms of conjugate functions; it will therefore 
be unnecessary in the present paper to enter into any detailed 
examination of the properties of these surfaces; I shall con- 
sequently simply quote such formulae as are required and 
refer to my former paper for their demonstration. It will 
hereafter appear that the surfaces which are the inverses 
of planetary ellipsoids, require a slightly different treatment 
from that employed in the case of the surfaces which are the 
inverses of ovary ellipsoids; I have therefore divided this 
paper into two parts, the first of which deals with the latter, 
whilst the second deals with the former class of surfaces. 


Part I, 


2. Laplace’s equation when transformed into cylindrical 
coordinates x, p, 9 becomes 


i 2 1db 10 yy 

FEST cae Aaa BT age AEE : 
Let o¢=V sin (mO+a,), 

where V is a function of x and p only; substituting in (1) 

the equation for determining V is 


dV dV 1dV m'V 


Sa 





? 


GUA pidpou ph ak BOONOOOOOOOO: (2). 
OF 
Let ai, 


and (2) becomes 
au aU | 
Gdx*-<. dp: ai pe 
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Let xtiup=f (E+ um), 


oes ‘a +(Z) = A) + (2): 


and (3) becomes 
eu od* us 1 
dE * ai + Fan E- 1, \I = Osseteccoves (4). 


Now if V= WF s/(uv) where w is a function of & alone, and 
v a function of 7, (4) may be thrown into the form 


st Oe) a pally 


u dé Uu 3 dn v dn 
" y!? y" a”? 
( —, + — ——,]W=0... 
a Tz 2 (i — m°) W nF (= Aue os Qy ia) W 0 (5), 
the accents denoting differentiation. Hence if oie , 18 a 


function of either € or » only, or if it is the sum of a3 such 
functions, we can express JV in a series, each term of which 
is of the form X.Y., where X, is a function of &, and Y, is 


a~ 2) 


a function of 7 only. 


3. For the purpose of dealing with problems connected 
with the surfaces under consideration, we must put 

3 x + tp =csec (E+ wn), 
the axis of x being the axis of revolution; hence 


1 - 
Tig = cosec’& + cosech’y. 


Also let u=sin£, v=sinhy, 





p=cos—&, v=coshy. 
Making these substitutions, (5) becomes 


d , aWs 0 » AW 1 1 soe 
Fete nine Tne ee Ty (eet ,) m* W= 0. 

This equation is satisfied by the series 3X, Y,, where X, 
and Y_ respectively satisfy the equations 


d aNeae m se 


Dei a yo 








dy ( dv o>) 
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and C is some constant, hence 
1 : 
g= = SX, Y= sin (m@ + a,). 


Since ¢ is periodic with regard to 8, m must be an integer. 
When the potential is symmetrical about the axis, ¢ is inde- 
pendent of @ and m=03 it remains therefore to determine 
C. Now we know that the varzable parts of potentials of the 
charges upon an ellipsoid, when the surface is (1) under the 
action of no electric forces, (2) under the action of a uniform 
force parallel to x, are respectively equal to 


Coe tnerA 
rn {(a ty) (8 + yp) (co +p) jt? 








sae ef Tie dea a dete oats 
rn {a+ py)? + wv) (+ HE 
a y 2? cf 


Inverting with respect to the centre we obtain the potentials 
of the induced changes upon the inte.ior of the inverse surface, 
when the surface encloses (1) a charge at the centre, (2) a 


system whose potential is proportional to = Making b=e 


and evaluating the definite integrals, we shall find that the 
variable parts of the last-mentioned potentials are respectively 


equal to 0 and SuumeneO where /(a°—b*) v= /(a’+A), 


and P and Q are the zonal harmonics of the first and second 
kinds respectively. We therefore conclude that X, and Y, 
are zonal harmonics, and therefore that C=n (n+ 1). 

Hence, when ¢ is symmetrical about the axis, its general 

value is 
1 
1 3 {A,P, (v) +B,0,0)} Pn) 

Along the lines extending from the foci to infinity v=1, 
and therefore Q, (v) is infinite; hence the Q functions cannot 
enter into the expression for @ im any case in which the 
potential is finite along these lines. On the other hand, v 
and therefore P (v) is infinite at the origin, so that ¢ cannot 
contain the P functions in any case in which the potential 


is finite at the origin. But es is finite at the origin and ae : 
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at the foci, so that the @Q functions are suitable for space 
which includes the origin, and the P functions for space which 
includes the foci; but where the space considered includes 
neither of these regions both functions may occur. 

When the potential is unsymmetrical about the axis the 
general value of ¢ is 

= 3{A,D"(v) + By."()} T."(u) Sain (m0 + o,) 

where 7\” and ¢,” are the factors involving v of the tesseral 
harmonics of the first and second kinds respectively, and are 
respectively equal to 


deP d”Q. 
y? 1 \iml "2 2. 4\im n 
(v? — 1) 7” and (v*—1) a: 


These functions are subject to limitations as regards their 
employment, similar to those which we have shown to exist 
in the case of the P and Q functions. 





4. The functions we are now considering are too well 
known to require discussion, we shall therefore simply put 
down for reference certain equations which have been taken 
(with proper adaptations) from Mr. W. M. Hicks’ paper on 
Toroidal Functions,* and which will be useful hereafter. The 
equations are 





(n + 2) ee (27 ah 3) eae (n a 1) P,=0 
Veale ae 
n+] i Ag Pan VP, eee. Ne 





n-1 


2 
—* Pp! =vP,-P 
nr 


which are satisfied also by the Q functions, and 








1 
fel 0, ae Quist os ‘etl 
| a 1 
P. Ak — re "OF = 5 Ges | @oeccceesces (B), 
' ! ' ' n+1 
Be Va anVe = Gy 





* Phil, Trans, 1881, Arts. 7 and 9. 
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the accents denoting differentiation with respect to v. They 
may be at once deduced (as in Mr. Hicks’ paper) from the 
values of P. and Q, in terms of definite integrals, viz. 


P=- | fy + /(v? — 1) cos 6}" dd, 
ee ~ dé 
whence @Q,= =}log”*, Q,=vQ,-1. 


Also, since y>1, 


Q = 1 Dae (2r + 1) (27+ 2)...(n + 27°) 1 
ee we (27 +1) (27+ 8)...(2n+2r+1) v"° 

5. Before entering into the discussion of any physical 
problems it will be convenient to obtain the expansions of 
7, re, and rp in terms of harmonics. Now, if ¢ be any 
potential function such that r¢ is finite at the origin, this 
quantity can, for points not lying along the lines y=1, be 
expanded in a series of the form 34, #,"(v) 7)"(u) sin(mO+4,,) 5 
hence 7 and rz can be expanded in a series of zonal har monics, 
and rp sin @ in a series of tesseral harmonics. 


(1) Hapansion of r. 
-=> (v" + je Coa 1) cs DAS. Qn (v) ie (#2) } 





therefore 3 
BAL Oc. 1 aan} 
——— =- 1 te! f = 
4n+1 v | io Bi Sine ben +4 Endy 


where (as throughout this paper) , is used to denote the 
coefficient of x’ in the expansion of (1- a)?. 


Let U.=| (t= wt Pda; 
therefore % 
df, 
2n(2n-+1) Uy=—| (i BY) tt ee 


=-20[ be ( oo de 


= rf ( (1 — wo)’ — 2s? (1 — pw’) "} Pdu; 
VOL. XIX. ZZ, 
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2s" 7 
(s —n) (28 +2n+ 1) T 
2 2°s"(s —1)*...(s— r+ 1)? U, 
~ (s-n)(s-n-1)...(s-n-r+1) (28+2n+1)(28+2n-1)...(28+2n-27+38) © 
Now 


therefore U, = 


ie f ore Val ¥ 
phd (2n + 1) (2n+3)...(4n+1)’ 
therefore, if eer Te) : 
Hoo = 2Ae 18... (2n + 2 = 1) (n+ 1) (n+ 2)... (n +7) 
wie Ore = v1 (2n-+ 1) (2n+8)...(4n+ 27 +1) 


2H, (— 1)" (2r +1) (2r + 2)...(2n-+ 27) _ 
(27 +1)(2r+3)...(4n+2r41) ’ 








2A, Qon = " ° 
therefore estat ih 2 (—1)" H,Q,,.3 
therefore - = (=1)™ (4 Pes earns (6). 


(ii) Hapansion of rex. 


rv bv : 
eT (ail Ase QonalY HE 2n+1 (1) } 





therefore 
es = zf le {1 ..( a .(2s + 1) ae H) - Pansy Opes 
Let U, = =f «0  ( ) Panay ty 
therefore 
: 3 d 2 aP,,, 
(n+ 1) (Qn42)U=—[ (1-4) ae ee 


4 2\sil ats; = 
= (2041) f (1— arom 20 (1 = wy Se de 
-! 


= (2s +1) (28 +2) U, - 278° U, 


s-} } 
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23° 77 
(s—n)(2s+2n+3) 
= 2°s” (s —1)"...(s-r4+1)’ U,, 
~~ (s-n)(s-n-1)...(s-n—r+1)(28+2n+3)(2s+2n+1)...(25+2n-2rt5) © 


therefore U, = 


Now v= (-[ |i ted Seite? 


2Qn+h 
= (—1)"2"" n! ; 
 (2n + 8)(2n+5)...(4n + 3)? 
therefore, if s=n+r, 
(Q2n+2r +1) H,,,.v, 


— 2(—1)"1.8...(2n + 2r 4+ 1) (n+ 1) (n+ 2)...(n +7) 
ay r} (2n+38) (2n+5)...(4n+ 27+ 3) 
2 (— 1)" (2n +1) H, (2741) (27+42)...(2n+4+2r+1) . 





(2r +1) (2r4+ 3)...(4n + 27+ 3) ; 
th £, BAT a A rape —? ] n EE e 
erefore Say acre = 2(—1)" (2n+1) NA ee ) 
therefore 
YX Ey 
Cc Sa > (- 1) (2n 45 1) (4n + 3) 7, bal Rr PY EE oe (7). 


(iii) Expansion of rp. 
rp _ (t= 1) J — pt) 


Ce ae (V+ pw — 1)2 
We have shown that 
pv 
Gay ee DN se a ped & 2nt+1) 
where AP tes ore (4n + 3) HZ; 
poo tee 
therefore Gtppeaprs Agi Dae [ Qonar@ 5 
y'—1 
therefore re ete pare Pas ae Ir Q onal 


1 2 dP, 
But Lia ll seeps 
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therefore, restoring the value of A, ,,, 


rp 1 
ce (v1) 
We may put this result into another form, for 


(gain VN 2 ae 


S(-1)"@nt1)(n4 8), Tana | Qn? (8) 








n(n+1) n (n+ 1) , 
a4 3 : 
therefore — me = (— 1) - : 9 nm &n+l ji Ont-1 9? eae (9). 
Z . Pan 
v) To find the value o | a, 
( jin or = (1 — p*)3 
+1 T 
Sa" lad ie { g dd 
,_(-ew)} J, (1- 2x cos0+a")}* 
WF 4ar cosy) # 
(+a) Trait 
der 
ee yp 


» (L—a* cos)? 
Sippy eG 2 
therefore, when n is odd the integral is zero, and when n is 
even and equal to 2m its value is 7/7”, 


aa dp 


(v) To find the value of [ ae 





a fa eP du -[" cos 0d0 
et bee , (1+ 2x cosé + x”)? 


ie ap sin’@ 
>» (1+ 2x cos +a")? 


2 2a |" 5. sn2bdg ais : 
0 (+a)? {1 a =} sink 
putting tan 6 = es : 
the integral is = |" oe aa) 
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hence, when n is even the integral is zero, and when n is odd 
and equal to 2m + 1 its value is 


wT” (2m + 1) 
TH, f= 2m + 2 


6. Having obtained these preliminary results, we shall 
proceed to find the potential of a charged conductor in the 
following cases: 


(a) When the conductor is uninfluenced by electrical forces. 
17g 
"P (y ) 


where y=cosh@ is the value of v at the surface; hence 
if V, be the constant value of V at the surface, 


2A,P, (u) = VieX (= 1)" (4n + 1) HQ. (4) Fan (#) by (6) 5 


therefore 





Let Va- 3A Pp), 


Vie Qon Y) 
Va 8s (— 1)" (n+ 1) HF “ % Pas Y) Bag Ht) 
(8) When the conductor ts placed in a uniform field of ‘force 
parallel to the axis. 


If A be the force, 





P. (v) 
“P 1) 





V—V,=-Ax+ 3A P.(u); 


therefore at the surface 
BAP, (i) = AB (- 1)" n+ 1) (40-48) HQ (4) Pau (8 


2n+1 \ 
by (7); therefore 


V- Vj=- An+A2 


xB (—1)" (n+ 1) (4n4 3) H Goal) ped P Perce 


) 2n+l 2n+1 
2n+1 


(vy) When the sania: ts placed in a uniform field of force 
perpendicular to a plane containing the axis. 

We may take the plane of xy as the plane in question; 
hence, if B be the force, 


V—V,=— Bp sin + 








ein 6 & ale (y) 
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therefore at the surface 
3A,T (uw) =— 3 (-1) 


n n 


by (9); therefore 


— c sin 0 (4n 12 3), foal) 1 1 
POTTS a7 ance) Theale eal 
(5) When the surface is under the action of a charge e at 
the focus. 


n4n+3 ; 


on + 2 an Qn+l (y) W Mes. (1) 








1 Ee 
hed PW); 


EV a 
PAY a 


0 FP 
therefore at the surface 


2A b= ee (2n +1) Q, (y) , (4) 5 
therefore 
eee seen Q,, (1) P 
V-Vi= FP 7 > =(2n + 1) P Cie (v) P, (#) 


If we invert these four results with respect to the centre, 
we shall obtain the potential within an ovary ellipsoid when 
the surface encloses : 


(¢) a charge at the centre ; 


({) a system whose potential is proportional to 33 


e : ; Zz 
(n) a system whose pojential is proportional to a3 


(0) a charge at the focus. 


The last result is given in Ferrers’ Spherical Harmonies, 
p. 142. 


7. To find the attraction of the solid (supposed to be 
homogeneous) parallel to the axis. 

If o be the density, we know that the x-component of 
the attraction is the potential of a surface distribution of 
matter of density o/, where 7 is the a-direction cosine 
of the normal to the surface; hence, if X, X’ be the values 
of this component at an external and an internal point 
respectively, the surface conditions are 


XX 0 eee (10), 


RE ay ee CY ee Pee ko Lis: 
dn dn Bae Cy 
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Now We eT (2r° — a’), 


2 


ape, 
Se r* sinh28 ’ 


therefore (11) becomes 


Ue GS ols =aeY (27? — alan Alcs: (12). 


dv dv 
Now (10) requires that 








igi Pty) 
X= , Ae P () fee (4), 

mak Q,, (V) 
d ane =>- A w ie s 
i: re Ges 


therefore the left-hand side of (11) 
1 Hey) ee: cai 
=- >A ee ai EL 
AP) Qos 6 


eta! A,P,(H) 
~ rsinh’s ~ P (y) Q,(y) 


by equations (B) of Art. 4. 








4 
Now Beas oo ela 
Sides Mem Ohi 


wee ey, 
TS gO ot 92 


re = (w du\ | 
pe Li 1z)3 


therefore, if 


therefore 


TAS: Gz du 
(2r° — a") rx yi Mask tae 


Sgr SC 1)" (2n + 1)(4n + 8) 
x ff, {2 Fat (y) nF Qonst (y)} lane (+) 
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by (7); therefore AL, 


and 
A4moc’ sinh?8 3 
Aw Sao ia (—1)"(2n + 1)(4n+ 3) 
x Hes (y) Aid (y) {Q¢y Var (y) rt ae (ry) “4 


8. To find the attraction perpendicular to the axis. 

Let &, R' be the attractions at an external and internal 
point respectively; 2, Z' the z-components; then at the 
surface 


AZEROLS 5 PEE fomeea ries 
; 

















di a Avie © ot 
diy dh pow Aros aeeaee 
therefore FRE (27— DT) pa craseeeees Class 
s My - 1) (l= 2), 
Now ee SC Reh Ge 
(l-@)V(y°=1 
therefore, if u= ee , 
'P _ 4 ( ie : =) 
Oo o\ yt deey Oye 
and d Pf = se : 
Cc y-l1 
therefore 
2 22 Pinta: BF ¥ 2 du 
(2r° — b*) pr =— te (my ae : a) 
c " 1 
a 37-1) = (—1)"(2n +1) (4n + 3) AT", (4) 
2 1 “ 
x \- Os, (y)- y— 1 if Q nt dv m 
Be nS (7° ris 1) Oa ° 
But ik Qin = — Gap 1)On +2)? 
therefore the right-hand side of (13) 
Atrac® 
Se (YS HH; 
Sanhe =(— 1)" (2n+ 1) (4n4 3) 47, 


V9 sur?) z 
x {2 Drie (y) ti ae ‘de ny (1). 
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We must therefore (omitting the affix 1) assume 








as I dbs (v) 
= , A ‘Tae (y) Lhen (4), 
' 1 ae 
Rh ex See ) die Se (1) } 
r boss VY) 
therefore 
dh dR! 1 





a eS ae evs (Vv) By) 
By a 7 TG) yf To 


the accents denoting differentiation. 
Now  T.=W(y'-1) By; 








’ 1 ’ 
therefore. 7) = Wqtap {38yP'+n(n+1)P}; 
therefore ¢,7'’-—?¢,T =n(n+1)(P,Q',-P/Q,) 
n(n+1)_ 
= erg 4 
therefore 
Amoc’ sinh 8 pala pf. 
AS a 3 ce 1) on ate D) 2” ntl (ry) bout () 


YD nil) 
12 Qonsr (Y) + aires} : 


9. When the potential is symmetrical about the axis of 
revolution, there exists a current function y, such that the 
lines of intersection of the surface y= C, with the plane 
z=ytan@ determine the lines of force or lines of flow, 
according as ¢ is an electric or a velocity potential. This 
function satisfies the equation 


Lee eal de oh 
FEL Dorr an ape ma (14), 


and is connected with ¢ by the equations 








dd 1 dy 
“= - —_ 

da p dp 

hig opel deh erates (15). 
db. p dk 


We shall now proceed to transform these equations. 
VOL, XIXe AAA 
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Let v= Un/p, 
then (14) becomes 
a Ut dete 6G 
ae a5 dp = 4p? Of 1 SR oe: (16).. 
Put x +p =f (E+ en), 
then (16) becomes 
es ao 3 
de 5 dy? = LJ? p° nn} sien aan aE ae (17). 
Putting, as before, U= W 4/(uv), where u is a function of 
— only, and v a function of 7, (17) becomes 
Ltd (2d WS el ead v/a WW 
ae oF) tga oe) 
(ee eg eee 
74) Miaten 5 foteniea sien 4J*p* 
In the next place let » and g be the velocities along the 


normals to the surfaces 7 and &, drawn in the direction in 
which these quantities increase. ‘hen 


(18). 


pa ISP =— lume, 

q=I 5 ly —mu, 
also: Jl -2--F 

In =F = ee 


therefore 
dp d& dp a) be (X dé dy 2) oe 


pe=— (oes idn * dp at de" dn de 


therefore 
J dw 
P = Pp dé Cove erecrccccece co 0 COCCOC OLE CEEFO RCO e EO LEEE ES EOS (19), 
_ (dv dé db dy dy d& dw dn 
ap=— (Ze det ay de)! (ae dp * dy dp) ™ 
ad. 
g ee Ns sialon eee (20). 


p dy 
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10. To adapt (18) to the present case, we must make the 
game substitutions as in Art. 3, and we shall find that W can be 
expressed in a series of the form =X,Y,, when X, and Y, 
respectively satisfy the equations 


d Saas: 1 
= — ") i + {n(n +1) - ah X, = 0, 








du be 
d Pee hie ss, sks 
and Ae YD a + {n(n 41) ot ¥,=6, 
where n is zero or an integer; hence, when n is not zero, 
X,, = T, (#)s 
We. = A,, bee (v) a Be, (v), 
and paPh BP (4,730) + BY, OL Am), 
but when n=0, 
_— Apt B 
se ML = pe): 
a Av BD . 
On V(v =A 1) ? 


therefore © X,Y, = (Aw +B) (d'v + B) : = Z (say). 


Referring to the values of p and q, we see that 


ee Je dy 
BO MFR) dp? 
Je dy 


I~ FA —p') dv ~ 
Hence, the velocities due to the term Z will be infinite 
Z hes ohio ae ue 
at the foci unless and oP either vanish or are infinitesimal 
quantities of the third or higher orders in the neighbourhood 
of these points; these conditions cannot be satisfied unless 
A, Bb, A’ and B’ are zero. It follows therefore that the 
terms X,, Y, do not appear in the expression for ww when we 
are dealing with space outside the surfaces. On the other 


hand when # is equal to +1 or — 1, o will vanish if B’=0; 
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the conclusion therefore is, that for space outside the surface 
the proper form of yf is 


£27 4,T, (v) Ty (a), 


n 2 


and for space within the surface 


pas (du+ Bly + 3 Atv) Do (u). 


nn 


11. To find y when the solid is moving with velocity U 
parallel to the axis in an infinite liquid. 


Ty (v) 
its 4 (ry ) 
at the surface v= 409"; 
therefore 34,74 =3Urp 


Uc? “= 4n + 3 
aa ao (— 1) 2n+2 ire (ry) the (1) } 





Let pal sr, T}(p), 


therefore 


eae Da hz ig (4m + 8) Oonas (Y ) 


2r (an +2) Th (yy 1 tt Y) Panis (H)- 





Part II. 


12. We shall now consider the surfaces which are the 
inverses of planetary ellipsoids. 

Taking the axis of 2 as the axis of revolution, Laplace’s 
equation 1s 


as db ,1db, 10° 
dz" dip’ -p app. 00; 
Putting ptwu=f(E +n), 


and employing the same method of transformation as before, 
we shall be conducted to equation (5). 
In the present case 








= Ocak (21). 


p +tz=csec (E+ en), 
1 
p 


and 





, = sec’ & — sech’n. 
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If, therefore, we put 
u=cos&, v=coshy, 


w=sn& v=sinhy, 


we shall finally obtain 
= 52K Y= sin (mé +a, ), 


where X,, Y, respectively satisfy the equations 
d » aX, m” 3 
GACH) Get ar |n(n41)-™ 5} X= 9, 

teh oe velit m” 

af \(L+» ato {n(n+1)-72 Gh Y,=0. 


13. When ¢ is symmetrical about the axis of z, so that 
m is zero, X, is of the form A,P (uw), and Y, of the form 


AP (tv) 4 iecap (sv); now we know that 
do 


ti ice) 
Q0)= —a | pee yeRbO 
P (tv) -Cir ie {vy + /(v?+ 1) cos 6}" dé. 


Hence if we put ¢(v), and p (v) for the two definite 


integrals respectively, 
Q,, (ev) = (= 18" g,(), 


P, (7) =(—1)" py, 
== 3{4,9,() + B,p,)} Plu). 








and 





so that 
Also q, = cot'Y, 
g,=1-vecot’y, 
Po ea 1, 
A="; 
and equations (A) and (B) of Art. 4 become 
(2 + 2) usa + (22 +3) 19,4, — (nm +1) 9, =0 
ye+1 LE 
ES: ii Rey AK ente saa be Ly (C), 
yv+i1 dq, 
oe oA oe ee 





ile dy 
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which are also satisfied by (- 1)"p,5 and 


1 
PisiIn © nit Pu my Peg | 





Paden ae! Ey = aft 
+1 





Pad wes a GaP ec as yp" Bi 1 
If we put cosh 6 = sec dq, 


Bey bk cos ddd 
un |) rameevo ety 


therefore I>, (9) = 47H, 


1 
Yonv (0) = @Qn+1)H." 


14. We must in the next place show that the g functions 
are suitable for space within the surface, and the p functions 
for space without it. 

When v=0 the surfaces double back and form a doubled 
plane with a circular orifice in the centre of radius c, and 
extending in all directions from the boundary of this circle 
to ah The conditions of continuity require* that 


- and "E should be small quantities of the first order in 
the neighbourhood of this circle, and also that these quan- 
tities should either vanish or change sign in passing from one 


side of this plane to the other. 


Let d= re = 9,P * } 
dd mee 
therefore anal cosh 7 (= q, + ds) Es 
dp & ee 
and EMS E a FP.) a 


When 2 is odd 7 is an infinitesimal of the first order at the 


circle and changes sign with w, but it fulfils neither of these 


* See page 195, 
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' . e J 2s d . 
conditions when n is even. When vn is even a vanishes at 


the circle and changes sign with mw, but it fulfils neither 
of these conditions when n is odd. Therefore the g functions 
are not suitable for space outside the surface. 





Next let -o= ~ p.Pa; 
db _ 4 = i7P 
therefore . ae cosh 7 (Ba + »,) dif 
db _ igh Gy gi 
and gem One (= - FP.) py. 
When n is even “e vanishes when y=0, and when n is 


odd it changes sign with » and vanishes when »=0. When 
nm is odd or vanishes when y=0, and when n is even it 
changes sign with w and vanishes when w=0. Hence the 
p functions are suitable for space without the surface; but 
they are not suitable for space within the surface, because 
they become infinite at the origin. 


15. When the potential is unsymmetrical about the axis, 
the tesseral functions take the place of the p and q functions. 
CAO 


m 
Vv 


Now T,” (ev) =(1+y*)3” 


ae 

— (— p)x""") aygm © Py 

(— 1am (1 4 v8 OP 

Similarly, ¢,” (ev) =(— 1)" (1 4 y”) A a. 
: y 


_ Hence if we respectively put T,”"(v) and t,”(v) for the 
two factors involving y, 


T m (cv) oo (- 1)3"*") a” (v), : 


n 


and t" (w) = (— 1") 4." (0) 


and the potentials{for space without and within the surface are 
respectively equal to 


1 
3 2A.” (v) Tie (1) > sin (m0 + a,,), 


and =< BBE," (v) 7." (u) Bin (m0 +4, 
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16. We shall in the next place find the expansions of 7, 
rz, and rp. 


(i) Lapansion of r. 


= (1 “5 y — py = 2A d,L; 


en 9 


Qs 


therefore, when v= 0, | 
1-w)t=4734 HP; 


Qn 9 








therefore coe = | ; ats j= 7H,’ 
by Art. 5, 8. iv; 
therefore A, =(4n+1)H; 
and (L+ yr? —p*) t= (4n4+1) Hg, P,jscceeeeee (22), 
putting w=0, | 
(L+ v*) F= 3 (4n +1) (—1)" 1'¢q,,..0020000 (23). 


The last series is convergent provided v is not zero; for 
[ec cos'6da0 . 
In {vy cos@ + /(v'+1)"**? 


therefore pee ear : 
therefore Znt1 — els 
therefore ; 

(4n+5) HH? Qos I 





lates aA sts 1 ee ee 
(4n +1) H,*,, <| + Gn) a Be, 


therefore the series (23) is convergent except when 7 =0, and 
the series (22) is convergent for all values of v, except when 
v=0 and w=1. 


(11) Hapansion of rz. 


2 BV 
Ce = (1 es y? os pi = BEA Bb Fhe 





therefore ee ee | JonsjVe 
(1 — pM js 2u+1"” Qn+1 x enti 
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But 


D ’ 1 
q n+1 oH q a. ye 1 mere OM fe 1) VE na NO n-1 Le (2n “E 1) Int 


=—(2n+ 1) q,, 
by equations (C) of Art. 13 


therefore (2n + 1) | q,dv = 9,4, (9) + 9,_, (0) 5 


therefore (4n + 3) [ Fonzie’ = $7 (H,,,+ H,); 


nti 


therefore iF Ponard¥ (n+ ay } 
pee Aa Sikh 
therefore 2(n+3) (nF 1) ae tat) dp 


_ wH! (2n +1) 
ee ED (Wel sa 
by Art. 5 (s. v); therefore 
A,,,, = A, (2n + 1) (4n + 3); 


therefore 


1% 


Ree 


pv 
aap te > (2n +1) (4n+ 3) tS aes 


(ii) Hxpansion of rp. 


rp _V("+1)V(1 2’) 
C (1 rf ye ee ° 
Now, by (24) 


ere a ae ia 2 (in + 8) 2n+1) HP, [, Posy W.0+s (25). 


Differentiating with respect to p, 


A(v* +1) /(1 — 2’) 
(+v— pe} 


1 oO 
= Tea 2 (int 8) (2n+1) Hy Tnes |) daeid?-+(26). 
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1 fs ; ae V(1+ v’*) pre 
But Ver 1) iF Ions dV= — ‘(2n + 1) (2n 42) 
t! 


= "s(n iD) Ona 
erefore the left-hand side of (26) 


4n+3 
Rx ae re; TA ile es eee ten (27). 






17. By means of the results of the last article the 
potential in the cases (a), (8), (y) of Art. 6 are easily 
seen to be 


@!) Ve V,2E(dn+1 ee (ym) Pu 


2n 


(8) V- V =- Az 





4n +3) (2n +1) H, Lu) 
( ) ( ) n isa a (Y) 


x Devly V) Piva ()s 
Be sin @ (4n + 3) thaysa (7) 
(2n at 2) @ anh ) 


x fal, (a Qntl (vy) T wan (+), 


and the current function when the solid is moving parallel to z 
with LT V is 





(y') V—V,=— Bp sind — 


a (4n + 3) sce (7) 1 1 
y=——— > (Qn42) (yy sin (Y) Lee Ees 


where y=sinh@ is the value of v at the surface, and the 
summations extend from oo to 0. 


18. To find the potential when the surface ts under the 
action of a concentric circular wire of radius c, which is 
situated in the plane xy, and charged with electricity of line- 
density o per unit of length. 

The potential of the wire is 


7 ca dup 
ie? i (c’ + r* — 2cr cos@ cosyp)* 
_ 2co dy 


saad err cea erator koe 
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At a point on the axis of 2, 4=13 therefore 


__ 2co T 
pe * (L478 


27rCco 





(4m + 1) (— 1) dons 
by (23) therefore 


27reo 








V= ae BR eon) hed his 2 oaeare pe (29). 
‘The potential of the electric field is therefore 
] p,, (v) 21co poe ag 
g—-$,=- 2A, — P (w)+ — 2(4n41 gs (v) Lak fo) 
¢g p, 7 "»,(¥) (H) / ( fis 1) afW ( ) an) 5 
therefore A= 9; 
and A, = — 2meo (4n + 1) (— 1)","¢,,, (Y) 5 
therefore 
217co n 77 2 Yon \Y) 
b= $= VOM 5 (An 1) (—1 HA py, () Pa) 


If we invert this result with oe to the centre, we 
shall obtain the potential within a planetary ellipsoid which 
surrounds a charged circular wire, passing through the foci of 
the generating ellipse. 


19. Comparing (28) and (29) we see that 
a (4n + 1) (— 1)"A,"9,, (¥) Poy (4) 
7 dy 
If we put v=0, the left-hand side 
= }n* 3 (4n + 1) (- 1)'Z2P,, (u). 
The right-hand side 
m dp 
a A cererr ers 
Sew | =H qx 
Sith Ci (era eee 
(tipo 
ign s ihe dx 
> (L—k” cos’x)*? 
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where K=V(1- p’); 
therefore K' =4n° & (An +1) (— 1)" AYP, (A) «+ 0100+-(80). 


2» ~ on\ 


20. To find the attraction parallel to the aais. 
Let Z, Z' be the z-components of the attraction; the 
surface conditions are 





en Ae Sine 
and — 4 Se tibdl Op go, (31) 
N gel 2 nk OURY eee 
ge eT ity =e? 
therefore if Pf pti Mad Bas 3 


a er os Al du 
therefore (27°-d")rz= 393 (u+2y eS 


c ' 
ae 3y' x (4n SF 3) (2n # 1) Jah {onsi("Y) + 279 puvih Vote moat () 








by (24). 
Hence 
ee 1 Pons (v) 
imeige me Ponat (y) Pel) 
Cae 1 Dons (v) 
“= , SAG hs (y) Pil) ? 
therefore 
dZ adZ' 1 BEY) / (y) 
— — SA (Gu — £ mt ) P 
dv dy r antl se (y) Tice (y) an+i (1), 
= 1 AS ee (x) - 
r cosh’B oe (7) Jour (y) : 
therefore 


ees Aaac*® cosh’ 8 
He SB ainh se 


x (4n ne 3) (2n = 1) M5 bal ages (7) (Ossi (7) = 274 envi (y)}- 
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21. To find the attraction perpendicular to the axis. 
It f, L’ be the attractions 


Ret ae (ar = allio. 


s OVI +7) v1) | 








Now p= He Ne 
(Leyak aa 
therefore if a (1+ 9) (1 ~ a’) 
(types? 
a Ci aa -- 2); 
ee, (ex, y dy)’ 
therefore 
2 dv 
97? — 2 AS | “ Vv =<] 
dara ity" y dy 


= c ay 
~ 3 3inh@ cosh 
Mv aed savy VY) 
x 12 (y) (2n a 1) (2n ue 5 T 2n-+l (4), 
by (26). Hence (omitting the affix 1), 


1 G04; V 
=A (uj OT ta) 3 


a 2n+l (y) 


(4n + 3) (2n+ 1) H, 








Lgl 1 Pan (v) ° 
i= r 2 2n+1 ton (¥) 2n+l (1) ? 





therefore 
dk dk’ _1 Dal¥) — Yona) 
a ae — Vi > A Qn+1 Pas Qn+1 y 
yi dy rf Bi en (7) Lee (y) Font (a) 
But c. =a/(1 +") p's 
therefore rine n(n+1) P= n, 


Sie NW ska sit? 
therefore WG t —Tt' =n(n+1) (p,9',—-D'ndn) 


— 
— 





1+”? 


374 Prof. Rink, On some Abelian Integrals. 





therefore 

adh pret ak ae 1 (27 oe 1) (2n <r 2\ AS ee (mu ), 

dv dv te r cosh’ 8 Cra (y)t 2n+l (7) 
therefore 

Anoc’ cosh8 4n4+3 
vabiey =a 3 on sf 9 n Qntl (y) in 8 (y) 
a eee 
x 12 (y) (2n ae. 1) (2n + 5h 


11, Old Square, Lincoln’s Inn, 
llth July, 1883. 


ERRATA. 

Pra(v) P, (v) 
Py(y)? * Pala)’ 
dy 

ae fore z- 








p. 359, line 6, read 


p. 362, line 2 from sie) read 


ON SOME ABELIAN INTEGRALS. 
By Prof. H. J. R. Rink, Groningen, Holland. 
A NOTE of Prof. Cayley in this Journal,* relating to the 


memoir of Captain Mac Mahon on the differential equation 
X,ida,+ X,idx,=0 has led me to examine the question 
whether other differential equations can also be integrated, by 
means of Abel’s theorem. 
The differential equation has the form 


da, dx 


ee PR Ai ee eS Se yy 
VR a) VR” 
where 
R (x) = (w—a,)" (a — a,)" (x —a,)"...(a —a,)"™. 
In order that this eget may have an algebraic integral, 
it is necessary that lowe TR oF be an integral of the first kind, 


and that the sum of an arbitrary number of such integrals be 
reduced by the Abel’s theorem to a single integral. 

In his famous memoir “ Mémoire sur une propriété géné- 
rale etc.”’t Abel has investigated, what is the smallest 
number of integrals to which the sum of an arbitrary number 
of similar integrals can be peru In our case, when the 


integral has the form faite this number p can be ex- 
° V{R (a)"}? i 


WAY O1LWXIX, DLS, 
ft Oeuvres Completes, Nouvelle Edition, t. 1, p. 145, 
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pressed by the formula 
P= {(m—1) (m—J) -—(¥—3) — (¥, — 1) —.--(% = I) fs 
where 


vy, is the greatest common divisor of n and pw, + M,.--/,,) 


Vin ” ” 9 yy and Myy 
Von 9 ” ” 9 99 2 and May 
&e., &e., &e. 


What are now the values of n, m, v,, v,.- for which p 
becomes = 1? 

We suppose that n, w,, m,-..,, have no common divisor 
(except 1); and because the integrals are to be of the first 
kind we moreover suppose that w,, p,,...4,, are each <n 
and pf, +, +..-f,, > 2 

We observe that the greatest value of v, is m and the 
greatest value of any quantity y,, v,...V,, 18 3m "but (except in 
the case n = 2) not all the quantities eg Vs .v, can have this 


m 


greatest value; therefore (except in the case n= 2) 
p> {(n—1) (m—1)—(n- 1) —m (gn —1)} 
>1+4n(m-—4), 


so that, in order that p may be =1, m must be <4, Only 
when n= 2, m can be = 4; and in this case 


Vind 


Vj=2,V,=),=),=V,=1. 


We have now to consider the cases m =3 and m= 2. 
If m=3, then 


pH=lit 4 (2n — Vy —V5— V.— J); 


and therefore p=1, if v,+v,+v,+v,=2n. When we again 
except the case n=2, V, must be =n and v,+v,+v, must be 
=n, and it is easily proved that two of the quantities Vin Ven Ve 
cannot have the same value or a common divisor, except 
when they have the value 1. Hence we have v,=6; y,, v,, 
y,=1,2,3; n=6. 

The conclusion i is, that if m= 3, we may have 


n=2, v,=1, 4 =1, vy.=1, ¥,=1, 


n= 3, ¥,=3, =1, y= 1, y,=], 


n=4, vy=4, vy=1, v,=1, v,=2, 
6 =1, v,=2, v,=3. 


i y,=6, Vi 
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By similar reasoning we find, that if m=2, we may have . 
n=3, v=1, v,=1, v,=1, 


n=4, vy,=2, v,=1, v,=1, 


n=6, v,=3, »¥,=2, v,=1, 
y,=2, v,=1, v,=3, 
yj=1, v,=3, v,=2. 
By these considerations we find that only for the following 


differential expressions of the first kind and of the form 


rraioal the characteristic number p has the value 1. 


dx dix 


(ee = a) eB) ce = elaine. ST 
v{(z— a) (w— 8) (x — ¢)} 1. ie =a) (a=by} 
dx dx 
*/{ {(@—a)(a—b)(a—c)}"] sib3} Wie a\enoyrae 
de dz 
1/{(w— a) (@—b) (w—0)} st); V {(a— a)® (a — b)*} bat 
dx da 
Me aloo e-} > Hema) way 

dx 


pant ae 
Me-ay eo) 
We observe that the expressions (2), (6), (7), (8), (9), (10), 
(11) can be derived from the other. by putting one of the 
quantities a, 6, c, d=o. ‘There remain to consider the 
expressions (1), (3), (4), (5). We only consider the expressions 
(4) and (5), for (1) is the elliptic differential expression and 
(3) that considered by Capt. MacMahon and Prof. Cayley. 
The first equation which we will integrate is 


Se SS ee th a rn a 
V{(@, — a) (@, — 8) (@, -—)} * V{@e,- oF @ OF @,- by 


e 





Fig. 15, 














tho. 
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